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Chapter One/Introduction to Compressible Flow 

 

1.1. Introduction 

In general flow can be subdivided into: 

i. Ideal and real flow. 

For ideal (inviscid) flow viscous effect is ignored. The momentum equations are 

Euler’s equations that derived in 1755 by Euler. 

For real (viscose) viscous effect is considered. The momentum equations are 

Navier-Stokes equations. 

ii. Steady and unsteady flow. 

For steady flow, flow properties are time independent and mass exits from the 

system equals the mass enters the system. 

For unsteady, flow properties are time dependent and mass exit s from the system 

may or may not equals the mass enters the system and the difference causes system 

mass change. 

iii. Compressible and incompressible flow 

For compressible flow, density becomes an additional variable; furthermore, 

significant variations in fluid temperature may occur as a result of density or pressure 

changes. There are four possible unknowns, and four equations are requ ired for the 

solution of a problem in compressible gas dynamics: equations for the conservation of 

mass, momentum, and energy, and a thermodynamic relations and equation of state for 

the substance involved. The study of compressible flow necessarily involves an 

interaction between thermodynamics and fluid mechanics. 

For incompressible flow can be assumed with density is not a variable. For this 

type of flow, two equations are generally sufficient to solve the problems encoun tered: 

the continuity equation or conservation of mass and a form of the Bernoulli equation, 

derivable from either momentum or energy considerations. Variables are generally 

pressure and velocity. 

 

iv. One, two and three-Dimensional Flow 

One-dimensional flow, by definition, did not consider velocity components in the y or z 

directions, as in Figure (1.1a). In true one-dimensional flow, area changes are not allowed. For 

inviscid flow the velocity profile is shown in section (a) and (c).  However, the more gradual the 

area change with x, the more exact becomes the one-dimensional approximation. 
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For viscose flow the velocity profiles is shown in 

Figure (1.1b). Actually, due to viscosity, the flow velocity at 

the fixed wall must be zero as in sections (a) and (c). 

Consider the flow in a varying area channel. The 

velocity profile in a real fluid is shown in Figure (1.1b) 

section (b).  

A complete solution of a problem in a fluid mechanics 

requires a three-dimensional analysis. However, even for 

incompressible flow a complete solution in three 

dimensions is possible only numerically with the aid of 

computer programs. Fortunately, a great many compressible 

flow problems can be solved with the use of a one-

dimensional analysis. One-dimensional flow implies that the 

flow variables are functions of only one space coordinate. 

 

1.2. Control volume approach  

 Figure (1.2) shows an arbitrary mass at time   and the same mass at time     , which  

composes the same mass particles at all times. If    is small, there will be an overlap of the two 

regions as shown, with the common region identified as region 2. At time   the given mass 

particles occupy regions   and  . At time      the same mass particles occupy regions   and  . 

Regions 1 & 2, which originally confines of the mass,  are called the control volume. 

 Introducing of concept of material 

derivative of any extensive property (a property 

which is mass dependent such as mass, enthalpy, 

internal energy … etc ) transforms to a control 

volume approach gives a valuable general relation 

called Reynolds’s Transport Theorem that can be 

used to find property change for many particular 

situations. Let 

                    the total amount of any 

extensive property in a given mass. 

    the amount of   per unit mass. Thus  

  ∫     ∭    
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We construct our material derivative from the mathematical definition 

  

  
    

    
[
                                            

  
] 

  

  
    

    
[
                    

  
]                                                                  

Now for the term  

   
    

        

  
 

The numerator represents the amount of   in region 3 at time (    ), and by definition region 

3 is formed by the fluid moving out of the control volume. Then; 

   
    

        

  
 ∬         ̂    

      

                                         

This integral is called a flux or rate of   flow out of the control volume. 

Now let us consider the term 

   
    

     
  

 

 

Region 1 has been formed by the original mass particles moving into the control volume (during 

time   ). Thus  

   
    

     
  

 ∬        ̌    

     

                                                 

This integral is called a flux or rate of   flow into the control volume. 

Now look at the first and last terms of equation (1.1) which is: 

   
    

[
              

  
]  

       

  
 

 

  
∭      

  

                                                

 Note that the partial derivative notation is used since the region of integration is fixed and 

time is the only independent parameter allowed to vary. Also note that as    approaches zero, 

region 2 approaches the original control volume. Then eq. (1.1) becomes 

  

  
    

    
[
                    

  
] 

        
 

  
∭      

  

 ∬         ̂    

      

 ∬        ̌    

     

                        

As  ̂    ̌ then the last two terms become 
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∬         ̂    

      

 ∬        ̌    

     

 ∬        ̂    

  

 

which is the net rate of    passes the control volume surface. The final transformation becomes: 

(
  

  
)  

 

  
∭      

  

 ∬        ̂    

  

                                                                

This relation, known as Reynolds’s Transport Theorem, which can be interpreted in words 

as: The rate of change of   property for a fixed mass system of fluid particles as it is moving is 

equal to the rate of change of   inside the control volume plus the net efflux of   from the 

control volume (flow out minus flow in across control volume boundary). 

 

Where 

 

  
   : Material or total or substantial derivative 

 

  
   : Partial derivative with respect to time 

    : control volume that containing the mass.  

    : control surface that surrounding the control volume. 

    : Mass-dependent (extensive) property; scalar or vector quantity. 

    : is the amount of the property per unit mass. For mass it equals one. 

    : Fluid density (kg/m
3
). 

   : Infinitesimal (very small) control volume. 

   : Infinitesimal control surface.  

    : Velocity vector. 

  ̂  : Outward unit vector which is perpendicular to   . 

 ̌   : Inward unit vector which is perpendicular to   . 

Examples of the application of this powerful transformation equation are conservation of 

mass, energy and momentum equations which are presented in the next chapter. 
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Chapter Two/Basic Equation of Compressible Flow 

 

 

2.1. Conservation of mass: 

(
  

  
)  

 

  
∭      

  

 ∬    (   ̂)   

  

 

Let         so    . For fixed amount of mass that moves through the control 

volume:  

(
     

  
)                                                                                                                  (   ) 

And for steady flow: 

 

  
∭     

  

                                                                                                            (   ) 

So the second term must equals to zero. 

∬   (   ̂)   

  

                                                                                                      (   ) 

Let us now evaluate the 

remaining integral for the case of 

one-dimensional flow. Figure 

(2.1) shows fluid crossing a 

portion of the control surface. 

Recall that for one-dimensional 

flow any fluid property will be constant over an entire cross section. Thus both the 

density and the velocity can be brought out from under the integral sign. If the 

surface is always chosen perpendicular to  , the integral is very simple to evaluate: 

∫  (   ̂)       ∫       (     )                                                        (   ) 

But integral in eq. 2.3 must be evaluated over the entire control surface, which 

yields: 
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∬   (   ̂)   

  

 ∑                                                                                      (   ) 

This summation is taken over all sections where fluid crosses the control 

surface. It is positive where fluid leaves the control volume (since    ̂ is positive 

here) and negative where fluid enters the control volume. 

For steady, one-dimensional flow, the continuity equation for a control 

volume becomes: 

∑                                                                                                                     (   )  

If there is only one section where fluid enters and one section where fluid leaves 

the control volume, this becomes: 

(     )    (     )                                                                                            (   )  

 ̇                                                                                                             (   ) 

   is the component of velocity perpendicular to the area A. If the density ρ is 

in     ⁄ , the area   is in    and velocity   is in   ⁄ ,  then  ̇ is in    ⁄ . 

Note that as a result of steady flow the mass flow rate into a control volume 

is equal to the mass flow rate out of the control volume. But if the mass flow rates 

into and out of a control volume is the same it doesn’t ensure that the flow is  

steady.  

For steady one-dimensional flow, differentiating eq. 2.8 gives: 

 (     )         ( )      (  )       ( )                                        (   ) 

Dividing by       

  

 
 
  

 
 
  

 
                                                                                                   (    ) 

 This expression can also be obtained by first taking the natural logarithm of 

equation (2.8) and then differentiating the result. This is called logarithmic 

differentiation. 

 This differential form of the continuity equation is useful in interpreting the 

changes that must occur as fluid flows through a duct, channel, or stream-tube. It 

indicates that if mass is to be conserved, the changes in density, velocity, and cross 

sectional area must compensate for one another. For example, if the area is 

Gas Dynamics 2025-2026

www.gonitro.com



Gas Dynamics 

Chapter Two/Basic Equation of Compressible Flow 

----------------------------------------------------------------------------------------------------------------------------- --------------- 

3-15 ch.2 

Prepared by A.A. Hussaini  2013-2014 

 

constant (      ), any increase in velocity must be accompanied by a 

corresponding decrease in density. We shall also use this form of the continuity 

equation in several future derivations. 

 

2.2. Conservation of energy. 

From first law of thermodynamics 

                                                                                                                   (    )  

Where    is the change in total energy of the system i.e. it is the change in 

internal, kinetic and potential energies,  (           ). Eq. 2.11 can be 

written on a rate basis to yield an expression that is valid at any instant of time: 

  

  
 
  

  
 
  

  
                                                                                                        (    ) 

      and       represent instantaneous rates of heat and work transfer 

between the system and the surrounding. They are rates of energy transfer across 

the boundaries of the system. These terms are not material derivatives since heat 

and work are not properties of a system. On the other hand, energy is a property of 

the system and       is a material derivative, then: 

(
  

  
)  

 

  
∭      

  

 ∬    (   ̂)   

  

                                                      (    ) 

For one-dimensional, steady flow the last integral is simple to evaluate, as 

          are constant over any given cross section. Assuming that the velocity   

is perpendicular to the surface  , we have 

∬    (   ̂)   

  

 ∑(     )  ∑ ̇                      (    ) 

 

  
∭      

  

                                                                                                     (    ) 
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We must be careful to include 

all forms of work, whether done 

by pressure forces or shear forces. 

Figure (2.2) shows a simple 

control volume. Note that the 

control surface is chosen carefully 

so that there is no fluid motion at 

the boundary, except:  

(a) Fluid enters and leaves the system. 

(b) A mechanical device crosses the boundaries of the system. 

For fluid enters and leaves the system, the pressure forces do work to push fluid 

into or out of the control volume. The shaded area at the inlet represents the fluid 

that enters the control volume during time   . The work done here is: 

  ́                                                                                            (    ) 

The rate of doing work, which called flow work, is 

  ́

  
      ̇                                                                                                   (    ) 

The rate at which work is transmitted out of the system by the mechanical device is 

       and 

  

  
 
   
  

 
  ́

  
 
   
  

  ̇                                                                          (    ) 

Thus for steady one-dimensional flow the energy equation for a control volume 

becomes 

  

  
 
   
  

 ∑ ̇(    )                                                                                (    ) 

The summation is taken over all sections where fluid crosses the control surface 

and is positive where fluid leaves the control volume and negative where fluid 

enters the control volume. 

If there is only one section where fluid leaves and one section where fluid enters 

the control volume, we have, (from continuity), for steady flow: 

 ̇    ̇     ̇ 
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Let us take: 

  

  
 
 

  
∭      

  

 ∬    (   ̂)   

  

  ̇                                                 (    ) 

   
  

 
 

  
∭       

  

 ∬     (   ̂)   

  

  ̇                                         (    ) 

Substitute in eqs (2.20) and (2.21) into eq (2.19) gives: 

     ∑(    )                                                                                            (    ) 

     (  
  

 
      )

   

 (  
  

 
      )

  

                    (    ) 

     (  
  

 
   )

 

 (  
  

 
   )

 

                                              (    ) 

This is the form of the energy equation that may be used to solve many problems. 

It is often referred as steady flow energy equation (SFEE).  

 

For unsteady flow, since change of kinetic and potential energies within the 

system is negligible, then (Unsteady F.E. E) becomes: 

,  * ̇ (  
  

 
   )+

  

-  ,   * ̇ (  
  

 
   )+

   

-  ( ̇ )  ( ̇ )     (    ) 

 ̇     ̇    ̇   ̇                                                                                        (    ) 

where    and     are internal energy and mass of the working fluid 

inside the system after 

change while    and     are 

internal energy and mass of 

the working fluid inside the 

system before change. 
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2.3. Conservation of momentum. 

If we observe the motion of a given quantity of mass, Newton’s second law tells 

us that the linear momentum will be changed in direct proportion to the applied 

forces. This is expressed by the following equation: 

∑  
 (        )

  
 
 

  
∭      

  

 ∬    (   ̂)   

  

                 (    ) 

Here   besides it is a velocity vector it also represents the momentum per unit 

mass. This equation is usually called the momentum or momentum flux equation. 

∑  represents the summation of all forces on the fluid within the control volume 

which maybe forces due to pressure, viscosity, gravity, surface tension … etc..  

For steady flow the time rate of change of linear momentum stored inside the 

control volume is 

 

  
∭      

  

                                                                                                   (    ) 

And momentum equation simplify to: 

∑  ∬    (   ̂)   

  

                                                                                      (    ) 

The x-component of this equation would appear as 

∑   ∬          

  

                                                                                          (    ) 

If there is only one section where fluid enters and one section where fluid 

leaves the control volume, we know (from continuity) that: 

 ̇   ̇     ̇   

And the momentum equation for a finite control volume becomes: 

∑   ∑  ̇ (        )                                                                                 (    ) 
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The summation is taken over all sections where fluid crosses the control 

surface and is positive where fluid leaves the control volume and negative where 

fluid enters the control volume. 

 

2.4. 1st law of thermodynamics. 

First law of thermodynamics takes the following form 

∑  ∑                                                                                                            (    ) 

Or  

                                                                                                                    (    )  

First law of thermodynamics is a conservation of energy and we dealt with in 

2.2. 

 

2.5. 2nd law of thermodynamics. 

Two concepts that are important to a study of compressible fluid flow are 

derivable from the second law of thermodynamics: the reversible process and the 

property entropy. For a thermodynamic system, a reversible process is one after 

which the system can be restored to its initial state and leave no change in either 

system or surroundings. As a consequence of this definition, it can be shown that a 

reversible process is quasi-static; changes occur infinitely slowly, with no energy 

being dissipated 

Since thermodynamics, is a study of equilibrium states, definite thermodynamic 

equations for changes taking place during processes can be derived only for 

reversible processes; irreversible processes can only be described 

thermodynamically with the use of inequalities. Irreversible processes involve, for 

example, the following: friction, heat transfer through a finite temperature 

difference, sudden expansion, and magnetization with hysteresis, electrical 

resistance heating, and mixing of different gases.  

 In general, any natural process is irreversible, so the assumption of 

reversibility, while it may simplify the thermodynamic equations, necessarily 
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yields an approximation. For many, cases, the assumption of reversibility leads to 

very accurate results; yet it is well to keep in mind that the reversible process is 

always an idealization. 

The thermodynamic property derivable from the second law is entropy, which 

is-defined for a system undergoing a reversible process by    (   ⁄ )   . 

Entropy changes were defined in the usual manner in terms of reversible 

processes: 

   ∫
     
 

                                                                                                            (    ) 

                                                                                                         (    ) 

The term     represents that portion of entropy change caused by the actual 

heat transfer between the system and its (external) surroundings. It can be 

evaluated readily from: 

    
     
 

                                                                                                               (    ) 

One should note that     can be either positive or negative, depending on 

the direction of heat transfer. If heat is removed from a system,    is negative and 

thus     will be negative. It is obvious that         for an adiabatic process. 

The term     represents that portion of entropy change caused by 

irreversible effects. Moreover,     effects are internal in nature, such as 

temperature and pressure gradients within the system as well as friction along the 

internal boundaries of the system. Note that this term depends on the process path 

and from observations we know that all irreversibilities generate entropy (i.e., 

cause the entropy of the system to increase). Thus we could say that  

                                                                                                                             (    ) 

Obviously,         only for a reversible process. An isentropic process is one 

of constant entropy. This is also represented by       . 

                                                                                                             (    ) 

A reversible-adiabatic process is isentropic, but an isentropic process does 

not have to be reversible and adiabatic we only know that     . 

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Two/Basic Equation of Compressible Flow 

----------------------------------------------------------------------------------------------------------------------------- --------------- 

9-15 ch.2 

Prepared by A.A. Hussaini  2013-2014 

 

2.6. Equation of State. 

 An equation of state for a pure substance is a relation between pressure, 

.density, and temperature for that substance. Depending on the phase of the 

substance and on the range of conditions to which it is subjected, one of a number 

of different equations of state is applicable. However, for liquids or solids, these 

equations become so cumbersome and have such a limited range of application 

that it is generally more convenient to use tables of thermodynamic properties. For 

gases, an equation exists that does have a reasonably wide range of application, the 

perfect gas law; in its usual form, it is expressed as 

                                                                                                                          (    ) 

 For the derivation of the perfect gas law from kinetic theory, the volume of 

the gas molecules and the forces between the molecules are neglected. These 

assumptions are satisfied by a real gas only at very low pressures. However, even 

at reasonably high pressures, a real gas approximates a perfect gas as long as the 

gas temperature is great enough 

 

2.7. Thermodynamics Relations. 

Also  the following relations are very useful equations. Starting with the 

thermodynamic property relation: 

                                                                                                                   (    ) 

                  
  

 
                                                                      (    ) 

                  
  

 
                                                                      (    ) 

For perfect gas with constant specific heats 

     ∫
  

 
  ∫

  

 
                                                                  (    ) 

      ∫
  

 
  ∫

  

 
                                                                (    ) 

                               ⁄  
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Example 2.1 Ten kilograms per second of air enters a tank 

       in volume while        is discharged from the 

tank (Figure 2.4). If the temperature of the air inside the 

tank remains constant at      , and the air can be treated 

as a perfect gas, find the rate of pressure rise inside the tank. 

 

Solution: 

Select a control volume as shown in the sketch. For this case the net rate of efflux of mass from 

the control volume is 

∬   (   ̂)   

  

          

The volume is constant and also density is assumed constant inside the tank as temperature is 

constant, but it is time dependent. 

  
  

  
∭   

  

 ∬   (   ̂)   

  

 

∭  

  

          

     
  

  
   

From equation of state for a perfect gas  

      

  

  
   

  

  
 

  

  
         

 

   
           ⁄  

 

Example 2.2 Two kilograms per second of liquid hydrogen and eight kg/s of liquid oxygen are 

injected into a rocket combustion chamber in steady flow (Figure 2.5). The gaseous products of 

combustion are expelled at high velocity 

through the exhaust nozzle. Assuming 

uniform flow in the rocket nozzle exhaust 

plane, determine the exit velocity. The nozzle 

exit diameter is      . and the density of the 

gases at the exit plane is            
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Solution 

  
 

 
   

 

 
(    )             

Select a control volume as shown in the sketch. For this case of steady flow, Eq. (1.12) is 

applicable 

∬   (   ̂)   

  

   ∑      

The rate of influx into the control volume is 

             .  

The rate of efflux is 

(     )     (     )             

  
  

(    )(       )
         ⁄  

 

Example 2.3 An air stream at a velocity of         and density of 

          strikes a stationary plate and is deflected by    . Determine 

the force on the plate. Assume standard atmospheric pressure 

surrounding the jet and an initial jet diameter of     .  

 

solution 

Select a control volume as shown in Figure (2.6a). Writing the x 

component of eq. (2.30) for steady flow to determine fluid force on the 

plate 

∑   ∬     (   ̂)   

  

 

             [   (   )
 

 
(    ) ]          

This force is opposite by        

 

Example 2.4 A rocket motor is fired in place on a test stand. The rocket exhausts         at an 

exit velocity of        . Assume uniform steady conditions at the exit plane with an exit plane 

static pressure of       . For an ambient pressure of        , determine the rocket motor 

thrust transmitted to the test stand as shown in Figure (2.7). 
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Solution  

∑   ∬     (   ̂)   

  

 

∑                     

∬     (   ̂)   

  

            ̇    

        (     )    ̇    

        (      )    
              

                  

 

Example 2.5 A rigid, well-insulated vessel is initially evacuated. A valve 

is opened in a pipeline connected to the vessel, which allows air at 

      and       to flow into the vessel. The valve is closed when the 

pressure in the vessel reaches      . Determine the final equilibrium 

temperature of the air in the vessel over the temperature range of interest. 

 

Solution 

Select a control volume as shown in Figure (1.9). With no heat transfer, no work, and negligible 

    and    , the energy equation is  

*  * ̇ (  
  

 
   )+

  

+  *   * ̇ (  
  

 
   )+

   

+  ( ̇ )  ( ̇ )   

 ̇     ̇    ̇   ̇  

 ̇    ̇    

 ̇     ̇    

So eq. (1.32) is simplify to 

( ̇ )      ( ̇ )   

 and        

           

          
  

  
    

     

     
             

 

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Two/Basic Equation of Compressible Flow 

----------------------------------------------------------------------------------------------------------------------------- --------------- 

13-15 ch.2 

Prepared by A.A. Hussaini  2013-2014 

 

Example 2.6 Steam enters an ejector 

(Figure 2.9) at the rate of               

with an enthalpy of              and 

negligible velocity. Water enters at the 

rate of              with an enthalpy of 

         and negligible velocity. The 

mixture leaves the ejector with an 

enthalpy of           and a velocity of           . All potentials may be neglected. 

Determine the magnitude and direction of the heat transfer.  

 

 ̇                    ̇                   

             ⁄                    ⁄                           

        ⁄                                ⁄                              

 ̇   ̇   ̇                           ⁄  

 ̇   ̇ (   
  
 

 
    )   ̇ (   

  
 

 
    )   ̇   ̇ (   

  
 

 
    ) 

 ̇   ̇     ̇     ̇   ̇ (   
  
 

 
) 

 ̇                               (    
            

 
) 

 ̇                       

 ̇              

 

 

Example 2.7 A horizontal duct of constant area contains CO2 flowing isothermally (Figure 

2.10). At a section where the pressure is        absolute, the average velocity is know to be 

      . Farther downstream the pressure has dropped to       abs. Find the heat transfer. 

 

Solution 

 

        
     ⁄  

       
     ⁄  

         ⁄  

        ⁄  

From state equation between 1 and 2, as T is constant: 
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From continuity equation 

 ̇                    

         
  
  
            ⁄  

     (   
  
  
 
  
 

 
    )  (   

  
  
 
  
 

 
    ) 

  (
  
    

 

 
)  

(        )

 
         ⁄  

 

Example 2.8 Hydrogen is expanded isentropically in a nozzle from an initial pressure of 

       , with negligible velocity, to a final pressure of        . The initial gas temperature is 

     . Assume steady flow with the hydrogen behaving as a perfect gas with constant specific 

heats, where                ⁄  and               ⁄ . Determine the final gas velocity 

and the mass flow through the nozzle for an exit area of       . 

 

Solution 

  
  

  
 

  

    
 

    

          
       

From isentropic relation 

     
  
  

    ⁄

    (
   

   
)
            ⁄

         

From energy equation 

     (  
  

 
   )

   

 (  
  

 
   )

  

 

   
  
 

 
    

  
 

 
 

   √ (     )  √   (     )  √          (         )             ⁄  

From equation of state 

   
  
   

 
   

           
           ⁄  

From continuity equation 

 ̇                        (      
 )           ⁄  
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Example 2.9 There is a steady one-

dimensional flow of air through a           

diameter horizontal duct (Figure 1.12). At a 

section where the velocity is            , 

the pressure is               and the 

temperature is        . At a downstream 

section the velocity is             and the 

pressure is               . Determine the total wall shearing force between these sections. 

 

Solution 

 

From eq. 

∑  ∑  ̇ (        )  

   
  
   

 
       

           
 

           ⁄  

 ̇                              
  ⁄            ⁄   

∑  (  )  (  )     

   (  )  (  )   (         ) 

   (                )    
  
 

 
               (               ) 
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Chapter Three/Wave Propagation 

 

3.1. Introduction 

 The method by which a flow adjusts to the presence of a body can be shown 

visually by a plot of the flow streamlines about the body. Figures (3.1) and (3.2) 

show the streamline patterns obtained for uniform, steady, incompressible flow 

over an airfoil and over a circular cylinder, respectively.  

 Note that the fluid particles are able to sense the presence of the body before 

actually reaching it. At points 1 and 2, for 

example, the fluid particles have been 

displaced vertically, yet 1 and 2 are points in 

the flow field well ahead of the body. This 

result, true in the general case of anybody 

inserted in an incompressible flow, suggests 

that a signaling mechanism exists whereby a fluid particle can be forewarned of a 

disturbance in the flow ahead of it. The velocity of signal waves sent from the 

body, relative to the moving fluid, apparently is greater than the absolute fluid 

velocity, since the flow is able to start to adjust to the presence of a body before 

reaching it. 

Thus, when a body is inserted into 

incompressible flow, a smooth, continuous 

streamlines result, which indicate gradual 

changes in fluid properties as the flow passes 

over the body. If the fluid particles were to 

move faster than the signal waves, the fluid would not be able to sense the body 

before actually reaching it.  and very abrupt changes in velocity vectors and other 

properties would ensue. 

 In this chapter, the mechanism by which the signal waves are propagated 

through incompressible and compressible flows will be studied. An expression for 

the velocity of propagation of the waves will be derived. 
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3.2. Wave formulation 

To examine the means by which disturbances pass through an elastic medium. A 

disturbance at a given point creates a region of compressed molecules that is 

passed along to its neighboring molecules and in so doing creates a traveling wave. 

Waves come in various strengths, which are measured by the amplitude of the 

disturbance. The speed at which this disturbance is propagated through the medium 

is called the wave speed. This speed not only depends on the type of medium and 

its thermodynamic state but is also a function of the strength of the wave. The 

stronger the wave is, the faster it moves. 

If we are dealing with waves of large amplitude, which involve relatively 

large changes in pressure and density, we call these shock waves. These will be 

studied later.  If, on the other hand, we observe waves of very small amplitude, 

their speed is characteristic only by the medium and its state. These waves are of 

vital importance since sound waves fall into this category. Furthermore, the 

presence of an object in a medium can only be felt by the object’s sending out or 

reflecting infinitesimal waves which propagate at the sonic velocity. 

Consider a long constant-area tube filled with fluid and having a piston at one 

end, as shown in Figure (3.3). The fluid is initially at rest. At a certain instant the 

piston is given an incremental velocity    to the left. The fluid particles 

immediately next to the piston are compressed a very small amount as they acquire 

the velocity of the piston. As the piston (and these compressed particles) continue 

to move, the next group of fluid particles 

is compressed and the wave front is 

observed to propagate through the fluid at 

sonic velocity of magnitude a. All particles 

between the wave front and the piston are 

moving with velocity    to the left and 

have been compressed from   to      

and have increased their pressure from p 

to        
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The flow is unsteady and 

the analysis is difficult. This 

difficulty can easily be solved by 

superimposing on the entire flow 

field a constant velocity to the 

right of magnitude a. 

 

3.3. Sonic Velocity 

 Figure (3.4) shows the problem. Since the wave front is extremely thin, we 

can use a control volume of infinitesimal thickness. For steady one-dimensional 

flow, we have from continuity equation 

 ̇               

But          ; thus 

                                                                                                                               

Application of this to our problem yields 

                       

                              

Neglecting the higher-order term and solving for   , we have 

     
    

 
                                                                                                                        

 Since the control volume has infinitesimal thickness, we can neglect any 

shear stresses along the walls. We shall write the x-component of the momentum 

equation, taking forces and velocity as positive if to the right. For steady one-

dimensional flow we may write from momentum equation 

∑   ∑  ̇            

              [        ] 

           

Canceling the area and solving for   , we have 
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Equations (3.2) and (3.3) may now be combined, the result is: 

     
  

  
                                                                                                                          

However, the derivative       is not unique. It depends entirely on the process. 

For example 

(
  

  
)
 

 (
  

  
)
 

  

 Thus it should really be written as a partial derivative with the appropriate 

subscript. 

Since we are analyzing an infinitesimal disturbance, we can assume 

negligible losses and heat transfer as the wave passes through the fluid. Thus the 

process is both reversible and adiabatic, which means that it is isentropic.  

Equation (4.4) should properly be written as: 

     (
  

  
)
   

                                                                                                                      

For substances other than gases, sonic velocity can be expressed in an 

alternative form by introducing the bulk or volume modulus of elasticity Ev. 

     (
  

  
)
   

  (
  

  
)
   

                                                                                         

     
  

 
                                                                                                                               

Equations (3.4) and (3.6) are equivalent general relations for sonic velocity 

through any medium. The bulk modulus is normally used in connection with 

liquids and solids. Table 4.1 gives some typical values of this modulus, the exact 

value depending on the temperature and pressure of the medium. For solids it also 

depends on the type of loading. The reciprocal of the bulk modulus is called the 

compressibility.  

 Equation (3.4) is normally used 

for gases and this can be greatly 

simplified for the case of a gas that 
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obeys the perfect gas law. For an isentropic process: 

                    

(
  

  
)
   

                
 

  
     

  √                                                                                                                              

For perfect gases, sonic velocity is a function of the            only. 

              
 

 
                                                                                                   

It is important to realize that both V and a are computed locally for the same 

point.  For other point within the flow we must seek further information to 

compute on the sonic velocity, which has probably changed. 

Subsonic flow,   , the velocity is less than the local speed of sound. 

Supersonic flow,    , the velocity is greater than the local speed of sound. 

We shall soon see that the Mach number is the most important parameter in the 

analysis of compressible lows. 

 

3.4: Wave Propagation 

Let us examine a point disturbance that is 

at rest in a fluid. Infinitesimal pressure 

pulses are continually being emitted and 

thus they travel through the medium at 

sonic velocity in the form of spherical 

wave fronts. To simplify matters we shall 

keep track of only those pulses that are 

emitted every second. At the end of 3 

seconds the picture will appear as shown in 

Figure (3.5). Note that the wave fronts are concentric. 

Now consider a similar problem in which the disturbance is moving at a speed 

less than sonic velocity, say    . Figure (3.6) shows such a situation at the end of 

3 seconds. Note that the wave fronts are no longer concentric. 
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Furthermore, the wave that was 

emitted at t = 0 is always in 

front of the disturbance itself. 

Therefore, any person, object, 

or fluid particle located 

upstream will feel the wave 

fronts pass by and know that 

the disturbance is coming.  

Next, let the disturbance 

move at exactly sonic velocity. 

Figure (3.7) shows this case and 

you will note that all wave 

fronts coalesce on the left side 

and move along with the 

disturbance. After a long period 

of time this wave front would 

approximate a plane indicated 

by the dashed line. In this case, 

no region upstream is 

forewarned of the disturbance as 

the disturbance arrives at the 

same time as the wave front.  

The only other case to 

consider is that of a disturbance 

moving at velocities greater than 

the speed of sound. Figure (3.8) 

shows a point disturbance 

moving at Mach number = 2 

(twice sonic velocity). The wave 
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fronts have coalesced to form a cone with the disturbance at the apex. This is 

called a Mach cone. The region inside the cone is called the zone of action since it 

feels the presence of the waves. The outer region is called the zone of silence, as 

this entire region is unaware of the disturbance. The surface of the Mach cone is 

sometimes referred to as a Mach wave; the half-angle at the apex is called the 

Mach angle and is given the symbol μ. It should be easy to see that: 

     
 

 
 

 

 
                                                                                                                   

For subsonic flow, no such zone of silence exists. If the disturbance caused by a 

projectile, the entire fluid is able to sense the projectile  moving through it, since 

the signal waves move faster than the projectile. No concentration of pressure 

disturbances can occur for subsonic flow; Mach lines cannot be defined. 

Let us now compare steady, uniform, subsonic and supersonic flow over a 

finite wedge-shaped body. If the fluid velocity is less than the velocity of sound, 

flow ahead of the body is able to sense its presence. As a result, gradual changes in 

flow properties take place; with smooth, continuous streamlines (see Figure 3.9).  

If the fluid velocity is greater than the velocity of sound, the approach flow, 

being in the zone of silence, is unable to sense the presence of the body. The body 

now presents a finite disturbance to the flow. The wave pattern obtained is a result 

of the addition of individual Mach waves emitted from each point on the wedge. 

This nonlinear addition yields a compression shock wave across which occur finite 

changes in velocity, pressure, and other flow properties. A typical flow pattern 

obtained for supersonic flow over the wedge is shown in Figure (3.10). 
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Chapter Four/Isentropic flow of a perfect gas in varying area duct 

 

 To study the compressible, isentropic flow through varying area channels such as 

nozzles, diffusers and turbine blade passages, the following assumptions are 

considered: 

1. One dimensional, steady flow of a perfect gas. 

2. Friction is zero. 

3. No heat and work exchange. 

4. Variation in properties is brought about by area change.  

5. Changes in potential energy and gravitational forces are negligible. 

 

4.1 Equations of motion. 

 Continuity equation:  

∬   (   ̂)   

  

 ∑                (   ) 

 ̇                                             (   ) 

(    )(     )(     )                                                                          (   ) 

Simplifying and ignoring high order 

                                                                                        (   ) 

Divided by       

  

 
 
  

 
 
  

 
                                                                                                       (   ) 

 

 Momentum equation: 

∑  ∬    (   ̂)   

  

                                                                                           (   ) 

∬    (   ̂)   

  

    [(    )   ]                                                               (   ) 
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If there is no electromagnetic force and friction force is negligible, the only 

acting force is the pressure force. The side wall pressure force in flow direction can 

be obtained with a mean pressure value: 

                     [(             )(         )]       

but       (         )      ; and thus 

                     (  
  

 
)                                                                      (   ) 

∑     (  
  

 
)    (    )(    )                                             (   ) 

   (  
  

 
)   (    )(    )     [(    )   ]                 (    ) 

Simplifying and ignoring high orders 

                                                                                                                 (    ) 

 

 Energy equation 

∬    (   ̂)   

  

                                                                                                  (    ) 

∬[        (             )]   (   ̂)   

  

                               (    ) 

The specific energy e is stand for internal, flow, kinetic and potential 

energies, since there is no heat and work transfer. Then from S.F.E.E.;  

   (     
  

 
   )      ((    )(    )  (    )  

(    ) 

 
  (    )) 

  (           
    

 
)                                                                         (    ) 

     
   

 
                                                                                                           (    ) 

Substitute from thermodynamics relations   
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                                                                                                                (    ) 

This is the energy equation which is similar to equation (4.11). 

 

4.2 Stagnation concept and relations 

If you had a thermometer and pressure gage, they would indicate the 

temperature and pressure corresponding to the static state of the fluid, as you move 

with flow velocity. Thus the static properties are those that would be measured if 

you moved with the fluid. 

Stagnation state defined as that thermodynamic state which would exist if the 

fluid were brought to zero velocity and zero potential. To yield a consistent 

reference state, we must qualify how this stagnation process should be 

accomplished. The stagnation state must be reached 

1. Without any energy exchange (     ) 

2. Without friction losses. 

From (1), change of entropy due to energy exchange is zero, i.e.          ; and 

from (2), change of entropy due to friction is zero, i.e.          . Thus the 

stagnation process is isentropic!  

Consider fluid that is flowing and 

has the static properties shown as (a) 

in Figure 4.3. At location (b) the fluid 

has been brought to zero velocity and 

zero potential under the foregoing 

restrictions. If we apply the energy 

equation to the control volume 

indicated for steady one-dimensional 

flow, we have. 

   (   
  
 

 
    )     (   

  
 

 
    ) 

   
  
 

 
                                                                                                     (    ) 
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Since condition (2) represents the stagnation state corresponding to the static 

state (1). Thus we call    the stagnation or total enthalpy corresponding to state 

(1) and designate it as    . Thus 

       
  
 

 
         

Or for any state, we have in general, 

     
  

 
                                                                                                      (    ) 

This is an important relation that is always valid. When dealing with gases, 

potential energy changes are usually neglected, and we write. 

     
  

 
                                                                                                             (    ) 

The one-dimension S.F.E.E. becomes: 

                                                                                                           (     ) 

                                                                                                           (     ) 

Equation (4.20) shows that for any adiabatic, no-work, steady, one-dimensional 

flow system, the stagnation enthalpy remains constant, irrespective of the losses. 

One must realize that when the frame of reference is changed, stagnation 

conditions change, although the static conditions remain the same. Consider still 

air with Earth as a reference frame. In this case, since the velocity is zero the static 

and stagnation conditions are the same. For gases we eliminate potential term 

   
  

   
              

     
  

 
   

     

 
     

   

 
    

     (   
 
   

 
)                                                                                       (    ) 

     (   
 
   

 
)                                                                                       (    ) 
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The stagnation process is isentropic. Thus    is used as the exponent in the 

relations between any two points on the same isentropic streamline. Let point 1 

refers to the static conditions, and point 2, the stagnation conditions. Then, 

  
  
 (

  
  
)
 (   )⁄

 

  
 
 (

  
 
)
 (   )⁄

    

     (   
 
   

 
)
 (   )⁄

                                                                          (    ) 

     (   
 
   

 
)
 (   )⁄

                                                                          (    ) 

 

Example 4.1 Air flows with a velocity of          ⁄  and has a pressure of 

            ⁄  and temperature of        . Determine the stagnation pressure. 

Solution 

  √    √        (        )            

  
 

 
 
      

     
       

     (   
 
   

 
)
 (   )⁄

         (        
     

 
)
(        ⁄ )

             ⁄  

 

Example 4.2 Hydrogen,          , has a static temperature of      and a 

stagnation temperature of      . What is the Mach number? 

Solution 

     (   
 
   

 
) 

(       )  (      ) (    
       

 
) 

        (           )                        
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Chapter Five/Subsonic and Supersonic Flow through a Varying Area 

Channels 
 

 

5.1 Isentropic Flow in varying Area ducts  
 

For isentropic flow, from continuity 

  

 
 

  

 
 

  

 
                                                                                                              

and from momentum equations 

                                                                                                                           

    
  

  
 

Substitute into momentum eq.   

  

 
 

  

 
 

  

   
                                                                                                             

      (
  

 
 

  

 
)                                                                                                    

From definition of sonic velocity, eq.3.4 

     (
  

  
)
   

 (
  

  
)
   

       
  

  
 

      (
  

   
 

  

 
)    

           
  

 
 

      (
 

      
)
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 (

   

      
)
  

 
                                                                                                     

Also from eq. 5.1. after substitute for         from definition of sonic velocity 

  

 
 

  

 
 

  

   
   

  

 
 

  

 
 

 

  

  

 
  

  

 
 

  

      
(
  

 
)                                                                                                     

Substitute eq.5.3 into continuity eq.4.5. gives  

  

      

  

 
 

  

 
 

  

 
   

  

 
  (

 

    
) (

  

 
)                                                                                                

Let us consider what is happening to fluid properties as it flows through a 

variable-area duct.  

For subsonic flow,    , then             .  

When    is negative (area is decreasing), then    is negative (pressure 

decreases) and    is negative (density decreases) and    is positive (velocity 

increases) and vice versa. 

For supersonic flow,    , then             .  

When    is negative (area is decreasing), then    is positive (pressure 

increases) and    is positive (density increases) and    is negative (velocity 

decreases) and vice versa. 

We summarize the above by saying that 

as the pressure decreases, the following 

variations occur:  
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Combines equations (5.4) and (5.3) to eliminate the term      with the 

following result: 
  

 
    (

  

 
)                                                                                                       

From this equation we see that: 

At low Mach numbers, density variations will be quite small. This means that 

the density is nearly constant (    ) in the low subsonic regime (      ) and 

the velocity changes compensate for area changes.  

At a Mach number equal to unity, we reach a situation where density changes 

and velocity changes compensate for one another and thus no change in area is 

required (    ).  

At supersonic flow, the density decreases so rapidly that the accompanying 

velocity change cannot accommodate the flow and thus the area must increase. 

 

A nozzle is a device that 

converts enthalpy (or pressure energy 

for the case of an incompressible 

fluid) into kinetic energy. From 

Figure 5.1 we see that an increase in 

velocity is accompanied by either an 

increase or decrease in area, 

depending on the Mach number. 

Figure 5.2 shows what these devices 

look like in the subsonic and 

supersonic flow regimes. 

 

A diffuser is a device that 

converts kinetic energy into enthalpy 

(or pressure energy for the case of 

incompressible fluids). Figure 5.3 

shows what these devices look like in 

the subsonic and supersonic regimes. 

Thus we see that the same piece of 

equipment can operate as either a 

nozzle or a diffuser, depending on the 

flow regime.  

Notice that a device is called a nozzle or a diffuser because of what it does, 

not what it looks like. 
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Further consideration of Figures 5.1 and 5.2 leads to some interesting 

conclusions. If one attached a converging section (see Figure 5.2a) to a high-

pressure supply, one could never attain a flow greater than Mach 1, regardless of 

the pressure difference available. On the other 

hand, if we made a converging–diverging device 

(combination of Figure 5.2a and b), we see a 

means of accelerating the fluid into the supersonic 

regime, provided that the proper pressure 

difference exists between inlet and exit plane. 

 

5.2 The ( ) Reference Concept 

 

Concept of a stagnation reference state was introduced which is an isentropic 

process. It will be convenient to introduce another reference condition since the 

stagnation state is not a feasible reference when dealing with area changes. (Why?) 

The new reference state with a superscript ( ) and define it as “that 

thermodynamic state which would exist if the fluid reached a Mach number of 

unity by some particular process”. There are many processes by which we could 

reach Mach 1.0 from any given starting point, and they would each lead to a 

different thermodynamic state. 

For isentropic flow process, adiabatic frictionless, flow the stagnation properties 

for all points are the same as well as the (*) properties are the same. 

For actual flow process, each point in the flow has its own stagnation and (*) 

properties. 

Consider a steady, one-

dimensional flow of a perfect gas 

with no heat or work transfer and 

negligible potential changes but 

with friction. Figure 5.5 shows a 

T –s diagram indicating two 

points in such a flow system. 

Above each point is shown its 

stagnation reference state, and 

below its reference state ( ). 
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Note that the stagnation temperatures are the same and lie on a horizontal line, 

but the stagnation pressures are different, and also ( ) reference points will lie on 

another horizontal line (since no heat is added). 

Between ( ) reference state and the stagnation reference state lie all points in the 

subsonic regime. Below the ( ) reference state lie all points in the supersonic 

regime. 

 

5.3 Isentropic Table 

 

Mass flow rate at flow cross sectional area   can be expressed in terms of 

stagnation pressure and temperature 

 ̇                                                      

                                                               

  √                                                       

    ⁄                                                     

For perfect gas with constant specific heat 

 ̇  
 

  
  √    

 

 √ 
  √                                                                        

Substitute for p and T from  

     (    
   

 
)                                                                                             

     (    
   

 
)
      ⁄

                                                                                

 ̇  
  

 √  
  √  (    

   

 
)
            ⁄

                                              

 ̇  
   

 √  
                                                                                                            

       
 √ 

(       
 )

           ⁄
                                                                 

For isentropic flow where    and    are constant, cross section   can be related 

directly to Mach number. Select flow cross section area where     as a 
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reference area     . For steady flow, the mass flow rate 

at area   is equal to the mass flow rate at area   . 

 ̇   ̇   

   

 √  
       

   
 

 √  
                                                 

 

  
          

 

  
 

 

 
(
  [      ⁄ ]  

      ⁄
)

     
      ⁄

                 

The result of equation (5.11) is plotted 

in figure (5.6) for       . For each 

value of    ⁄  there are two possible 

isentropic solution, one subsonic and 

the other supersonic. The minimum 

area or throat area occurs at    . 

This agree well with the result of eq 5.6 

that illustrated in figure 5.2. and 5.3. 

A convergent-divergent nozzle is 

required to accelerate a slowly moving 

stream to supersonic velocities. 

 

Example: 5.1 

 

An airstream flows in a converging duct from cross section area    of 

      to a cross-sectional area    of       . If         ,            and 

         ⁄ . Find       and    . Assume steady one-dimensional isentropic 

flow. 

 Solution: 

Over the temperature range, air behaves as perfect gas with      .  

   
  
 

 
  

√   
 

   

√             
       

At          from isentropic flow table with       
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But    

  

  
 

  

  
      

So that 

  

  
 

  

  
 
  

  
       

From isentropic flow table ,          

For isentropic flow, (no shaft work, potential energy is neglected for a gas), 

          are constant. At         from isentropic flow table : 

  

   
           

   

     
               

  
   

           
   

     
         

At          
  

   
                                

  

   
                              

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics  

Chapter Six//Isentropic Flow in Converging Nozzles 

----------------------------------------------------------------------------------------------------------------------------- --------------- 

1-6 ch.6 

Prepared by A.A. Hussaini  2013-2014 

 

 

Chapter Six/Isentropic Flow in Converging Nozzles 

 

 
 6.1 performance of Converging Nozzle 
 

Two types of nozzles are considered: a converging-only nozzle and a 

converging–diverging nozzle. A assume a fluid stored in a large reservoir, at       

and      , is to be discharge through a converging nozzle into an extremely large 

receiver where the back pressure can be regulated. We can neglect frictional 

effects, as they are very small in a converging 

section. 

If the receiver (back) pressure is set at      , 

no flow results. Once the receiver pressure is 

lowered below      , air will flow from the 

supply tank. Since the supply tank has a large 

cross section relative to the nozzle outlet area, 

the velocities in the tank may be neglected. 

Thus          and         (stagnation 

properties). There is no shaft work and we assume no heat transfer and no friction 

losses, i.e. the flow is isentropic.  

We identify section 2 as the nozzle outlet.  Then from energy equation 

               

                        

And for perfect gas where specific heats are assumed constant 

        

It is important to recognize that the receiver pressure is controlling the flow. The 

velocity will increase and the pressure will decrease as we progress through the 
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nozzle until the pressure at the nozzle outlet equals that of the receiver. This will 

always be true as long as the nozzle outlet can “sense” the receiver pressure. 

Example: Let us assume 

For receiver              

                

For reservoir                                   

                                   for isentropic flow 

  
   

 
     

   
       

From isentropic table corresponding to    ⁄        

          and      ⁄        

          (      )            

   √    √                        ⁄  

                          ⁄   

Figure 6.2 shows this process on a T –s 

diagram as an isentropic expansion. If the 

pressure in the receiver were lowered further, 

the air would expand to this lower pressure and 

the Mach number and velocity would increase. 

Assume that the receiver pressure is lowered to 

          . Show that 

  
   

 
        

   
         

This gives: 

                ⁄           

          (      )             
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   √    √                           ⁄  

                             ⁄   

                  and                   are critical properties 

Notice that the air velocity coming out of the nozzle is exactly sonic.  The 

velocity of signal waves is equal to the velocity of sound relative to the fluid into 

which the wave is propagating. If the fluid at cross section is moving at sonic 

velocity, the absolute velocity of signal wave at this section is zero and it cannot 

travel past this cross section. 

If we now drop the receiver pressure below this critical pressure (          ), 

see figure (6.3), the nozzle has no way of adjusting to these conditions. That’s 

because fluid velocity will become supersonic and signal waves (sonic velocity) 

are unable to propagate from the back pressure region to the reservoir.  

Assume that the nozzle outlet pressure could continue to drop along with the 

receiver. This would mean that   ⁄            , which corresponds to a 

supersonic velocity (point 4).We know that if the flow is to go supersonic, the area 

must reach a minimum and then increase. Thus for a converging-only nozzle, the 

flow is governed by the receiver pressure until sonic velocity is reached at the 
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nozzle outlet and further reduction of the receiver pressure will have no effect on 

the flow conditions inside the nozzle. Under these conditions, the nozzle is said to 

be choked and the nozzle outlet pressure remains at the critical pressure. 

Expansion to the receiver pressure takes place outside the nozzle (points 5 and 6). 

The analysis above assumes that conditions within the supply tank remain 

constant. One should realize that the choked flow rate can change if, for example, 

the supply pressure or temperature is changed or the size of the throat (exit hole) is 

changed. 

   The pressure ratio below which the nozzle is chocked can be calculated for 

isentropic flow through the nozzle. For perfect gas with constant specific heats, 

  
 
 (  

   

 
  )

 (   )⁄

 

  
  
 (  

   

 
( ) )

 (   )⁄

                        

 

Example 6.1Air is allowed to flow from a large reservoir through a convergent 

nozzle with an exit area of        . The reservoir is large enough so that 

negligible changes in reservoir pressure and temperature occur as fluid is 

exhausted through the nozzle. Assume isentropic, steady flow in the nozzle, with 

             and           . Assume also that air behaves as a perfect gas 

with constant specific heats,       . Determine the mass flow through the nozzle 

for back pressures        , and        . 

At      and       the critical pressure ratio is 0.5283; therefore for all back 

pressures below; 
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The nozzle is choked. Under these conditions, the Mach number at the exit plane is 

unit and the pressure at exit plane is             and the temperature at exit plane 

         
 

  
                    

The nozzle is chocked for back pressures of                   and the mass 

flow rate is; 

 ̇       
  

   
   √      

                

           
√                

                 

For back pressures of         the nozzle is not choked 

and the exit plane pressure equals to back pressure; 

 

  
 
   

   
      

From isentropic table at ,       ,         , and 

   ⁄        

         ⁄                    

 ̇  
             

            
√                    

                 

Example 6.2 Nitrogen is stored in a tank      in volume at a pressure of       

and a temperature of       . The gas is discharge through a converging nozzle 

with an exit area of        . For back pressure of        , find the time for the 

tank pressure to drop to        . Assume isentropic nozzle flow with nitrogen 

behaves as a perfect gas with        and              ⁄   . Assume quasi-

steady flow through the nozzle with the steady flow equation applicable at each 

instant of time assume also that   is constant too  
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Solution; As the reservoir pressure drops from         to          , the ratio 

    ⁄         ⁄          and     ⁄        ⁄         remains below 

critical pressure ratio (      ) and        .  

         ⁄                   

 ̇       
  
   

   √     

 ̇  
(          )       

    

         
√              

                
     ⁄                             

From conservation of mass  

 

  
∭    

  

 ∬   (   ̂)   

  

   

The mass inside the tank at any time is m; 

∭     

  

 
        
     

          ∬    (   ̂)   

  

              
     ⁄   

The mass coming out of tank exit at any time 

 

  
(
        
     

)               
     

    
     

     
  

              
     

∫    
 

          
 
    
     

∫
     
    

 

    
 

                     
∫

     
    

   

    

                          ⁄  
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Chapter Seven/Isentropic Flow in Converging–Diverging Nozzles 
 

 

7.1 Converging–Diverging Nozzle 

 

Let us examine the 

converging–diverging nozzle 

(sometimes called a (DE 

Laval nozzle), shown in 

Figures (7.1).We identify the 

throat (or section of 

minimum area) as 2 and the 

exit section as 3. The 

distinguishing physical 

characteristic of this type of 

nozzle is the area ratio, 

meaning the ratio of the exit 

area to the throat area.  

Fluid stored in a large 

reservoir is to be discharge 

through a converging-

diverging nozzle. It is desired to determine mass flow and pressure distribution in the nozzle over 

a range of values of     ⁄  .the reservoir pressure is maintain constant, with one-dimensional 

isentropic flow in the nozzle.  

Figure 7.2 shows the 

pressure distribution in the 

nozzle for different values of 

back pressure   . 

For    equal to    (curve 1) 

there is no flow in the nozzle, 

and pressure is constant with   

(nozzle length).  

For    slightly less than    

(curve 2), flow induced 

through the nozzle with 
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subsonic velocities in both converging and diverging sections 

of the nozzle. Eq. (5.4),       [ (    )⁄ ]    ⁄ , tells us 

that for subsonic flow pressure decreases in the converging 

section and increases in the diverging section. 

As the back pressure is decreased more and more flow is 

induced in the nozzle (curve 3) until eventually sonic flow 

occurs in the throat (curve 4). And the pressure ratio is called 

the first critical point. Nozzle is choked and mass flow rate 

becomes a maximum. 

With receiver (back) pressures above the first critical, the 

nozzle operates as a venturi and we never reach sonic velocity in the throat. An example of this 

mode of operation is shown as curve “3” in Figure 7.2b. The nozzle is no longer choked and the 

flow rate is less than the maximum.  

Further decrease in back pressure cannot be sensed upstream of the throat ; so for all back 

pressures below that of curve 4 the reservoir continues to send out the same flow rate as curve 4, 

and the pressure distribution nozzle up to the throat remains the same. For all back pressures 

below that of curve 4 the converging-diverging nozzle is choked. Note that for the same reservoir 

pressure, a converging-diverging nozzle is choked at a greater back pressure than a converging 

nozzle.  

There are two possible isentropic solutions for a given area ratio A/A*, one subsonic and the 

other supersonic. For a throat Mach number of 1, isentropic flow can either decelerate to a 

subsonic exit velocity or continue to accelerate to a supersonic exit velocity. Curve 4 

corresponds to the case of subsonic flow at the nozzle exit plane; curve 5 corresponds to 

supersonic flow at the exit plane. Thus, if the back pressure is lowered to that of curve 5, 

pressure decreases in both converging and diverging portions of the nozzle, with supersonic flow 

at the exit plane. And the pressure ratio is called the third critical point. 

For back pressures between those of curves 4 and 5 i.e. between the first and third critical 

points, the flow is not isentropic and one-dimensional isentropic solutions to the equations of 

motion are not possible. These flows involve shock waves, which are irreversible processes, 

which are compression waves that will occur in either the diverging portion of the nozzle or after 

the exit 

If the receiver (back) pressure is below the third critical point (curve 5) , the nozzle operates 

internally as though it were at the design condition but expansion waves occur outside the 

nozzle. These operating modes will be discussed in detail later.  
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Figure (7.3) shows the variation of mass flow rate with back pressure     ⁄  for data of figure 

(7.2).  

The objective of making a converging–diverging nozzle is to obtain supersonic flow. Let us 

first examine the design operating condition for this nozzle. For the nozzle is to operate as 

desired, the flow will be subsonic from 1 to 2, sonic at 2, and supersonic from 2 to 3. To discover 

the conditions that exist at the exit (under design operation), we seek the ratio     
 ⁄ :  

Since velocity is sonic at throat (    ), then    
      and from eq. (5.11) the relation 

between any two sections for isentropic flow 

 

  
 
 

 
(
  [(   )  ⁄ ]  

(   )  ⁄
)

(   )  (   )⁄

                                                      (    ) 

Then 

  
 

  
  

 

 
(
(   )  ⁄

(   )  ⁄
)

(   )  (   )⁄

                                                                   (   ) 

So 

   
    

                                                                                                              (   ) 

  
  
  

  
  
 
  
  
  
  
 

  
  

  
  

 

 

Example 7.1 A converging–diverging nozzle with    
 ⁄       , and reservoir pressure and 

temperature of       and     . Find back pressure. 

 

Solution 

1. From isentropic table at    
 ⁄        in the 

supersonic section of the isentropic table and see 

that 

        

    ⁄         

    ⁄         , Thus 
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And to operate the nozzle at this design condition the receiver pressure must be at           . 

The pressure variation through the nozzle for this case is shown as curve “5” in Figure 7.3. From 

the temperature ratio    ⁄  we can easily compute             . 

2. Also we can find    ⁄        in the subsonic section of the isentropic table. (Recall that 

these two answers come from the solution of a quadratic equation.) For this case 

        

    ⁄         

    ⁄        , Thus 

   
  
  
                          

And to operate at this condition the receiver pressure must be at           . With this 

receiver pressure the flow is subsonic from 1 to 2, sonic at 2, and subsonic again from 2 to 3. The 

converging-diverging is nowhere near its design condition and is really operating as a venturi 

tube; that is, the converging section is operating as a nozzle and the diverging section is 

operating as a diffuser. The pressure variation through the nozzle for this case is shown as curve 

“4” in Figure (7.2) 

 

8.2. Nozzle performance 

The most important parameters in nozzle performance are 

area ratio      ⁄ and Mach number  . The area ratio for an 

isentropic nozzle can be expressed in terms of Mach 

numbers for any points   and   within the nozzle along its 

axis. Since      ; then 

  

  
 
    
    

 
    √    

   
 

   

    √    
 
    

√  
 
√  

    
 

  

  
 
  
  
 √,

  [(   )  ⁄ ]   

  [(   )  ⁄ ]   
-

(   ) (   )⁄

              (   ) 

 

  
 
 

   
 
 

 
√(
  [(   )  ⁄ ]  

(   )  ⁄
)

(   ) (   )⁄

   (    ) 

Relation of eq. (5.11) is plotted in Figure (7.5). 

From Equation (4.16) the nozzle exit velocity     can be found. From s.f.e.e without heat and 

work exchanging and ignoring potential energy, we have: 

     
   

 
                                       (    ) 
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   √ (     )    
                                                                                             (   ) 

This relation applies to ideal and non-ideal rocket units. For constant   this expression can be 

rewritten while the subscripts 1 and 2 apply to nozzle inlet and exit conditions, respectively and 

since the flow is assumed isentropic, then 

   √   (     )    
                                                                                           (   ) 

   √
  

   
   *  (

  
  
)
    ⁄

+    
                                                                  (   ) 

This equation also holds for any two points within the nozzle. When the chamber cross section 

is large compared to the nozzle section, the chamber velocity is comparatively small, and the 

term    
  can be neglected. The chamber temperature    is equal to the nozzle inlet temperature; 

for an isentropic nozzle flow process it is also equal to the stagnation temperature 

   √
  

   
   *  (

  
  
)
    ⁄

+                                                                         (   ) 

Example 7.2 A converging-diverging nozzle is designed to operate isentropically with an exit 

Mach number of    . The nozzle is supplied from an air reservoir in which The pressure is 

       ; the temperature is      . The nozzle throat area is      . Assume air to behave as a 

perfect gas, with         and                ⁄ . 

a) Determine the ratio of exit area to throat area. 

b) Find the range of back pressure over which the nozzle is choked. 

c) Determine the mass flow rate for a back pressure of       . 

d) Determine the mass flow rate for a back pressure of      . 

 

Solution 

a) To produce a supersonic Mach number of 1.5 at the nozzle exit, the Mach number at the 

throat must be 1. Therefore, the throat area is equal to    .From isentropic table for        ,  

             . So the ratio of exit area to throat area to produce Mach 1.5 is 1.176. or     

         . 

b) For all back pressures below that corresponding to (curve 4) of Figure 7.2, the nozzle is 

choked. For (curve 4), sonic flow is attained at the throat, followed by subsonic deceleration. The 

subsonic solution for               is found from isentropic table,       . At this Mach 
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number,    ⁄        . Therefore, the greatest back pressure at which the nozzle is choked is 

        (       )            . In other words, over the range                , the 

nozzle is choked. 

c) For a back pressure of        , the nozzle is not choked; subsonic flow occurs 

throughout the nozzle. For this condition, the exit-plane pressure is equal to the back pressure. 

From isentropic, for    ⁄        ,          and            . Exit-plane pressure    and 

temperature    are respectively,         and        . 

 ̇         

 ̇  
  
   

   √     

 ̇  [
   

           
]                √              

                                          ⁄  

d) For back pressure of       , the nozzle is choked, with the exit–

plane pressure not equal to the back pressure .   For this condition the 

Mach number at the throat is 1, with the throat pressure and temperature 

equal respectively to            and        .  

 ̇             

 ̇  [
     

           
]             √              

               ⁄  

The results of this example is plotted in figure (7.6) 

 

Example 7.3 A nozzle is to be designed for a supersonic helium wind tunnel. Test section 

specifications are as flow: Diameter,        , Mach number    , Static pressure          at 

      altitude and Static temperature,         at this altitude. Determine the mass flow that 

must be provided, the nozzle throat area and the reservoir temperature and pressure. Assume 

isentropic flow in the nozzle at the design condition, and neglect boundary layer effects (Figure 

7.7). Assume that helium behaves as a perfect gas, with         (constant) and   

             .  

 Solution: 

Test section mass flow rate 

 ̇      

 ̇  
  
   

(
 

 
  )  √     
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 ̇  [
    

           
]  
 

 
       √                           ⁄  

From gas dynamics tables for isentropic flow, at       ; 

   
 ⁄      

                  
  
  
 

 
     

   
 
        

 
                   

     ⁄          

          
  
  
 

    

       
           ⁄  

     ⁄        

         
  
  
 
     

     
         

 

Example 7.4 A converging–diverging nozzle with an area ratio of 3.0 exhausts into a receiver 

where the pressure is 1 bar. The nozzle is supplied by air at 22°C from a large chamber. At what 

pressure should the air in the chamber be for the nozzle to operate at its design condition ? What 

will the outlet velocity be? 

 

Solution 

  
  
  

  
  
     

From isentropic table 

           
  
  
           

  
  
        

         
  
  
 

 

      
          

   
  
  
           (      )          

              √                      
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Chapter Eight /Thrust of Rocket Engine 

 

 
Some say that the first recorded use of a rocket in battle was by 

the Chinese in 1232 against the Mongol hordes. Rocket technology 

first became known to Europeans following their use by 

the Mongols, Genghis Khan and Ögedei Khan, when they 

conquered parts of Russia, Eastern, and Central Europe. The 

first iron-cased and metal-cylinder rocket artillery, made from iron 

tubes, were developed by the weapon suppliers of Tipu Sultan, an 

Indian ruler of the Kingdom of Mysore, and his father Hyder Ali, 

in the 1780s. 

In 1903, high school mathematics teacher Konstantin 

Tsiolkovsky (1857–1935) published Исследование мировых пространств реактивными 

приборами (The Exploration of Cosmic Space by Means of Reaction Devices), the first serious 

scientific work on space travel.  

In 1912, Robert Esnault-Pelterie published a lecture on rocket theory and interplanetary 

travel. Robert Goddard began a serious analysis of rockets in 1912, concluding that conventional 

solid-fuel rockets needed to be improved in three ways. In 1920, Goddard published these ideas 

and experimental results in A Method of Reaching Extreme Altitudes. Modern rockets were born 

when Goddard attached a supersonic (de Laval) nozzle to a liquid-fueled rocket engine's 

combustion chamber.  

Some of the first successful American rockets were the JATO (jet-assisted take-off) units used 

during the war (solid in 1941 and liquid in 1942). Also famous was the V-2 rocket developed by 

Wernher von Braun in Germany. This first flew in 1942 and had a liquid propulsion system that 

developed 56,000 pounds of thrust. The first rocket-propelled aircraft was the German ME-163. 

 

8.1 Thrust of rocket engine 

 

Select a control volume as shown in figure 8.1. The 

forces acted on this control volume are thrust and the 

unbalance pressure force acting on the exit plane.  

(Other forces such gravity, friction …etc. are ignored) 

Applying eq. 4.6 
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∑  ∬    (   ̂)   

  

                                      (   ) 

(                              )  

       ∬      (  )   
  

      (   )  

This force is the thrust obtained for any true rocket propulsion engine.  It assumes a uniform 

exhaust velocity that does not vary across the area of the jet. The preceding equation shows that 

the thrust is proportional to the propellant flow rate and the exhaust velocity. The surrounding 

fluid (usually air) has an influence on the thrust. 

Figure (8.2) shows schematically the external pressure acting uniformly on the outer surface 

of a rocket chamber and the gas pressures on the inside of a typical rocket engine. The size of the 

arrows indicates the relative magnitude of the pressure forces. The axial thrust can be determined 

by integrating all the pressures acting on areas that can be projected on a plane normal to the 

nozzle axis. The radially outward acting forces are appreciable but do not contribute to the axial 

thrust, because the rocket is axially symmetrical. 

By inspection it can be seen that at the exit area    of the engine's gas exhaust there is an 

unbalance of the external environmental or atmospheric pressure   and the local pressure    of 

the hot gas jet at the exit plane of the nozzle. Thus, for a steadily operating rocket engine flying 

in a homogeneous atmosphere (neglecting localized boundary layer effects), the thrust is equal to 

   ̇   (     )                                                                                                                     (    ) 

        
  (     )                                                                                                              (    ) 

The thrust acting on the vehicle is composed of two terms. The first term, the momentum 

thrust, is the product of the propellant mass flow rate,  ̇, and the exhaust velocity relative to the 
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vehicle,    . The second term, the pressure thrust, consists of the product of the cross-sectional 

area of the exhaust jet leaving the vehicle and the difference between the e xhaust pressure and 

the fluid pressure. Equation (8.2) gives values of the thrust variations of rockets with altitude. 

If the exhaust pressure is less than the surrounding fluid pressure, the pressure thrust is 

negative. Because this condition gives a low thrust and is undesirable, the rocket exhaust nozzle 

is usually so designed that the exhaust pressure is equal to or slightly higher than the fluid 

pressure. 

When the fluid pressure is equal to the exhaust pressure, the pressure thrust term is zero, and 

the thrust is expressed as 

   ̇                                                                                                                                                (   ) 

This condition gives a maximum thrust for a given propellant and chamber pressure. The 

rocket nozzle design, which permits the expansion of the propellant products to the pressure that 

is exactly equal to the pressure of the surrounding fluid, is referred to as the rocket nozzle with 

optimum expansion ratio. When expanding into a vacuum,     , and the thrust is then simply 

        
                                                                                                                                 (   ) 

The supersonic convergent – divergent nozzle is used in rockets. The ratio between the inlet 

and exit pressures in all rockets is sufficiently large to induce supersonic flow. Only if the 

chamber pressure drops below approximately          then there is a danger of not producing 

supersonic flow in the divergent portion of the nozzle when operating at sea level. 

We know that the velocity of sound is equal to the velocity of propagation of a pressure wave 

within the medium, sound being a pressure wave. If, therefore, sonic velocity is reached at any 

one point within a steady flow system, it is impossible for a pressure disturbance to travel 

upstream past the location of sonic or supersonic velocity. Therefore, any partial obstruction or 

disturbance of the flow downstream of the nozzle throat section has no influence on the flow at 

the throat section or upstream of the throat section, provided that this disturbance does not raise 

the downstream pressure above its critical value.  

It is not possible to increase the throat velocity or the flow rate in the nozzle by lowering the 

exit pressure or evacuating the exhaust section. 

The flow through the critical section of a supersonic nozzle is calculated from 
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The mass flow through a rocket nozzle is therefore proportional to the throat area A ,  and the 

upstream pressure   ,  inversely proportional to the square root of the absolute nozzle inlet 

temperature   , and a function of the gas properties. 

For a supersonic nozzle the ratio between the throat area and any downstream area at which 

the pressure    prevails can be expressed as a function of the pressure ratio and the specific heat 

ratio as follows,  

   

  
 

    

     
 (
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 (   )⁄

(
  

   
)
  ⁄

√
   

   
*  (

  

   
)

(   )  ⁄

+                                      (   ) 

 

For an ideal rocket with   being constant throughout the expansion process, the exit velocity is; 
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]                                                                    (    ) 

Eq. (8.2) is general and applies to all rockets. It can be written as; 
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]  (     )                                                     (    ) 

This equation shows that the thrust is proportional to the throat area         and the nozzle 

inlet pressure    and is a function of the pressure ratio across the nozzle     ⁄ , the specific heat 

ratio  , and the pressure thrust. It is called the ideal thrust equation.  

An under-expanding nozzle discharges the fluid at a pressure greater than the external 

pressure because the exit area is too small. The expansion of the fluid is therefore incomplete 

within the nozzle and continues outside. The nozzle exit pressure is higher than the local 

atmospheric pressure. 

In an over-expanding nozzle the fluid is expanded to a lower pressure than the external 

pressure; it has an exit area that is too large. 

When a supersonic nozzle is operating in the under- or overexpanded regimes, with flow in 

the nozzle independent of back pressure, the exit velocity is unaffected by back pressure. Thus, 

over this range of back pressures, Eq. (8.2) shows that the greater thrusts are developed in the 

underexpanded case, and the lesser in the overexpanded case.  

For back pressures greater than the upper limit indicated, a normal shock appears in the 

diverging portion of the nozzle, the exit velocity becoming subsonic, and this analysis no longer 

applies. 

For jet turbine engine, for simplicity we shall assume here that the mass flow  ̇ is constant (i.e. 

that the fuel flow is negligible), the net thrust   due to the rate of change of momentum is 
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   (     )                                                                                                                                  (    ) 

where    is speed of air that enters aircraft intakes which is equal to the aircraft speed for steady 

level flight.     is called the gross momentum thrust and     the intake momentum drag. When 

the exhaust gases are not expanded completely to      in the propulsive duct (which is a duct 

ends with a nozzle), the pressure    in the plane of the exit will be greater than      and there 

will be an additional pressure thrust exerted over the jet exit area  · The net thrust is then the 

sum of the momentum thrust and the pressure thrust, namely 

   (     )  (     )                                                                                                        (    ) 

For design condition, i.e. maximum   , the exhaust gases must expanded completely to      

 

8.2 characteristics of rocket engine 

 

Thrust coefficient, CF: is defined as the thrust divided by the chamber pressure    and the 

throat area   .  

   
 

     
 √

   

   
(

 

   
)

   

   

[  (
  

  
)

   

 
]  

(     )

  

  

   
                                            (   ) 

For any fixed pressure ratio (    ⁄ ) the thrust coefficient    has a maximum value when 

     . This value is known as the optimum thrust coefficient. The use of the thrust coefficient 

permits a simplification of Equation (8.2) 

                                                                                                                                              (    ) 

Thrust power output of the propulsive device is the actual rate of doing useful propulsion work 

and is designated as    

                                                                                                                                             (    ) 

Total impulse,    is the thrust force   (which can vary with time) integrated over the burning 

time. 

   ∫    
 

 

                                                                                                                                       (    ) 

For constant thrust and negligible start and stop transients this reduce to 

                                                                                                                                                   (    ) 

Specific impulse,    is the total impulse per unit weight of propellant consumption,   ̇. The units 

are     

   
∫    

 

 

∫  ̇  
 

 

                                                                                                                                        (   ) 
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For constant thrust and propellant flow 

   
 

 ̇
                                                                                                                                                  (    ) 

Effective exhaust velocity,  : is the average equivalent velocity at which propellant ejects from 

rocket nozzle, the units are    . 

      
 

 ̇
                                 ⁄                                                                                               (    ) 

Specific propellant consumption the required propellant weight to produce a unit thrust in an 

equivalent rocket. The units are        ⁄  

                                
 

  
 

 ̇

 
 

  ̇

 
                  ⁄                                           (    ) 

For other engines the specific propellant consumption in common is based on the power 

output with units        ⁄ . 

Mass ratio, which is define as the ratio of final rocket mass to the initial rocket mass. 

    
      

  
 

      

            
 

where       is useful propellant weight. 

Equation (8.2) shows that the thrust of a rocket 

unit is independent of flight velocity in opposite to 

jet turbine engine. Because changes in the fluid 

pressure (         ) affect the pressure thrust as 

well as   , a variation of the rocket thrust with 

altitude is to be expected. As the atmospheric 

pressure decreases with increasing altitudes, the 

thrust and therefore also the specific impulse will 

increase if the vehicle is propelled at a higher 

altitude. The change in pressure thrust due to 

altitude changes can amount to           of the 

overall thrust, as shown for a typical rocket engine in Figure (8.3). 

 

Example 8.1: A rocket projectile has the following characteristics:  

Initial mass                  

Mass after rocket operation               

Payload, non propersive structure, etc.           

Rocket operating duration                

Average specific impulse of propellent                ⁄  
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Determine mass ratio, propellant mass fraction, propellant flow rate, thrust, thrust-to-weight 

ratio, acceleration of vehicle, effective exhaust velocity, total impulse, and the impulse-to-weight 

ratio. 

 

Solution: 

Mass ratio of vehicle 

    
      

  
 

   

   
      

mass ratio of rocket system  

    
  

  
 

       

       
       

Note that the empty and initial masses of the rocket are    and    kg respectively. Propellant 

mass fraction 

                         (     )   ⁄  (     )   ⁄         

The propellant mass is              . 

Propellant mass flow rate is                    . 

The thrust      ̇                               

Thrust-to-weight ratio of vehicle, 

Initial value                  (         )       

Final value                  (         )       

Maximum acceleration of vehicle is                    . 

Effective exhaust velocity is                                

Total impulse                                      

This result can also be obtained by multiplying the thrust by the duration. 

The impulse-to-weight ratio      ⁄           (       )            

 

Example 8.2: An ideal rocket chamber is to operate at sea level using propellants whose 

combustion products have a specific heat ratio of     . Determine the required chamber pressure 

and nozzle area ratio between throat and exit if the nozzle exit Mach number is     . The nozzle 

inlet Mach number may be considered to be zero. 

 

Solution: 

For optimum expansion the exit pressure should be equal to the atmospheric pressure of 

          . If the chamber velocity is small, the chamber pressure is equal to the total pressure 

and is  
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    *  
(   )

 
  +

 (   )⁄

 

        *  
(     )

 
    +

   (     )⁄

          

The area ratio 

     

      
 

  

  
 

  

  
 

 

  
(
   (   )  ⁄    

 

(   )  ⁄
)

(   )
 (   )⁄

 

  
  

  
 

 

   

√
(
   (     )  ⁄      

(     )  ⁄
)

(     )
(     )⁄

        

Or using isentropic table , at         for       gives     ⁄        

 

Example 8.3 A rocket nozzle is designed to operate supersonically with a chamber pressure of 

      and an ambient pressure of        . Find the ratio between the thrust at sea level to the 

thrust in space (0 kPa). Assume a constant chamber pressure, with a chamber temperature of 

      . Assume the rocket exhaust gases to behave as a perfect gas with        and   

            ⁄ . 

 

Solution 

Apply the momentum equation. 

       (     )         
    

The exit plane pressure and exit velocity are the same in space as at sea level. 

From isentropic table at    ⁄         ⁄          

       and    ⁄         

Then          ⁄                      

The exhaust velocity is then 

              √                       ⁄  

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Eight/ Thrust of Rocket Engine 

--------------------------------------------------------------------------------------------------------------------------------------------  

9-11 ch.8 

Prepared by A.A. Hussaini  2013-2014 

 

   
  

   
 

   

         
            ⁄  

                          
                    

                (     )         
  

                                                               

                   

               
 

                 

                            
       

 

Example 8.4: Design a nozzle for an ideal rocket that has to operate at a       altitude and give 

a        thrust at a chamber pressure of           and a chamber temperature of       . 

Assuming        and              ⁄ , determine 

a) Exit velocity, temperature and area 

b) Throat velocity, temperature and area 

c) Area ratio 

 

Solution. 

 

At a    km altitude, the atmosphere pressure equals          , and as      , then The 

pressure ratio is, 

a)  

  

  
 [

  

  
]
(   )  ⁄

 [
       

     
]
      ⁄

        

                      

   √
  

   
   *  (

  

  
)
    ⁄

+ 

 √
   

   
           *  (

       

     
)
      ⁄

+               ⁄  

 ̇     ⁄              ⁄             ⁄  

   
   

  
 

            

          
            ⁄  

      ⁄         ⁄             ⁄  
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 ̇

    
 

     

              
                

b)  

  

  
 [  

   

 
  

 ]
 (   )⁄

 [
   

 
]
      ⁄

       

   
     

     
           

  

  
 [  

   

 
  

 ]  [
   

 
]       

   
    

    
            

      √     √                                ⁄  

   
   

  
 

              

         
             ⁄  

   
   ̇

  
 

             

        
               

      ⁄               ⁄       

Try to use isentropic flow Table and resolve this example. 

 

Example 8.5 A rocket operates at sea level (         ) with a chamber pressure of    

          ⁄ , a chamber temperature of           and a propellant consumption of 

 ̇        ⁄ . calculate the value of      ,       , in the nozzle at a section where    

          . Calculate also the ideal thrust and the ideal specific impulse. Take         , 

                  ⁄ , and             ⁄  

 

Solution: 

In an isentropic flow at a point ( ). Initial specific volume 

   
   

  
 

          

         
            ⁄  

The specific volume is 

     (
  

  
)
  ⁄

       (
     

     
)

    ⁄

            ⁄  

The temperature is  

     (
  

  
)
(   )  ⁄

     (
     

     
)
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The velocity is  

   √
  

   
   *  (

  

  
)

    ⁄

+   √
     

     
           [  (

     

     
)

   

   

] 

                ⁄  

The cross section area is 

 ̇         

   
 ̇   

  
 

        

       
              

And the Mach number is then 

   
  

√    

 
       

√                
       

At optimum expansion the ideal exhaust velocity    is equal to the effective exhaust velocity 

and       

   √
  

   
   *  (

  

  
)
    ⁄

+  √
   

   
           *  (

       

     
)

      ⁄

+ 

            ⁄  

which is equal to effective exhaust velocity, and  as      , then 

   ̇                         

As the effective exhaust velocity is      , the specific impulse is; 

     ⁄              ⁄              

 

Note: If you chose different sections pressure, you can simply plot the variation of       ,  

     . Figure (8.5) shows a plot of the variation of the velocity, the specific volume, the area, 

and Mach number, and the pressure in this nozzle. 

 

Example 8.6 For  the rocket of example 8.5 , calculate Exit temperature and Mach number, 

Throat area and area ratio and Gas velocity at throat. 
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Chapter Nine/Stationary Normal Shock Waves; part 1 

  

9.1 Introduction 

 

The shock process represents an abrupt change in fluid properties, in which finite variations 

in pressure, temperature, and density occur over a shock thickness comparable to the mean free 

path of the gas molecules involved. It has been established that supersonic flow adjusts to the 

presence of a body by means of such shock waves, whereas subsonic flow can adjust by gradual 

changes in flow properties. Shocks may also occur in the flow of a compressible medium 

through nozzles or ducts and thus may have a decisive effect on these flows. An understanding 

of the shock process and its ramifications is essential to a study of compressible flow. 

It was pointed out previously that a series of weak compression waves can coalesce to form 

a finite compression shock wave. The mechanism by which this process occurs will be discussed 

in detail. The thermodynamics of the shock process will be reviewed, and the one-dimensional 

equations of continuity, momentum, and energy applied to the normal shock. Solutions of these 

equations will be presented to enable the working of practical engineering problems. 

 

9.2 Formation of a Normal Shock Wave 

 

It was shown that, when a piston in a tube is given a 

steady velocity to the right of magnitude    (Figure 

9.1), a sound wave travels ahead of the piston through 

the medium in the tube. Suppose the piston is now given 

a second increment of velocity   ,  causing a second 

wave to move into the compressed gas behind the first 

wave. The location of the waves and the pressure 

distribution in the tube, after a time   , are shown in 

Figure 9.2. Each wave travels at the velocity of sound 

with respect to the gas into which it is moving. Since the 

second wave is moving into a gas that is already moving 

to the right with velocity   ,  and since it is moving into 

a compressed gas having a slightly elevated 

temperature, the second wave travels with a faster 

absolute velocity than the first wave and gradually 

overtakes it. After a time    (   greater than   ). 
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Now suppose the piston is accelerated from rest to a 

finite velocity increment of magnitude    to the right. This 

finite velocity increment can be thought to consist of a large 

number of infinitesimal increments, each of magnitude   . 

Figure (9.3) shows the velocity of the piston versus time, with 

the incremental velocities    superimposed.  The waves next to 

the piston tend to overtake those farther down the tube. 

As time passes, the compression wave steepens. The 

tendency of the higher density parts of the wave to overtake the 

lower density parts is finally counteracted by heat conduction 

and viscous effects taking place inside the wave. The resultant 

constant-shape compression shock wave produced by the 

addition of the weak compression waves then moves through the 

undisturbed gas ahead of the piston. The slopes of temperature 

and pressure versus distance in the wave itself are very large, 

and so the shock can be approximated by a discontinuity (Figure 

9.4).  

 

 

 

 

 

 

 

 If the piston in Figure 9.5 is 

suddenly given an incremental 

velocity    to the left, a weak expansion wave propagates to 

the right at the velocity of sound. When the piston is given 

a second increment of velocity, a second expansion wave 

moves into the expanded gas behind the first wave. 

Again, each wave travels at the velocity of sound with 

respect to the gas into which it is moving. In this case, the 

waves and gas are moving in opposite directions. 

Furthermore, the second wave is traveling into a gas that 

has already been expanded and cooled, which lowers the 
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sound velocity. Both effects reduce the absolute wave 

velocity, and cause the second wave to fall farther and 

farther behind the first. In this manner, expansion 

waves spread out; they are not able to reinforce one 

another (see Figure 9.6). The creation of a finite 

expansion shock wave is impossible.  

 

9.3 Equations of Motion for a Normal Shock Wave 

 

A shock involves finite, rapid changes in pressure and temperature. The processes taking 

place inside the wave itself are extremely complex and cannot be studied on the basis of 

equilibrium thermodynamics. Temperature and velocity gradients inside the shock provide heat 

conduction and viscous, dissipation that make the shock process internally irreversible. 

In a practical sense we don’t focus on the interior details of the shock wave, but on the 

net changes in fluid properties taking place across the entire wave.  

If one chooses a control volume encompassing the shock wave, the flow equations can be 

written without regard to the complexities of the internal processes. For this purpose, it is 

sufficient to note that the shock process is thermodynamically irreversible. Furthermore, with the 

shock temperature gradient inside the control volume, there is no external heat transfer across the 

control volume boundaries, so the shock process is adiabatic.  

Figure 9.7 shows a standing normal shock in a section of varying area. We first establish 

a control volume that includes the shock region and an infinitesimal amount of fluid on each side 

of the shock. In this manner we deal only with the changes that occur across the shock. It is 

important to recognize that since the shock wave is so thin (about       ), a control volume 

chosen in the manner described above is extremely thin in the x-direction.  

This permits the following simplifications to be made without introducing error in the 

analysis:  

1. The area on both sides of the shock may be considered to be the same. 

2. There is negligible surface in contact with the wall, and thus frictional effects may be 

omitted. 

Adiabatic                         or          

No shaft work                   

Neglect potential             

Constant area                  

Neglect wall shear 
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Continuity  

                                             

      

      √    

Then continuity equation becomes; 

    

√  
 

    

√  

                               

Momentum 

The x-component of the momentum equation for 

steady one-dimensional flow is; 

∑    ̇(            )   ̇        

With pressure force the only external forces acting on 

the control volume, then  

∑                      

Thus the momentum equation in the direction of flow becomes 

          ̇                   

Canceling the area and     can be written as either               , then 

       
          

                                                                                                                           

   
  

   
  

          
  

   
  

        

        
            

   

  

  
 

      
  

       
   

                                                                                                                                      

Energy 

               

         i.e.       
  ⁄        

  ⁄    , Then 

                                                                                                                                                          

     (  
   

 
  ) from stagnation properties at each point, then 

  (  
   

 
  

 )    (  
   

 
  

 ) 
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(  
   

   
 )

(  
   

   
 )

                                                                                                                           

Eqs. (9.4), (9.5) and (9.6) are the principle equations for a standing normal shock, in addition to 

the foregoing assumptions. They called the jump conditions and must be satisfied to preserve 

conservation of mass, momentum and energy across the shock. 

In the next chapter we seek a relationship between    and    to solve these equations. 

 

There are seven variables involved in these equations:                  and   . Once the 

gas is identified,   is known, and a given state before the shock fixes             . Thus 

equations (9.2), (9.4), and (9.6) are sufficient to solve for the unknowns after the shock: 

            .  

We proceed to combine these equations above and derive an expression for    in terms of 

the information given. First, we rewrite these equations 

    

    
 √

  
  

                                                                                                                                              

  

  
 

       
  

      
  

                                                                                                                                      

  
  

 (
  

   
   

 

  
   

   
 
)                                                                                                                            

Substitue eqs (10.2) and (10.3) into eq (10.1) gives; 

       
  

      
  

  

  
 (

  
   

   
 

  
   

   
 
)

   

                                                                                             

 At this point notice that    is a function of only    and by inspection, it is evident that one 

solution to Eq. (9.7) is the trivial one,      . This solution, involving no change in properties 

in a constant area flow, corresponds to isentropic flow and is not of interest for the irreversible 

normal shock.. Squaring both sides, cross-multiply, and arrange the result as a quadratic in   
 : 

gives: 

  
 (  

   
   

 )

      
   

 
  

 (  
   

   
 )
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  *(
   

 
)    (

  
 (  
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)+                                                                                 

  *    (
  

 (  
   

   
 )

      
   

)+                                                                                            

   (
  

 (  
   

   
 )

      
   

)                                                                                                         

 Solution of the quadratic equation (9.8) is lengthy and difficult. The solution is;  

  
  

  
        ⁄

[  (     )⁄ ]  
   

                                                                                                         

The result of Eq. (9.10) is plotted in Figure 9.8 for 

     . 

For     ,     is always less tha 1, and vice 

versa. But when      it is not important since 

there is no shock. 
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Chapter Ten/ Stationary Normal Shock Waves; part 2 

 

 

10.1 Normal Shock Table 

 

We have found that for any given fluid with a specific set of conditions entering a normal 

shock there is one and only one set of conditions that can result after the shock. For the perfect 

gas further simplifications can be made since equation (9.10) yields the exit Mach number    

for any given inlet Mach number    and we can now eliminate    from all previous equations. 

 

Pressure ratio; 

  

  
 

     
 

     
                                                                                                                      

substitute from eq. 9.10 gives 

  

  
 

  

   
  

  
   

   
                                                                                                     

 

Temperature ratio; 

  

  
 

  [      ⁄ ]  
 

  [      ⁄ ]  
                                                                                                  

substitute from eq. 10.7 gives 

  

  
 

{  [      ⁄ ]  
 } {[       ⁄ ]  

 }

[            ⁄ ]  
                                                            

 

Density ratio 

From state equatio 

  

  
 

  
  

 
  

  
 

 and from eqs. (10.1) and (10.2); 

  

  
 

       
 

       
   

                                                                                                     

 

Other interesting ratios can be developed, each as a function of only   . For example, since 

    (  
   

 
  )

      ⁄

 

   

   
 

  

  
(
  [      ⁄ ]  

 

  [      ⁄ ]  
 )

      ⁄
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Eliminating of     and substitute from eq. (10.4) 

   

   
 

  

  
(

[      ⁄ ]  
 

  [      ⁄ ]  
 )

      ⁄

 [
  

   
  

  
   

   
]
      ⁄

               

 

10.2 Area ratio 

For isentropic flow, the area at which the Mach 

number is equal to   was defined as A*, with this area 

being used as a reference. A normal shock, however, is 

not an isentropic process; so, for example, if a shock 

occurs in a channel (Figure 10.2a), flow areas 

downstream of the shock (         )  have   
    

  

a n d  for the flow areas upstream the shock (          ). 

have   
    

 .  B u t     
     

  since flow upstream the 

shock differs from that downstream the shock.  

It is sometimes convenient to have a relationship 

between   
  and   

  . From Figure (10.2b), apply the 

continuity equation between    
  and    

 , assuming a 

perfect gas with constant specific heats. Since mass flow 

at    
  equal mass flow at    

  . From Eq. (8-5), 

 ̇  
   

 √  
                                                                                                            

 ̇  
      

 

 √   

        
      

 

 √   

        

But     at     
  and     

 . Also          and   is constant, then; 

      
        

                                                                                                            

   

   
 

   
 

   
                                                                                                                        

 

10.3 Entropy Change 

Since flow through the shock is not isentropic, the there are a friction losses appear as 

increase in entropy. From the following thermodynamic relation 
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Subdtitute from eq.(10.4)  for     ⁄  and (9.4) for     ⁄  , gives; 

    
 

 
  

 
  *

  [      ⁄ ]  
 

  [      ⁄ ]  
 +    {

   

   
(
  [      ⁄ ]  

 

  [      ⁄ ]  
 )

      ⁄

}  

  

 
 

 

   
 

    
 

    
   

   
                                 

   

   
                                                 

As      then         for stationary (fixed) normal shock wave. 

Values of Mach number    from eq. (9.10) , and for pressure ratio     ⁄  from eq. (10.1) and 

for temperature ratio     ⁄  from eq. (10.2), and for density ratio     ⁄  from eq.(10.3) and for 

stagnation pressure ratio       ⁄  from eq.(10.4), as well as the value of the ratio (     ⁄ ) are all 

computed in terms of     and have been tabulated in normal shock table. 

For an adiabatic process, stagnation pressure represents a measure of available energy of the 

flow in a given state. A decrease in stagnation pressure, or increase in entropy, denotes an energy 

dissipation or loss of available energy. 

The shock phenomenon is a one-way process (i.e., irreversible). It is always a compression 

shock, and for a normal shock the flow is always supersonic before the shock and subsonic after 

the shock. One can note from the table that as    increases, the pressure, temperature, and 

density ratios increase, indicating a stronger shock (or compression). One can also note that as 

   increases,       ⁄  decreases, which means that the entropy change increases. Thus as the 

strength of the shock increases, the losses also increase. 

 

Velocity Change 

We can also develop a relation for the velocity change across a standing normal shock for use 

later. Starting with the basic continuity equation; 

 

          

  

  
 

       
 

       
   

                                                                                                       

  

  
 

  

  
 

       
   

       
   

Subtract one from each side 
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Example 10.1 An airstream with a velocity of        , a static pressure of       , and a static 

temperature of       undergoes a normal shock. Determine the air velocity and the static and 

stagnation conditions after the wave. 

Solution 

The Mach number of the airstream,   , is given by 

   
  

√    
 

   

√           
       

From table B 

    ⁄       ,    ⁄       ,       ⁄       ,          ⁄         and  

         

From continuity equation 

  

  
 

  

  
  

   
  

     
 

   

     
           

                        

                     

      (  
   

 
  )     [  

     

 
        ]          

      (  
   

 
  )

      ⁄

   [  
     

 
        ]

          ⁄

 

                    

Or, for stationary (fixed) normal shock        , and from table A; 
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     ⁄
 

  

      
             

              ⁄                           

 

Example 10.2 An airstream at Mach    , with pressure of         and temperature of      , 

enters a diverging channel, with a ratio of exit area to inlet area of     (see Figure 10.3). 

Determine the back pressure necessary to produce a normal shock in the channel at an area equal 

to twice the inlet area. Assume one-dimensional steady flow, with the air behaving as a perfect 

gas with constant specific heats; assume isentropic flow except for the normal shock. 

Solution 

 

At      , from table A with      ; 

  

   
        

Therefore, 

  

   
  

  

  
 

  

   
                  

Then from table A at    ⁄        we have          . 

With the shock Mach number determined, ratios of properties across the shock can be found 

from normal shock table; 

   

   
        

   
 

   
  

  

   
  

  

  
 

  

   
  

   
 

   
                         

Flow after the shock is subsonic, so that, from table A, the 

Mach number at exit,  

           We can now solve for exit,   ; 

  

  
 

  

   
 
   

   
 
   

  
               

 

      
       

       
  

  
                           

With subsonic flow at the channel exit, the channel back 

pressure is equal to the exit plane pressure.  
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Example 10.3 Helium with        is flowing at a Mach number of      and enters a normal 

shock. Determine the pressure ratio across the shock. 

 

Solution 

Since normal shock table does not include       , we use equation (10.7) to find the Mach 

number after the shock and (10.2) to obtain the pressure ratio. 

  
  

  
        ⁄

[  (     )⁄ ]  
   

                                                                                

  
  

                ⁄

[     (        )⁄ ]        
       

         

  

  
 

       
  

      
  

                                                                                                       

  

  
 

                

                 
      

 

Example 10.4 A rocket exhaust nozzle has a 

ratio of exit to throat areas of 4.0. The exhaust 

gases are generated in a combustion chamber 

with stagnation pressure equal to        . and 

stagnation temperature equal to        (see 

figure  10.4). Assume the exhaust-gas mixture 

to behave as a perfect gas with        and  

                   .  

Determine the rocket exhaust velocity for isentropic nozzle flow and for the case where a 

normal shock is located just inside the nozzle exit plane. 

 

Solution 

For isentropic flow in the exhaust nozzle, with     ⁄     ,  from isentropic Table ( at   

    .                 ⁄         

          ⁄                      

  
 ̅

 ̅
 

      

  
            ⁄  

     √           √                        

Consider next the case of a normal shock at the nozzle exit plane. With isentropic flow up to the 

shock wave,         and                 .  

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Ten/ Stationary Normal Shock Waves; part 2 

--------------------------------------------------------------------------------------------------------------------------------------------  

7-8 ch.10 

Prepared by A.A. Hussaini  2013-2014 

From normal shock table (      , at         gives;               . 

From isentropic table (      , at           gives;      ⁄         

               ⁄                     

        √             √                         

 

Example 10.5 Fluid is air and can be treated as a perfect gas. If the conditions before the shock 

are:        ,             , and           . Determine the conditions after the shock and 

the entropy change across the shock. 

 

solution 

First we compute     with the aid of the isentropic table. From isentropic table at          we 

have       ⁄        . 

            ⁄  
 

      
                  

Now from the normal-shock table, Table B, opposite       , we find 

          ,       ⁄       ,       ⁄        ,          ⁄          

Thus 

          ⁄                    

          ⁄                       

              ⁄                               

Also     can be computed with the aid of the isentropic table            ,      ⁄         

            ⁄      
 

      
           

To compute the entropy change, we use equation (8.19): 

         
   

   
  

            
     

        
            ⁄  

 

Example 10.6 Air has a temperature and pressure of 300 K and 2 bar abs., respectively. It is 

flowing with a velocity of         and enters a normal shock. Determine the density before and 

after the shock. 

Solution 

   
  

   
 

     

       
          ⁄  

   √     √                    
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From shock Table B; at         , gives;      ⁄       , and      ⁄        

  

  
 

  

  
 
  
  

       
 

     
       

      
  

  
                     ⁄   

 

Example 10.7 Oxygen enters the converging section shown in the figure (10.5), and a normal 

shock occurs at the exit. The entering Mach number is     and the 

area ratio     ⁄     . Compute the overall static temperature at 

exit if the inlet temperature is       . Neglect all frictional losses. 

 

Solution 

From isentropic flow isentropic table at       ,  

     ⁄        ,      ⁄        ,     ⁄      

  

  
  

  

  
 
  

  
  

  
 

  
  

 

   
            

From same table at     
 ⁄        we get          and      ⁄  

       

From normal shock wave normal shock table at         

                  ⁄        

  

  
 

  

  
 

  

   
 
   

   
 
   

  
                

 

      
      

             ⁄                 
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Chapter Eleven/Normal shock in converging–diverging nozzles 
 

We have discussed the isentropic operations of a converging–diverging nozzle. This type of 

nozzle is physically distinguished by its area ratio, the ratio of the exit area to the throat area. 

Furthermore, its flow conditions are determined by the operating pressure ratio, the ratio of the 

receiver (back) pressure to the inlet stagnation (reservoir) pressure (            ⁄ ). From figure 

(11.1) we identified two significant critical pressure ratios.  

With      , there is no flow in the nozzle (curve 1) 

from figure (11.1a). As    is reduced below   , subsonic 

flow is induced through the nozzle, with pressure 

decreasing to the throat, and then increasing in the 

diverging portion of the nozzle (curve 2 and 3).. For any 

pressure ratio above       ⁄ , for curve (a), the nozzle is not 

choked and has subsonic flow throughout (typical venturi 

operation). When the back pressure is lowered to that of 

curve a, sonic flow occurs at the nozzle throat. Pressure 

ratio       ⁄  is called the first critical point which 

represents flow that is subsonic in both the convergent and 

divergent sections but is choked with a Mach number of 1.0 

in the throat. ((chocked means flow maximum and fixed)) 

When the back pressure is lowered to that of curve f, 

subsonic flow exits in the converging section, and sonic 

flow exits in the throat and it is choked where      . A supersonic flow exists in the entire 

diverging section. This is the third critical point which represents the design operation condition. 

The first and third critical points are the only operating points that have; 

(1) Isentropic flow throughout the nozzle, and 

(2) A Mach number of 1 at the throat, and 

(3) Exit pressure equal to receiver (surrounding) pressure. 

Remember that with subsonic flow at the exit,      , and    is back or receiver pressure. 

Imposing a pressure ratio slightly below that of the first critical point presents a problem in 

that there is no way that isentropic flow can meet the boundary condition of pressure equilibrium 

at the exit. However, there is nothing to prevent a non-isentropic flow adjustment from occurring 

within the nozzle. This internal adjustment takes the form of a standing normal shock, which we 

now know involves an entropy change (losses). 
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 As the pressure ratio is 

lowered below the first critical 

point, a normal shock forms 

just downstream of the throat. 

The remainder of the nozzle is 

now acting as a diffuser since 

after the shock the flow is 

subsonic and the area is 

increasing. The shock will 

locate itself in a position such 

that the pressure changes that 

occur ahead of the shock, 

across the shock, and 

downstream of the shock will 

produce a pressure that exactly 

matches the outlet pressure. In 

other words, the operating 

pressure ratio determines the 

location and strength of the 

shock. An example of this 

mode of operation is shown in Figure 11.1b.  

As the pressure ratio is lowered further, the shock 

continues to move toward the exit. When the shock is 

located at the exit plane (curve d), this condition is referred 

to as the second critical point.  

When the operating pressure ratio is between the 

second and third critical points, a compression takes place 

outside the nozzle. This is called over-expansion (i.e., the 

flow has been expanded too far within the nozzle). As the 

back pressure is lowered below that of curve d, a shock 

wave inclined at an angle to the flow appears at the exit 

plane of the nozzle (Figure 11.2a). This shock wave, 

weaker than a normal shock, is called an oblique shock. 

Further reductions in back pressure cause the angle 

between the shock and the flow to decrease, thus 
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decreasing the shock strength (Figure 11.2b), until eventually the isentropic case, curve f, is 

reached 

If the receiver pressure is below the third critical point, an expansion takes place outside the 

nozzle. This condition is called under-expansion. A pressure decrease occurs outside the nozzle 

in the form of expansion waves (Figure 11.2c). Oblique shock waves and expansion waves 

represent flows that are not one dimensional flow and will be treated later.  

 

Illustrative example:  

 

For the present we proceed to investigate the operational regime between the first and second 

critical points. For the nozzle and inlet conditions illustrated in figure (11.3), the nozzle has area 

ratio to be               and is fed by air at         and      from a large tank. 

Solution  

The inlet conditions are essentially stagnation. For these fixed inlet conditions we find that a 

receiver pressure of            (for operating pressure ratio of 0.9607) identifies the first 

critical point and a receiver pressure of            (for operating pressure ratio of 0.06426) 

identifies the third critical point. 

 What receiver pressure do we need to operate at the second critical point? Figure 11.4 

shows such a condition and you should recognize that the entire nozzle up to the shock is 

operating at its design or third critical condition. 

From the isentropic table at             , 

                        ⁄          

From the normal-shock table for        ,  

                   
  

  
        

and the operating pressure ratio will be 

    

   
 

  

   
 

  

  
 

  

   
 

                      

                          

                                 

Thus for our converging–diverging nozzle with an area 

ratio of 2.494, any operating pressure ratio between 0.9607 

and 0.436 will cause a normal shock to be located 

someplace in the diverging portion of the nozzle starting 
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from the throat and ending at exit plane.  

Suppose that we are given an operating pressure ratio 

of      . The logical question to ask is: Where is the 

shock? This situation is shown in Figure 11.5. We must 

take advantage of the only two available pieces of 

information and from these construct a solution. We know 

that 

  

  
                 

  

   
      

We assume that all losses occur across the shock and we know that          . Since there 

are no losses up to the shock, the flow is isentropic and we know that 

     
   

Thus 

  

  
 

  

   
 

  

  
  

  

   
 

We know also across the normal shock        
        

 , i.e. 

   

   
 

  
 

  
  

So 

  

  
  

  

   
 

  

  
  

  

   
 

The following data is known,     ⁄       ,      ⁄       then; 

  

  
 

  

   
                   

And from isentropic table at        
     ⁄         

        and      ⁄         

To locate shock position, we seek the ratio       ⁄ .  

 We have        , isentropic after the shock, and        , isentropic before the shock. Then  

   

   
 

   

   
 

   

  
 

  

   
 

 

     
            

Then from normal shock table at       ⁄        

                        

And then from the isentropic table that this Mach number,        , will occur at an area 

ratio of about     ⁄      ⁄        .. 
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We see that if we are given a physical 

converging–diverging nozzle (area ratio is known) 

and an operating pressure ratio between the first and 

second critical points, it is a simple matter to 

determine the position and strength of the normal 

shock in the diverging section. 

Example 11.1 A converging–diverging nozzle has an 

area ratio of     . At off-design conditions, the exit 

Mach number is observed to be    . What operating pressure ratio would cause this situation? 

 

Solution 

 

We have the nozzle area ratio         ⁄ . 

Using the section numbering system of Figure 10.6, for         , We have  

  

  
 

  

   
        

  

  
          

     
       

  

  

   
 (

    

     
 )  (

     
 

     
 )  

  
 

  
 
  

  
             

 

    
       

Could you now find the shock location and Mach number? 

   

   
 

  
 

  
  

  
 

  
 
  

  
  

 

   
                 

   

   
 

From shock table at       ⁄          gives     

From isentropic table at             gives     
 ⁄      ⁄   

 

Example 11.2 Air enters a converging–diverging nozzle that has an overall area ratio of      . A 

normal shock occurs at a section where the area is      times that of the throat. Neglect all 

friction losses and find the operating pressure ratio. Again, we use the numbering system shown 

in Figure 11.6. 

 

Solution 

From the isentropic table at     ⁄      ,           . 

From the shock table at        ,              and                .  

From isentropic table at           gives     
 ⁄        . Then 
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Since        and   
    

  

Thus from isentropic Table  at     
 ⁄          

        . 

  

   
 

  

   
 
   

   
                      

Where          and         

Example 11.3 A converging-diverging nozzle is designed to operate with an exit Mach number 

of     . The nozzle is supplied from an air reservoir at      . Assuming one-dimensional flow, 

calculate the following: 

a) Maximum back pressure to choke the nozzle. 

b) Range of back pressures over which a normal shock will appear in the nozzle. 

c) Back pressure for the nozzle to be perfectly expanded to the design Mach number. 

d) Range of back pressures for supersonic flow at the nozzle exit plane. 

 

Solution 

The nozzle is designed for             . From Appendix A. at             ,        ⁄  

       and        ⁄         

a) The nozzle is choked with       at the throat, followed by subsonic flow in the 

diverging portion of the nozzle. From Appendix A. at        ⁄        .               and 

       ⁄        .  

             ⁄                        

Therefore the nozzle is chocked for all back pressures bellow          . 

b) Or a normal shock at the nozzle exit plane (Figure 11.7b).          and  

                      .  

From normal shock, at         ,     ⁄        .  

For a normal shock at the nozzle exit, the back pressure is  

                         . 

For a shock just downstream of the nozzle throat, the back pressure is            a, i.e. 

the flow downstream the throat in the divergent part is subsonic. So A normal shock will appear 

in the nozzle over the range of back pressures from                   . 
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c) From isentropic table , at             .        ⁄         . For a perfectly expanded, 

supersonic nozzle. the hack pressure is           

d) Referring again to Figure 11.7a supersonic flow will exist at the nozzle exit plane for all 

back pressures less than          . 
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Chapter Twelve/Converging–Diverging Supersonic Diffusers 

 

 

12.1 Converging-Diverging Supersonic Diffuser 

 

With the jet engine, the inlet (diffuser) takes the incoming air, traveling at high velocity with 

respect to the engine, and slows it down and then delivers it to the axial compressor of the 

turbojet or the combustion zone of the ramjet engine. The amount of static pressure rise achieved 

during deceleration of the flow in the diffuser is very important to the operation of the jet engine, 

since the pressure of the air entering the nozzle affects the nozzle exhaust velocity. 

The maximum pressure that can be achieved in the diffuser is the isentropic stagnation 

pressure.  Any loss in available energy (or stagnation pressure) in the diffuser, or for that matter 

in any other component of the engine, will have a harmful effect on the operation of the engine 

as a whole. For a supersonic diffuser, it would be highly desirable to provide shock free 

isentropic flow.  

A first approach is to operate a converging-diverging nozzle in reverse (see Figure 12.1.) At 

the design Mach number,   , for such a diffuser, there is no loss in stagnation pressure 

(neglecting friction). However, off-design performance has to be 

considered, since the external flow must be accelerated to the 

design condition. For example, if a supersonic converging-

diverging diffuser is to be designed for a flight       , the 

ratio              ⁄           (see isentropic flow table). 

However, for a supersonic flight Mach number less than design Mach number,     , the 

area ratio    ⁄  is less than      , i.e. required throat area should be larger. This indicates that 

the actual throat area is not large enough to handle this flow. Under these conditions, flow must 

be bypassed around the diffuser. A normal shock stands in front 

of the diffuser with subsonic flow after the shock able to sense the 

presence of the inlet and an appropriate amount of the flow "spills 

over" or bypasses the inlet (see Figure 12.2). 

As the Might Mach number is increased, the normal shock 

moves toward the inlet lip. When the design Mach number is 

reached during start-up, however, with a normal shock in front of 

the diffuser, some of the flow must still be bypassed, since the 

throat area of less than   
  is still not able to handle the" entire subsonic flow after the shock. 
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As the flight Mach number is increased above   , the shock moves eventually to the inlet 

lip. A further increase in   causes the shock to reach a new equilibrium position in the diverging 

portion of the diffuser, in other words, the shock is "swallowed." Once the shock has been 

swallowed, a decrease in flight Mach number causes the shock to move back toward the throat, 

where it reaches an equilibrium position for   equal to   . 

At this position, the shock is of vanishing strength, at         , so no loss in stagnation 

pressure occurs at the design condition. In actual operation, it is desirable to operate with the 

shock slightly past the throat; since operation at the design condition is unstable in that a slight 

decrease in Mach number results in the shock's moving back out in front of the inlet. In this case, 

the operation of over speeding to swallow the shock would have to be repeated (see Figure 12.3). 

Another method for swallowing the shock is to use a variable throat area. With a shock in 

front of the diffuser, the throat area should be increased, which would allow more flow to pass 

through the inlet and consequently bring the shock closer to the inlet lip. To swallow the shock, 

the throat area would have to be slightly larger than that required to accept the flow with a shock 

at    at the inlet lip, that is, slightly larger than   
  with a normal shock at the design Mach 

number.  

For       ,   
   

 ⁄        , so an increase in area of greater than             

                  is required to swallow the shock. Once the shock is swallowed, the throat 

area must be decreased to reach the design condition. 

Although the converging-diverging diffuser has favorable operating characteristics at the 

design condition, it involves severe losses at off-design operation. Operation with a normal 

shock in front of an inlet causes losses in the stagnation pressure.  

To swallow this shock, the inlet must be accelerated beyond its design speed, or a variable 

throat area must be provided. Except for very low supersonic Mach numbers, the amount of over 

speeding required to swallow the shock during start-up becomes large enough to be totally 

impractical. 
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 Furthermore; the incorporation of a variable throat area into a diffuser presents many 

mechanical difficulties. For these reasons, the converging-diverging diffuser is not commonly 

used; most engines utilize the oblique-shock type diffuser to be described later. 

 

Example 12.1. A supersonic converging-diverging diffuser is designed to operate at a Mach 

number of     with design back pressure. To what Mach number would the inlet have to be 

accelerated in order to swallow the shock during stand-up?  

Solution 

From isentropic table at             ,      ⁄          

So the diffuser is designed with              ⁄        

The inlet must be accelerated to a Mach number slightly greater than that required to position the 

shock at the inlet lip (see Figure 12.4). 

Assume a normal shock stands at diffuser lips as shown. For         at the diffuser throat 

and subsonic flow after a shock at the inlet lip, we have: 

From isentropic table at     ⁄                     . 

From normal shock table at                      . 

  If the back pressure conditions imposed on the diffuser are such that 

a Mach number of     cannot be achieved at the throat, then    will 

be less than      , and a value of    greater than      will be required. However, with    

     at the diffuser throat, the diffuser must be accelerated to a Mach number slightly greater than 

     to swallow the initial shock during start-up.  

 

6.7 Supersonic Wind Tunnel 

 

To provide a test section with supersonic flow requires a converging–diverging nozzle. To 

operate economically, the nozzle–test-section combination must be followed by a diffusing 

section which also must be converging–diverging. 

Starting up such a wind tunnel is another example of nozzle operation at pressure ratios above 

the second critical point. Figure 12.5 shows a typical tunnel in its most unfavorable, off design, 

operating condition, which occurs at startup. 
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Figure 12.5, which shows the 

shock located in the test section. The 

variation of Mach number 

throughout the flow system is also 

shown for this case. This is called 

the most unfavorable condition 

because the shock occurs at the 

highest possible Mach number and 

thus the losses are greatest. We 

might also point out that the diffuser 

throat (section 5) must be sized 

(adjusting area) for this condition.  

As the exhauster fan is started, 

this reduces the pressure         

and produces flow through the 

tunnel. At first the flow is subsonic 

throughout, but at increased power 

settings the exhauster fan reduces 

pressures still further and causes 

increased flow rates until the nozzle 

throat (section 2) becomes choked. 

At this point the nozzle is operating 

at its first critical condition. As 

power is increased further, i.e the 

ratio        ⁄  is lowered further. a 

normal shock is formed just 

downstream of the throat, and if the 

tunnel pressure is decreased 

continuously, the shock will move 

down the diverging portion of the 

nozzle and pass rapidly through the 

test section and into the diffuser. If 

the ratio        ⁄  is lowered further 

then the diffuser swallows the 

normal shock to the diverging part 
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of diffuser. Increasing this pressure ratio a little will move the normal shock upstream to the 

diffuser throat, the position at which the shock strength is a minimum .Figure 12.6 shows this 

general running condition, which is called the most favorable condition. 

Across the shock of figure 12.5 

     
       

  

At throat section 2 & 5 during start-up    , then  

            

Due to the shock losses (and other friction losses)         and then        

For example if the test section Mach number is 2 then from normal shock table  

   

   
        

  

  
 

And           ⁄               

Knowing the test-section-design Mach number fixes the shock strength in this unfavorable 

condition and    is easily determined. Keep in mind that this represents a minimum area for the 

diffuser throat. If it is made any smaller than this, the tunnel could never be started (i.e., we 

could never get the shock into and through the test section). In fact, if    is made too small, the 

flow will choke first in this throat and never get a chance to reach sonic conditions in section 2. 

Once the shock has passed into the diffuser throat, knowing that       we realize that the 

tunnel can never run with sonic velocity at section 5. Thus, to operate as a diffuser, there must be 

a shock at this point, as shown in Figure 12.6.We have also shown the pressure variation through 

the tunnel for this running condition. 

To keep the losses during running at a minimum, the shock in the diffuser should occur at the 

lowest possible Mach number, which means a small throat. However, we have seen that it is 

necessary to have a large diffuser throat in order to start the tunnel. A solution to this dilemma 

would be to construct a diffuser with a variable area throat. After startup,    could be decreased, 

with a corresponding 

decrease in shock 

strength and operating 

power. However, the 

power required for any 

installation must always 

be computed on the basis 

of the unfavorable startup 

condition. 

 

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Twelve /Converging–Diverging Supersonic Diffusers 

------------------------------------------------------------------------------------------------------------------------------------- ------- 

6-7ch.12 

Prepared by A.A. Hussaini  2013-2014 

 

 

Example: 

A continuous supersonic wind tunnel is 

designed to operate at a test section Mach 

number of 2.0, with static conditions duplicating 

those at an altitude of       where           

and          . Take       and    

            ⁄ . The test section is to be 

circular,       in diameter, with a fixed 

geometry and with a supersonic diffuser 

downstream of the test section. Neglecting fric-

tion and boundary-layer effects, determine the 

power requirements of the compressor during 

startup and during steady-state operation, [See 

Figure 12.8(a)]. Assume an isentropic 

compressor, with a cooler located between 

compressor and nozzle (after the compressor), so 

the compressor inlet static temperature can be assumed equal to the test section stagnation 

temperature.  

 

solution 

During startup, the worst possible case [see Figure 12.8(c)] is that of a shock in the test sec-

tion with       . For this situation, which fixes the ratio of the two throat areas, we have 

   

   
        

  
 

  
  

   

   
 

To fix the size of the diffuser throat area, we first use the design Mach number to find 

    ⁄      . From isentropic table,     ⁄                

       
  

 
  

     

 
            

    ⁄                

    
  

    ⁄      
 

     

      
          

The throat area is then; 

  
      

     

    ⁄      
 

       

      
            

  
      

  
 

  
   

 ⁄
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During steady-state operation [see Figure 12.8(a)], the mass flow through the test section is 

given by 

 ̇      
     

      
      √        

 
   

           
          √                        ⁄  

For this fixed geometry (i.e.,       ⁄          ⁄        ), the optimum condition for 

steady- state operation is a normal shock at the diffuser throat. This means that the nozzle, test 

section and the converging part of the diffuser act as a duct of variable area with isentropic flow, 

where       and                   . 

From isentropic table at     ⁄        ⁄         ⁄         

            (
               

               
)         

From normal shock table at           

   

   
                          (

             

             
)         

The loss in stagnation pressure must be compensated for by the compressor. For isentropic 

compressor, [see Figure 12.7(b)], the energy balance is 

                     (                ) 

At design stage, i.e. steady state operation 

       

        
 (

   

   
)

   
 

 (
 

      
)

   
   

        

                                                          

                           ⁄  

       ̇                            

At off-design stage, i.e. during startup 

       

        
 (

   

   
)

   
 

 (
 

      
)

   
   

        

                                                           

                           ⁄  

       ̇                           

A more power is needed during startup by 
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Chapter Thirteen/Moving Normal Shock Waves 

 

12.1 Moving Normal Shock Waves 

 

Previous sections have dealt with the fixed normal shock wave. However, many physical 

situations arise in which a normal shock is moving. When an explosion occurs, a shock wave 

propagates through the atmosphere from the point of the explosion. As a blunt body reenters the 

atmosphere from space, a shock travels a short distance ahead of the body. When a valve in a gas 

line is suddenly closed, a shock propagates back through the gas. To treat these cases, it is 

necessary to extend the procedures already developed for the fixed normal shock wave.  

 Consider a normal shock moving at constant velocity into still 

air,                     , (Figure 13.1a). Let    

                        and                    s behind the 

wave; both velocities are measured with respect to a fixed observer. 

For a fixed observer, the flow is not steady, since conditions at a point 

are dependent on whether or not the shock has passed over that point. 

 Now consider the same physical situation with an observer 

moving at the shock-wave velocity, a situation, for instance, with the 

observer "sitting on the shock wave.'" The shock is now fixed with 

respect to the observer (Figure 13.1b). But this is the same case 

already covered in previously. Relations have been derived and 

results tabulated for the fixed normal shock-To apply these results to 

the moving shock, consideration must be given to the effect of observer velocity on static and 

stagnation properties. 

Static properties are defined as those measured with an instrument moving at the absolute 

flow velocity. Thus static properties are independent of the observer velocity, so 

  

  
 

  

  
      

  

  
 

  

  
  

 Stagnation properties are measured by bringing the flow to rest. Comparing the situations 

shown in Figure 13.1, if       and      ,  it is evident that        and        since the 

gas at state 1 has velocity   , and the gas at state a has zero velocity,        and       . 

Thus stagnation properties are dependent on the observer velocity. To calculate the variation of 

stagnation properties across a moving shock wave, static conditions and velocities must first be 

determined. 
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Transformation of a stationary coordinate system to a coordinate system that moves with the 

shock makes analysis of the moving normal shock as of the steady-flow situation shown in 

Figure 13.1(b). The relations for stationary normal shock is now prevail.  

                      

From continuity eq.: 

  (     )                                                                    

  

  
   

  

  
 

     

  
                                                        

From momentum eq.: 

     (     )
 
        

                                       

  

  
 

  

   
  

  
   

   
                                                     

From energy eq.: 

   
(     )

 

 
    

  
 

 
                                                

   
(     )

 

   
    

  
 

   
                                               

  

  
 

{  [      ⁄ ]  
 } {[       ⁄ ]  

 }

[            ⁄ ]  
             

And from eq.10.3 for velocity ratio: 

  

  
 

  

  
 

  
  

 
  

  
 

       
 

       
   

                             

  

     
 

       
     ⁄

       
     ⁄   

                                      

 

 First Case: 

Either the shock velocity is known or the gas velocity behind the wave is known. When the 

shock velocity is known the gas velocity and other properties behind the moving wave are 

required. But when the velocity of the gas behind  the shock is known, then shock velocity and 

other properties are required. 

 

Example 13.1 A normal shock moves at a constant velocity of         into still air 

(             ). Determine the static and stagnation conditions present in the air after passage 

of the wave, as well as the gas velocity behind the wave. 
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Solution 

For a fixed observer, the physical situation is shown in Figure 13.3a. 

With respect to an observer moving with the wave, the situation 

transforms to that shown in Figure 13.3b. 

   
  

√    
 

   

√           
       

From normal shock table 

  

  
               

  

  
                   

  

  
               

  

  
                   

From continuity equation 

  

  
 

  

  
       

  

  
 

  

      
       

           ⁄  

Since the velocity of the observer does not affect the static properties, 

             

           

The Mach number of the gas flow behind the wave is given by 

   
  

√    

 
     

√             
       

With the Mach number and static properties determined, the stagnation properties of the gas 

stream can be found from isentropic table at M = 0.613, 

   ⁄          and    ⁄         

After passage of the wave, the stagnation pressure is 

    
  

     ⁄
 

     

      
         

    
  

     ⁄
 

     

      
           

Note that for a fixed observer the stagnation temperature after passage of the wave is greater 

than that before passage of the wave. For an observer "sitting on the wave," however, there is no 

change of stagnation temperature across the wave. 
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Example 13.2 An explosion occurs which produces a normal shockwave that propagates at a 

speed of         into still air. The pressure and temperature of the motionless air in front of the 

shock are           and      , respectively. Determine the velocity, static pressure, and static 

temperature of the air following the shock, i.e. (            ). 

 

Solution 

   
  

√    
 

   

√           
       

From isentropic table at          gives 

     ⁄        ,      ⁄         

And from normal table at          gives 

    ⁄        ,     ⁄        ,       ⁄         and          . So; 

    
  

      ⁄  
 

   

      
             

    
  

      ⁄  
 

     

      
              

    (
   

   
)                              

   (
  

  
)                              

   (
  

  
)                             

      √     √                            

(     )                                 

     (     )                          

   
  

  
 

        

      
        

From isentropic table at          , gives; 

     ⁄         and      ⁄        , then 

    
  

     ⁄
 

        

      
               

    
  

     ⁄
 

        

      
            

 

Example 13.3 The shock was given as moving at          ⁄  into air at            and 289 

K.  Solve the problem represented in Figure 13.4. 
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Solution 

 We solve for fixed normal shock, i.e. moving coordinate 

system, (figure 13.4b). 

   √     √             

          ⁄  

   
  

  
 

      

      
      

From isentropic, at        , 

      ⁄        , then 

    
  

     ⁄
 

       

      
             

From normal shock table, at          

          
  

  
        

  

  
        

Thus 

      
  

  
                            

      
  

  
                     

   √     √                        ⁄  

                              ⁄  

And from isentropic table at          ,      ⁄         and      ⁄        , then 

    
  

     ⁄
 

       

      
           

    
  

     ⁄
 

      

      
          

                                ⁄  

It is apparent that         as expected. 

 Now we solve for moving shock, i.e. fixed coordinate system (figure 13.4a). 

Remembering that pressure, temperature and sonic velocity values after the shock wave are not 

changed due to shock wave movement. 

               

            

            ⁄  
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And from isentropic table, at          ,      ⁄         and      ⁄         , then; 

    
  

     ⁄
 

       

      
             

    
  

     ⁄
 

      

      
         

Therefore, after the shock passes (referring now to Figure 13.4a), the pressure and 

temperature will be             and         , respectively, and the air will have acquired a 

velocity of          ⁄  to the left. It will be interesting to compute and compare the stagnation 

pressures in each case. Notice that they are completely different because of the change in 

reference that has taken place. 

 

 Second case 

Developing an expressions for the case of a normal shock traveling at a 

constant speed    into a gas that is moving with a speed  . The shock induces 

a speed    of the gas it passes over, as shown in Figure 13.6. here simply 

replace each    &    in eqs. 13.1 to 13.5 by      &      . 

 

Example 13.4 A piston in a tube is suddenly accelerated to a velocity of 

      , which causes a normal shock to move into the air at rest in the tube. Several seconds 

later, the piston is suddenly accelerated from              , which, causes a second shock to 

move down the tube. Calculate the velocities of the two shock waves for an initial air 

temperature of      .  

 

 

Solution 

 

The air next to the piston must move at the same velocity as the piston, since it can neither 

move through the face of the piston nor move away from the piston and leave a vacuum behind. 

Therefore, for a fixed observer, the air velocities are as shown in Figure (13.7). 

   √     √                    ⁄  

From eq. 13.5 
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 √(

       

 
)

 

   
     

    
         

 
 √(

         

 
)

 

        

                      ⁄   

    
   

  
 

     

     
       

From normal shock table, at                 ⁄       ,  so; 

                     

 

For the second shock, the situation is shown in 

Figure (13.8a). Figure (13.8b) shows an observer “sitting 

on the second wave”. Using eq. (10.5), we obtain  

  

  
 

       
 

       
   

 

Where  

                                     

  
   

         

    
   

Substituting yields  

      

       
 *    

         

             
+ *    

         

             
  +⁄  

 
            

                        
 

To solving this quadratic equation, Let            

 

    
 

     

               
 

                             

                     

  
   √      

  
 

    √                  

   
 

  
    √                  
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             ⁄  

Thus, the second wave travels at a greater velocity than the first and eventually overtakes it. This 

result is a demonstration of the principles formation of normal shock.  Compression waves are 

able to overtake and reinforce one another. In this example problem, the second wave travels at a 

greater velocity because it is both moving into the compressed, higher-temperature gas behind 

the first wave and also moving into a gas stream already traveling in the same direction with a 

velocity of       . A new set of gas properties now can be computed before and after the 

second shock. 

 

12.2 Reflected Waves.  

 

When a wave impinging on the end of a tube, two cases 

should be studied, a closed tube and a tube open to the 

atmosphere. The reflected wave in closed end tube is treated as a 

reflected normal shock while for open end tube is treated as 

reflected expansion waves. 

To complete this study of moving normal shock waves, 

consider the result of a wave impinging on the end of a tube. 

Two cases will be studied; a closed tube and a tube open to the 

atmosphere. In both cases it is desired to determine whether the 

reflected wave is a compression shock wave or a series of weak 

expansion waves. For reflected wave in closed tube, (see Figure 

13.9), the gas next to the fixed end of the tube must be at rest, with the gas behind the incident 

shock moving to the right with velocity   . For an observer moving with the reflected wave, the 

physical indicates that a decrease in velocity and a corresponding increase in static pressure 

across the reflected wave, which is physically the situation for 

a normal shock. Therefore, a normal shock reflects from a 

closed tube as a normal shock.  

For reflected in open tube to atmosphere, the boundary 

condition imposed on the system is the static pressure at the 

end of the tube. Because the flow in front of the moving shock 

is subsonic, the back pressure and the exit pressure must be 

the same, see figure 13.10. there will be a decrease in pressure 

across the reflected wave and a normal shock reflects from an 

open end of a tube as a series of expansion waves.  
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Example 13.4 A normal shock wave with pressure ratio of 4.5 

impinges on a plane wall (see Figure 13.11a). Determine the static 

pressure ratio for the reflected normal shock wave. The air temperature 

in front of the incident wave is 20°C. 

 

Solution 

 Solution for incident wave: 

To determine the velocity Vg of the gas behind the incident wave, 

utilize a reference system moving with the wave, as shown in Figure 

13.11b. 

 From normal shock table     ⁄     ,  gives: 

      ,      ⁄        and     ⁄        

       √         √                    ⁄  

   

      
 

  

  
 

  

  
       

(        )              

            ⁄   

      
  

  
                   

 

 Solution for reflected wave:  

To find the reflected shock velocity, fix the reflected shock by using  

(see Figure 13.11c) 

  

  
 

       
 

       
   

                                                      

For this case  
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   √      

  
 

        √                      

   
 

   
             

 
            ⁄            

   
             

 
           ⁄  

                          ⁄  

For the fixed shock, back to fig. 13.10a 

  

  
 

         
   

 
       

     
       

  

  
 

From normal shock table, at     ⁄       , gives 

    ⁄        static pressure ratio for reflected normal shock.  

  

  
 

  

  
 
  

  
              

That means the in zone 3 after reflection becomes fifteen times the pressure in zone 1 before 

incident. 

 

Another type of moving shock is occurred when air is 

flowing through a duct under known conditions and a 

valve is suddenly closed, as shown in fig. 13.12.. The 

fluid is compressed as it is quickly brought to rest. This 

results in a shock wave propagating back through the 

duct. In this case the problem is not only to determine the 

conditions that exist after passage of the shock but also to 

predict the speed of the shock wave.   This can also be viewed as the reflection of a shock wave, 

similar to what happens at the end of a shock tube. We transfer the fixed coordinate into a 

moving coordinate system by riding the shock wave and superimpose the reflected wave velocity 

    on the entire flow field. With this new frame of reference we have the standing normal-shock 

problem shown in Figure 13.12.  
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Example 13.5 Air of speed of       ⁄  is flowing through a duct where its pressure and 

temperature are       and       respectivilly. Then a valve exists in the duct is suddenly closed. 

Find fluid properties nest to the valve after it closed and shock velocity, as show in figure 13.13.  

 

Answer 

          

  

  
 

       
 

       
   

 

  

      
 

     
       ⁄

     
       ⁄   

 

     
                  

       
  

   
                 

  
   √      

  
 

   
    √               

   
           ⁄  

                         ⁄  

   √     √                      ⁄  

       ⁄               ⁄        

From normal shock table at        gives  

         ,     ⁄        and     ⁄        

                      

                   

 

12.3 Shock Tube 

 

The shock tube is a device in which normal shockwaves are generated by the rupture of a 

diaphragm separating a high-pressure gas from a gas at low pressure. As such, the shock tube is a 

useful research tool for investigating not only shock phenomena, but also the behavior of 

materials and objects when subjected to the extreme conditions of pressure and temperature 

prevalent in the gas flow behind the wave. Thus, the kinetics of a chemical reaction taking place 

at high temperature can be studied, as well as the performance, for example, of a body during 

reentry from space back into the earth’s atmosphere. 
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Chapter Fourteen/Oblique Shock Waves 
 

 

14.1 Introduction. 

 

An oblique shock wave, a compression shock wave that is inclined at an angle to the flow, 

either straight or curved, can occur in such varied examples as supersonic flow over a thin airfoil 

or in supersonic flow through an over-expanded nozzle.  

The oblique shock wave is a two-dimension problem. The method 

of handling the oblique shock is alike that of handling the normal 

shock. Even though inclined to the flow direction, the oblique shock 

still represents a sudden, almost discontinuous change in fluid 

properties, with the shock process itself being adiabatic.  Attention will 

be focused on the two-dimensional straight oblique shock wave, a type 

that might occur during the presence of a wedge in a supersonic stream 

(Figure 14.1a) or during a supersonic compression in a corner (Figure 

14.1b). As with the normal shock wave, the equations of continuity, 

momentum, and energy will first be derived. An additional variable is 

introduced because of the change in flow direction across the wave. 

However, momentum is a vector quantity, so two momentum equations 

are derivable for this two-dimensional flow.  

With the additional variable and equation, the analysis of two-

dimensional shock flow is somewhat more complex than that for 

normal shock flow. However, as with the normal shock wave, solutions 

to the equations of motion will be presented in a form suitable for the 

working of practical engineering problems. 

 

14.2 Equations of Motion for a Straight Oblique Shock Wave 

 

When a uniform supersonic stream is forced to undergo a finite change in direction due to the 

presence of a body in the flow, the stream cannot adjust gradually to the presence of the body; 

rather, a shock wave or sudden change in flow properties must occur. A simple case is that of 

supersonic flow about a two-dimensional wedge with axis aligned parallel to the flow direction. 

For small wedge angles, the flow adjusts by means of an oblique shock wave, attached to the 

apex of the wedge. Flow after the shock is uniform, parallel to the wedge surface (as shown in 

Figure 14.2), with the entire flow having been turned through the wedge half-angle  . 
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The equations of continuity, momentum, and 

energy will now be written for uniform, supersonic 

flow over a fixed wedge. If one selects the control 

volume indicated in Figure 14.2. The continuity 

equation for steady flow is 

∬   (   ̂)   

  

   

For the case under steady, it simplifies to 

                

                                                     (    ) 

Where    and     are the velocity components 

normal to the wave.   is the control volume surface 

and it is the same for both sides. The momentum 

equation for steady flow is;  

∑  ∬   (   ̂)   

  

   

Momentum is a vector quantity, so momentum 

balance equations can be written both in the 

direction normal to the wave and in the direction 

tangential to the wave. The normal momentum equation yields; 

                 
         

  

The shock is very thin so as we assume that      . Thus; 

           
       

                                                                                        (    ) 

In the tangential direction there is no change in pressure so; 

  ∬    ( ⃗⃗   ̂)   

  

   

(       )    (       )    

Cancelling, we obtain; 

                                                                                                                             (    ) 

where           are the velocity components tangential to the wave. The energy equation for 

adiabatic, no work steady flow simplifies to; 

(   
 ⃗⃗  
 

 
    )  (   

 ⃗⃗  
 

 
    ) 
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Expanding this equation and ignoring potation term for gas and remembering that a velocity is a 

vector ( ⃗⃗       ), we get; 

(   
   
 

 
 
   
 

 
)  (   

   
 

 
 
   
 

 
) 

Since         then; 

(   
   
 

 
)  (   

   
 

 
)                                                                                      (     ) 

                                                                                                                            (     ) 

                                                                                                                    (     ) 

                                                                                                                    (     ) 

          (   )                                                                                             (     ) 

          (   )                                                                                             (     ) 

From the geometry of the oblique wave; 

It can be seen that eqs. (14.1), (14.2).and (14.4) contain only the normal velocity 

components, and as such are the same as eqs. (9.1), (9.2) and (9.4) for the normal shock wave. In 

other words, an oblique shock acts as a normal shock for the component normal to the wave, 

while the tangential velocity component remains unchanged. The pressure ratio, temperature 

ratio, and so on, across an oblique shock can be determined by first calculating the component of 

  , normal to the wave and then referring this value to the normal shock tables. 

Note that the Mach number after an oblique shock wave can be greater than   without 

violating the second law of thermodynamics. The normal component of    however, must still 

be less than  . In most cases, the shock wave angle   is not known, but rather incoming Mach 

number    and deflection angle   appear as the independent variables. Therefore, it is more 

convenient to express the wave angle   and    in terms of         , From eq. 14.1 

             

  
  
 
   
   

 
        

      (   )
 

    

   (   )
                                                          (    ) 

A cross the normal shock 

  
  
 

(   )   
 

(   )   
   

                                                                                              (    ) 

    

   (   )
 

(   )   
 

(   )   
   

                                                                             (     ) 

    

   (   )
 

(   )  
      

(   )  
        

                                                                   (     ) 

Eq. 14.8 relates deflection angle   incoming Mach number    and shock wave angle  . 
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Now   can be plotted versus   for a given value of   .  A l s o     

can be plotted versus   for given   .  For       , the results appear 

as shown in Figures 14.4a and 14.4b.  

Detailed oblique shock charts are provided in charts C1 and C2 for 

     . But chart C2 is not accurate and it will not recommended. 

Several characteristics of the solution to the oblique shock equations 

can be seen from these charts. For a given    and  , either two 

solutions are possible or none at all. For supersonic flow in varying area 

channels, it is the pressure boundary conditions imposed on the channel 

that determines the type of solution. 

If a solution exists, there may be  

1 .  A weak oblique shock, with    either supersonic or slightly less 

than  .  

2. A strong oblique shock, with    subsonic.  

Both oblique shocks have different characteristics, see figure 14.5, 

such as;  

a. For the strong oblique shock: 

- The wave makes a large angle   (close to    ) with the approach 

flow. 

-  It accompanied by a relatively large pressure ratio 

b. For the weak oblique shock,  

- The wave makes a much less angle   with the approach flow. 

- It accompanied by a relatively small pressure ratio 

c. The supersonic flow is turned through the same angle in both cases. 

A strong oblique shock with (   ), gives a normal shock. A weak 

oblique shock with (   ) gives an isentropic flow (no shock). Therefore, the 

normal wave can be generalized to the oblique shock. The strong oblique 

shock occurs when a large back pressure is imposed on a supersonic flow, as 

might possibly take place during flow through a duct or intake. 

When a wedge or airfoil travels through the atmosphere at supersonic velocities with an 

oblique shock attached to the body only a weak shock solution is found to occur, since, with a 

uniform pressure after the shock, large pressure differences cannot be exist. This is identical to 

determine whether isentropic flow or a normal shock will occur in a supersonic flow for flow 

through converging-diverging nozzles, we know that for low enough back pressures, isentropic 
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flow occurs in the nozzle; for higher back pressures, a normal shock takes place in the diverging 

section of the nozzle. 

 

14.3 Detached shock Wave 

 

Another characteristic of the oblique shock equations is that, for a great enough turning angle 

      , no solution is possible. Under these conditions it is observed that the shock is no 

longer attached to the wedge, but stands detached, in front of the body (see Figure 14.6). 

The detached shock is curved, as shown, with the shock strength 

decreasing progressively from that of a normal shock at the apex of the 

wedge to that of a Mach wave far from the body. Thus, with a detached 

shock, the entire range of oblique shock solutions is obtained for the 

given Mach number   . 

 The shape of the wave and the shock-detachment distance are 

dependent on the Mach number and the body shape. Flow over the 

body is subsonic in the vicinity of the wedge apex, where the strong 

oblique shocks occur, and it is supersonic farther back along the 

wedge, where the weak oblique shocks are present. 

A detached oblique shock can also occur with supersonic flow in a 

concave corner. Again, if the turning angle is too great, a solution 

cannot be found in Charts Cl and C2, so a detached shock forms ahead 

of the corner (see Figure 14.7). The characteristics of this shock are 

exactly the same as those of the upper half of the detached shock 

shown in Figure 14.6. Thus flow after the shock is subsonic near the 

wall and supersonic farther out in the flow and it is treated as a 

stationary normal shock near the wall. 

 

Example 14.1 A uniform supersonic airflow traveling at          

passes over a wedge (Figure 14.4). An oblique shock, making an angle of 40° with the flow 

direction, is attached to the wedge under these flow conditions. If the static pressure and 

temperature in the uniform flow are, respectively,        and      , determine the static 

pressure and temperature behind the wave, the Mach number of the flow passing over the wedge, 

and the wedge half-angle. 

 

Solution 
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From Figure 14.4,  

                                . 

                                  

Therefore, from normal shock table at           

              
  
  
            

  
  
       

      
  
  
                    

      
  
  
                    

For the adiabatic shock process,        . From isentropic table at       , 

     ⁄         , Then  

        
  

     ⁄
 

   

      
         

Now  

     ⁄            ⁄         

From isentropic table A at      ⁄        ;           

   (   )  
   
  
 
      
    

 
      

     
       

              

          

                end of the solution. 

 

Solving graphically; 

From Chart C1 at                gives         

From Chart C2 at                  gives         

 

Solving by the exact equations; 

     (    ) (
  
        

   

 
  
  (  

        )
) 

     (     )(
            

   

 
  
  (            )

) 

 (       ) (
      

          
)         
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   √
  

   

 
  
 

   
       

   

 

 
  
      

  
   

 
  
      

 

   √
  

     

 
  

             
     

 

 
        

  
     

 
        

 

   √
   

      
 
      

      
       

 

Example 14.2 Uniform flow at       passes over a wedge of     half-angle., find   ,     ⁄ , 

    ⁄  and       ⁄ , and also the half-angle above which the shock will become detached. 

 

Solution 

From Chart Cl at       and      , the weak solution yields         

                             

                             

From the normal shock tables at          

    ⁄                      ⁄                          ⁄                            

From Chart Cl it can be seen that     , for               

 

Example 14.3 A supersonic two-dimensional inlet is to be designed to 

operate at      . Two possibilities will be considered, as shown in 

Figure 14.8. In one, the compression and slowing down of the flow take 

place through one normal shock; in the other, a wedge-shaped diffuser, 

the deceleration occurs through two weak oblique shocks, followed by a 

normal shock. The wedge turning angles are each 8°. Compare the loss 

in stagnation pressure for the two cases shown. 

 

Solution 

For the normal shock diffuser, the ratio       ⁄  can be found from 

normal shock table at       : so 

      ⁄       . 

For the wedge-shaped diffuser,    and   , as well as the wave angles, 
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can be found from Charts Cl and C2.Thus 

        and         . 

The wave angles are, respectively,       and      .  

                            

From normal shock table at        0,        ⁄        

                             

From normal shock table at         ,        ⁄       . 

From normal shock table at         ,        ⁄       , so that; 

   
   

 
   
   

 
   
   

 
   
   

                         

Note; Solve the same example without using chart C2.  

Therefore, the overall stagnation pressure ratio is      . The advantage of diffusing through 

several oblique shocks rather than one normal shock can be seen. The greater the number of 

oblique shocks, the less the overall loss in stagnation pressure. Theoretically, if the flow is 

allowed to pass through an extremely large number of oblique shocks, each turning the flow 

through a very small angle, the inlet flow should approach that of an isentropic compression. The 

oblique shock diffuser will be discussed in detail in later. 

 

14.4 Oblique Shock Reflections 

 

When a weak, two-dimensional oblique shock impinges on a plane wall, the presence of a 

reflected wave is required to straighten the flow, since there 

can be no flow across the wall surface (see Figure 14.11).  

Flow after the incident wave is deflected toward the 

wall. Hence, a reflected oblique shock wave must be present 

to deflect the flow back through the same angle and restore 

the flow direction parallel to the wall. The reflected shock is 

weaker than the incident shock, since      . 

 

Example 14.4 For       , and       , determine              . Refer to Figure 14.11. 

 

Solution 

From Chart C1, for        and       , the deflection angle   is equal to      . This 

corresponds to the angle through which the flow is turned after the incident wave and also the 

angle through which the flow is turned back after the reflected wave. 
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From Chart C2, for        and         ,    is equal to 1.62.  

From the same chart, for          and        ,    is equal to 1.24. 

From Chart C1, for        and        ,  the shock wave angle  is      , which is the angle 

between the flow direction in region   and the reflected wave. From geometrical consideration, 

                         . 

If    is low enough, a simple shock reflection may be impossible. That is, for a given   , the 

required turning angle may be great enough so that no solution exists from Charts C1 and C2.  

In a real fluid, the problem of oblique shock reflections is complicated by the presence of a 

boundary layer on the wall. the analysis presented here of oblique shock reflections is an 

approximate one, which neglects real fluid effects. 

 

14.5 Conical Shock Waves  

 

Supersonic flow about a right circular cone is considerably more complex than that about a 

wedge. But it has many similarities to wedge flow. For a cone at zero angle of attack with the 

oncoming stream, a conical shock is attached to the apex of the cone for small cone angles. (see 

Figure 14.12.) 

It is interesting to compare the resultant wedge and cone flows (see Figure 14.13.) For a 

wedge, straight parallel flow exists before the oblique shock and after the shock.  

For the three-dimensional semi-infinite cone, this is no longer possible. Streamlines after the 

conical shock must be curved in order that the three-dimensional continuity equation be satisfied. 

For axisymmetric flow about a semi-infinite cone, with no characteristic length along the cone 

surface, conditions after the shock are dependent only on the conical coordinate  . That is, along 

each line of constant  , the flow pressure, velocity, 

and so on, are constant. This indicates that the 

pressure on the surface of the cone after the shock is 

constant, independent of distance from the cone 

apex.  

At each point on the conical wave, the oblique 

shock equations already presented are valid. Conical 

flow behind the wave is isentropic, with the static 

pressure increasing to the cone surface pressure. A 

solution for the conical shock thus requires fitting 

the isentropic compression behind the shock to the 

shock equations already derived. Results are shown 

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Fourteen/ Oblique Shock Waves 
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

10-15 ch.14 

Prepared by A.A. Hussaini  2013-2014 

 

in Charts C3, C4, and C5, which show the variation of shock wave 

angle, surface pressure coefficient, and surface Mach number with 

cone semi-vertex angle and Mach number.  

Whereas the conical flow equations yield two shock solutions, the 

only one observed on an isolated conical body is the weak shock. As 

with wedge flow, for large enough cone angles there is no solution; 

the shock stands detached from the cone. 

If we compare again the wedge and cone solutions, it can be seen 

from Charts C3, C4. and C5 that, for a given body half-angle and    

the shock on the wedge is inclined at a greater angle to the flow 

direction than the shock on the cone; this indicates that a stronger 

compression takes place across the wedge oblique shock. In other 

words, the wedge presents a greater flow disturbance than the cone. 

Again, this results from three-dimensional effects. 

From a physical standpoint, the flow is unable to pass around the 

side of the two-dimensional wedge since it extends to infinity in the 

third dimension. Flow can pass around the sides of the three-

dimensional cone, however, so the cone presents less overall 

disruption to the supersonic flow.  

 

Example 14.5 Uniform supersonic flow at Mach     and          passes over a cone of 

semi-vertex angle of     aligned parallel to the flow direction. Determine the shock wave angle, 

Mach number of the flow along the cone surface, and the surface pressure coefficient. 

 

Solution 

From Chart C3, the shock wave angle is      . 

From Chart C4, the Mach number along the cone surface is     . 

From Chart C5, the surface pressure ratio is 1.29 

                    

 
(     )

       
  

(     )

           
  

(     )
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14.6 Supersonic oblique Shock Diffuser. 

For a turbojet or ramjet traveling at high velocity, it is necessary to provide an inlet, or 

diffuser, that will perform the function of slowing down the incoming air with a loss of 

stagnation pressure. The use of a converging-diverging passage as an inlet for supersonic flow 

was studied in Chapter 4. Because such an internal deceleration device can operate isentropically 

only at the design speed, this type of diffuser has been found to be impractical during startup and 

when operating in an off-design condition. In fact without provisions for either varying the throat 

area or over speeding, the design condition could not be attained.  

To eliminate the starting problem involved with the converging-

diverging passage, the internal throat must be removed. Thus, a 

possible design is the normal-shock diffuser, where the deceleration 

takes place through a normal shock followed by subsonic diffusion in a 

diverging passage. (See Figure 14.14.) The disadvantage of this setup 

is the large loss in stagnation pressure incurred by the normal shock. 

Only at Mach numbers close to unity would this design be practicable. 

The advantage of decelerating through several oblique 

shocks rather than one normal shock was shown. The 

oblique-shock spike-type diffuser takes advantage of this 

condition and hence represents a practical device for 

decelerating a supersonic flow. The operation of a single 

oblique-shock inlet at design speed is depicted in Figure 

14.15. External deceleration is accomplished through an 

oblique shock attached to the spike. Further deceleration 

takes place through a normal shock at the engine cowl inlet, 

with subsonic deceleration occurring internally. Even though 

a normal shock occurs in this system, the flight Mach number M has 

been reduced by the oblique shock, thus reducing the normal-shock 

strength and resultant stagnation pressure loss.  

Theoretically, the greater the number of oblique shocks, the less 

the resultant total loss in stagnation pressure becomes. For example, 

a two-shock inlet is shown in Figure 14.16. Note, however, that 

along the surface of the spike, the boundary layer increases in 

thickness. The adverse pressure gradient created by the second 

shock may be sufficient to cause flow separation, with resultant loss 

of available energy. The greater the number of shocks, then, the 
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greater the tendency toward flow separation is.  

It is necessary to affect a compromise in 

supersonic diffuser design between the increased total-

pressure recovery achieved by increasing the number of 

oblique shocks through which the flow must be diffused 

and the increased tendency toward separation brought 

about by the shocks. For this reason, with flight Mach 

numbers up to 2.0, a single-shock diffuser is generally 

employed, whereas multiple-shock inlets are required for 

higher flight Mach numbers.  

Several different modes of operation of the spike 

diffuser may occur, depending on the downstream engine 

conditions such as nozzle opening, turbine speed, and fuel 

flow rate. This situation is in contrast to the converging-

diverging inlet, where operation was dependent on the 

inlet’s geometry. The spike diffuser’s modes of operation 

are termed subcritical, critical, and supercritical, 

depending on the location of the normal shock.  

Critical operation occurs with the normal shock at 

the cowl inlet, as shown in Figure 14.17(a), with the 

engine operating at design speed. If the flow resistance 

downstream of the inlet is increased, with the engine still 

at the design flight Mach number, the normal shock moves 

ahead of the inlet, with some of the subsonic flow after the 

shock able to spill over or bypass the inlet. [See Figure 14.17(b).] For this subcritical condition, 

the inlet is not handling the maximum flow rate; furthermore, the pressure recovery is 

unfavorable, since at least some of the inlet air passes through a normal shock at the design 

Mach number. 

If the downstream resistance is reduced below that for critical operation, the normal 

shock reaches an equilibrium position inside the diffuser. For this supercritical condition [see 

Figure 8.4(c)], the inlet is still handling maximum mass flow, yet the pressure recovery is less 

than that for critical operation, since the normal shock occurs at a higher Mach number in the 

diverging passage.  

A turbojet engine must be able to operate efficiently both at other-than-design speeds and 

at different angles of attack. An engine operating at the critical mode may be pushed over into 
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the undesirable subcritical mode by a small change of speed or angle of attack. For this reason, 

in actual operation, it is more practical to operate in the supercritical mode. While not providing 

quite as good a pressure recovery as critical operation, the supercritical mode still yields 

maximum engine-mass flow and makes a safety margin so that a small decrease in engine speed 

will not cause a transition to the subcritical mode. Thus, the supercritical mode provides a more 

stable engine operation.  

 

Example 14.6. Compute the pressure recovery in one- and two-shock spike inlets. Compare the 

loss in total pressure for a one-shock spike diffuser (two dimensional) 

with that for two-shock diffuser operating at         . Also repeat 

for inlet         . (See Figure 14.18.). Assume that each oblique 

shock turns the flow through an angle of      . Take      . 

 

Solution 

From the charts C1 & C2 at        and      , the weak 

solution yields 

        .  and         . 

                               

 For one oblique shock spike diffuser 

From normal shock wave table at            

            (               )  
             

             

         

       
  (     ⁄ )       (           ⁄ )         

      ⁄          (               )  
             

             
        

From normal shock wave table at         

            and       ⁄          
   

   
 
   

   
 
   

   
                       

 

 For two oblique shock spike diffuser 

From the charts C1 & C2 at         and      , the weak solution yields 

        .  and         . 

                                

From normal shock wave table at            
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            (               )  
             

             
        

       
  (     ⁄ )       (          ⁄ )         

      ⁄          (               )

 
             

             
        

From normal shock wave table at         

            and       ⁄          

   
   

 
   
   

 
   
   

 
   
   

                       

        

            
             

      
            

When       : 

   
   

                         
   
   

        

            
             

      
            

The improvement in total-pressure ratio gained by using a two- shock inlet over a one-shock 

inlet is (     ) when        and (     ) when       . Thus, at flight Mach numbers of 

2.0 and below, the use of an inlet with one oblique shock is satisfactory; at flight Mach numbers 

of 4.0, an inlet with two oblique shocks (or more) is necessary. 

 

Example 14.7 A two-dimensional, spike-type inlet is operating in the supercritical mode at a 

flight Mach number of    . The local static pressure and temperature are        and      , 

respectively. The flow cross-sectional area at the cowl inlet         
 ; the cross-sectional 

area at the location where the normal shock occurs in the diverging passage       

       . (See Figure 14.19.) Calculate the mass-flow rate and total-pressure ratio       ⁄ . 

Neglect friction. The spike half-angle is    , and the ratio of specific heats is      . 

 

Solution 

From the oblique shock wave charts C1 and C2         and      , the weak solution yields 

         and         

                               

From normal shock wave table at            
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            (                )  
             

             
       

       
  (     ⁄ )       (        ⁄ )         

      ⁄          (               )  
             

             
        

The flow from region 2 to region 3 is assumed to be isentropic. Thus, from isentropic flow table 

at        gives     
 ⁄          , then: 

  
  
  

  
  
 
  
  
  

    

   
                       (  

    
                     ) 

From isentropic at this value gives 

        (         )
             

               
        

      ⁄    (               ) 

From normal shock table at           

      ⁄          (               )  
            

            
        

So the total pressure ratio is: 

   
   

 
   
   

 
   
   

 
   
   

                          

To calculate mass flow rate  

       
   
  
    (  

     

 
  )

   

     

                       ⁄  

        
   
   

                             ⁄   

      (  
   

 
  
 )

   

     

⁄          (  
     

 
    )

   

     

⁄              ⁄  

   
  
 (  

   

 
  
 )  (  

   

 
  )      

   
  
 (  

   

 
  
 )  (  

   

 
    )       

   
  
   

 
   
  
    

 

    
                                                    

 ̇         (
  
   

)    √     

 ̇  (
        

           
)          √                         ⁄  
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Lecture Fifteen / Prandtl Meyer Flow 

 

 

15.1 Introduction 

When a supersonic compression takes place at a concave corner, an oblique shock has been 

shown to occur at the corner. When supersonic flow passes over a convex corner, it is evident 

that some sort of supersonic expansion must take 

place. Previous results indicate that an expansion 

shock is impossible. However, a means must be 

available for the supersonic flow of Figure (15.1) to 

negotiate the corner. Here will present an analysis 

of the mechanism of two-dimensional, supersonic 

expansion flow, as might occur, for example during 

supersonic flow over a convex corner or at the exit 

of an under-expanded supersonic nozzle. 

 

15.2 Thermodynamic Considerations 

Two-dimensional, supersonic flow is to be turned through a 

finite angle at a convex corner. The mechanism of the resultant 

flow is of interest. Consider first the possibility of an oblique 

adiabatic shock occurring at the corner. Figure 15.2 shows the 

velocity vectors normal and tangential to such a wave. For this 

two-dimensional flow, uniform conditions prevail upstream and 

downstream of the wave. The equations of motion are exactly the 

same as those presented for oblique shock compression shock. 

Again, with no pressure gradient in the direction tangential to the 

wave, the tangential momentum equation yields 

                                                                                                                                

From geometrical considerations, as      , it follows that     must be greater than    . The 

normal momentum equation, eq. (14.2), yields 

        
          

  

Combining this with the continuity equation, eq. (14.1), where           ; 

                

 We obtain,  
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Since        , see figure (15.2), it follows that      , indicating that the resultant flow 

must be an expansion. 

It has been shown that an oblique shock reduces to a normal shock for the velocity 

component normal to the wave, with the tangential component remaining unchanged. The ratios 

of pressure, temperature, and density across an oblique shock are functions of    alone. The 

entropy change across an oblique shock can be written, then, in terms of    , the resultant 

variation of    with     being exactly the same as that for the normal shock. Hence, an oblique 

expansion shock        , just as a normal expansion shock, would involve a decrease in 

entropy during an adiabatic process. This violates the second law of thermodynamics and is 

impossible since      . Therefore, the expansion shock, with sudden changes in flow 

properties, cannot occur at the convex corner. Instead, a more gradual type of supersonic 

expansion must take place. 

 

15.3 Gradual Compressions and Expansions 

When a supersonic stream undergoes a compression due to a finite, 

sudden change of direction at a concave corner, an oblique shock 

occurs at the corner. However, if the flow is allowed to change 

direction in a more gradual fashion, the compression can approach an 

isentropic process. Allowing supersonic flow to pass through several 

weak oblique shocks rather than one strong shock has been shown to 

reduce the resultant loss in stagnation pressure (or entropy rise) for a 

given change in flow direction (see Figure 15.3). In the limit, as the 

number of oblique shocks gets larger and larger, with each shock 

turning the flow through a smaller and smaller angle, the oblique 

shocks approach the Mach waves. The Mach wave, brought about by 

the presence of an infinitesimal disturbance in a supersonic flow, here 

corresponds to an oblique shock of vanishing strength, with 

infinitesimally small changes of velocity, flow direction, entropy, and 

so on, taking place across the wave (see Figure 15.4).  

 The wave angle is given by Equation           ⁄  . Note that, 

from the oblique shock charts, Tables C, for an oblique shock of 

vanishing strength (   ),   is evaluated from Mach number; for example, at       ,     

and        .  

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Fifteen / Prandtl Meyer Flow 

 ------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------ 

3-9 ch.15 

Prepared by A.A. Hussaini  2013-2014 

 So, by employing a smooth turn, with the resultant oblique 

shocks approaching Mach waves, a continuous compression is 

achieved in the vicinity of the wall with vanishingly small entropy 

rise (see Figure 15.5).  

 Away from the wall, however, the compression waves 

converge (Figure 15.6), coalescing to form a finite oblique shock 

wave. The characteristics of this shock are the same as those 

already discussed previously for an oblique shock wave of given 

   and turning angle  . In fact, far enough away from the wall, 

flow about the smooth turn cannot be distinguished from the flow 

about a sharp, concave corner of angle  . It is important to note 

that here, again, the weak compression waves, each involving 

only an infinitesimal entropy rise, are able to reinforce one 

another to form a compression shock wave, with the resultant 

shock process involving a finite increase of entropy.  

Now consider a supersonic expansion through a series of infinitesimally small convex turns 

(see Figure 15.7). Mach waves are generated at each corner, with each wave inclined at an angle 

to the flow direction. For this expansion flow, unlike the compressive flow discussed previously, 

waves do not coalesce but rather spread out. The divergent waves cannot reinforce one another; 

the oblique expansion shock is physically impossible. 

Flow between each of the waves in Figure (15.7) is uniform, so the length of the wall 

between waves has no effect on the variation of flow properties. Thus the lengths of the wall 

segments can be made vanishingly small, without affecting the overall variation of flow 

properties across the expansion. By thus reducing the wall segments, the series of convex turns 

becomes a sharp corner (see Figure 15.8.) The resultant series of expansion waves, centered at 

the corner, is called a Prandtl Meyer expansion fan. 
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15.4 Flow Equations for a Prandtl Meyer Expansion Fan 

It has been shown that supersonic expansion flow around a convex corner involves a smooth, 

gradual change in flow properties. The Prandtl Meyer fan consists of a series of Mach waves, 

centered at the convex corner. The initial wave is inclined to the approach flow at an angle 

            ⁄   the final wave is inclined to the downstream flow at an angle    

         ⁄  . Flow conditions along each Mach wave are uniform; the variation of pressure, 

velocity and so on, through the expansion is only a function of angular position. 

The equations for two-dimensional Prandtl Meyer flow will now be presented so that the 

variation of flow properties can be determined for a given flow turning angle. A perfect gas with 

constant specific heats will be assumed in the following analysis. 

Consider first a single Mach wave, expanding the supersonic flow through an angle of 

magnitude   . With no pressure gradient in the tangential direction, there is no change of the 

tangential velocity component across the wave. Equating the expressions for    upstream and 

downstream of the Mach wave (see figure 15.9);  

                      

                                           

Since    is very small, then 

                       , therefor; 

                           

                                                                        

The last term, containing the product of two differentials, can be dropped in comparison with 

the other terms of the equation. Simplifying, we obtain 
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Since           ⁄  , i.e.        ⁄ , it follows that 

     
 

√    
 

  

 
 

 

√    
                           

To solve for   as a function of  , velocity   must be expressed in terms of  . For a perfect 

gas with constant specific heats, we can write, 

   √    

Taking log and differentiatng, we obtain 

             √   
 

 
     

  

 
 

  

 
 

 

 

  

 
                                                                                                             

But, for this adiabatic flow, there is no change in stagnation temperature. 

             (  
     

 
  ) 

Taking logs and differentiating, we obtain  

  
  

 
 

        

  
     

 
  

                                                                                                 

Cobining eqs. 5 & 6 gives 

  

 
 

  

 
 

        

 (  
     

 
  )

                                                                                      

  

 
 

  

 
[  

     

 
  

(  
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[

 

(  
     

 
  )

]                                                                                          

Substitute eq. 8 into eq.4 gives 

   
  

 
[

√    

(  
     

 
  )

]                                                                                          

To determine the change of Mach number associated with a finite turning angle, the above eq. 

(15.9) can be integrated 
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           ∫
√    

 (  
     

 
  )

  
  

  

 

           

       [√
   

   
     √

   

   
            √    ]

  

  

                           

For the purpose of tabulating this result, it is convenient to define a reference state 1, so that 

   (       )  [√
   

   
     √

   

   
            √    ]

    

  

 

Let the reference state be             . Now 

 

  [√
   

   
     √

   

   
            √    ]                                    

The symbol   represents the angle through which a stream, initially at    , must be 

expanded to reach a supersonic Mach number    . Values of   have been tabulated in 

isentropic table, for Mach numbers from            for      . Also presented are values of the 

wave angle  , with both   and   expressed in degrees. 

To determine the angle through which a flow would 

have to be turned to expand from    to   with    not 

equal to  , it is necessary only to subtract the value of 

   at    from the value of    at   , where    and    

are found in isentropic table (see Figure 15.10). 

The variation of pressure, temperature, and other 

thermodynamic properties through the expansion can 

be found from the usual thermodynamic relations for isentropic flow, presented in Chapter 3. For 

this isentropic process, with no change in stagnation pressure; 
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      ⁄
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Example 15.1 A uniform supersonic flow at Mach    , with static 

pressure of        and a temperature of      , expands around a 

    convex corner. Determine the downstream Mach number   , 

pressure   , temperature   , and the fan angle. See Figure (15.11). 

 

Solution 

From isentropic table , at          

                           

But                  

Again from isentropic table at                                   

From isentropic table at                         ⁄ ,              ⁄  

From Table A at                 ⁄                     ⁄        . 

With no change in stagnation pressure         and constant stagnation temperature 
  

  
 

  

   
 
   

  
 

       

      
       

                      

  

  
 

  

   
 
   
  

 
      

      
       

                   

                        

                                                  

 

EXAMPLE 15.2  FLOW in Example 15.1 is expanded through a second 

convex turn of angle     (sec Figure 15.12). Determine the 

downstream Mach number    and the angle of the second fan. 

 

Solution 

The initial wave of the second fan must he parallel to the final wave 

of the first fan. Again, the distance between waves can have no effect on the resultant flow, since 

the flow between the waves is uniform. Therefore, the variation of properties is the same whether 

the flow is expanded through two 10° turns or one     turn. 

                            

From isentropic table at                                   
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EXAMPLE 15.3  An under-expanded, two-dimensional, supersonic nozzle 

exhausts into a region where            (Figure 15.13). Flow at the 

nozzle exit plane is uniform, with            and       . 

Determine the flow direction and Mach number after the initial 

expansion. 

 

Solution 

From isentropic table at                 ⁄          

Since         for an isentropic expansion, then 

  

   
 

  

  
 

  

   
 

   

   
               

From isentropic table at      ⁄                       

From isentropic table, at                         

                         

So the flow is turned through 

                             

 

15.5 Prandtl Meyer Row in a Smooth Compression 

It was shown in Section 15.3 that, at a smooth compressive turn in supersonic flow, Mach 

waves emanate from the wall, coalescing farther out in the stream to form an oblique shock 

wave. In the region from the wall out to the point of coalescence of the waves (see Figure 15.6), 

the flow is isentropic and possesses the same characteristics as Prandtl Meyer flow. Therefore, 

the equations derived for Prandtl Meyer flow can be applied to the isentropic flow region at a 

concave corner, even though a compression takes place at the corner. Naturally, the turning 

angle,    will here be negative, corresponding toa decrease inMach number. The extent of the 

isentropic flow region at a concave corner depends on the curvature of the wall. For a sharp turn, 

the region that can be treated as Prandtl Meyer flow is negligible; for a gradual turn, with a large 

radius of curvature, a much greater region has the characteristics of Prandtl Meyer now.  

 

15.6 Maximum Turning Angle for Prandtl Meyer Flow 

 From Eq. (15.11), it can be seen that, as     , or as 

the static pressure       (see Figure 15.14), the turning 

angle approaches a finite value of       . This result has 

significance, for example, in a determination of the shape of 

the exhaust plume of an under-expanded nozzle discharging 
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into the vacuum of Space. To prevent the impingement of rocket exhaust gases on a part of a 

Spacecraft, the designer must have knowledge of the shape of the rocket-nozzle exhaust plume; 

modification of a spacecraft geometrical design may be (required to prevent possible damage 

from the hot exhaust gases. Furthermore, the axial thrust of a rocket depends on the direction of 

the exhaust velocity vectors. 

The actual magnitude of the maximum turning angle presented here has only academic 

interest, in that effects such as liquefaction of air gases and other departures from perfect gas 

flow would occur long before the ultimate pressure could be attained. However, the result does 

indicate the presence of a maximum turning angle for a supersonic expansion.  

 

15.7 Reflections 

When a Prandtl Meyer expansion flow 

impinges on a plane wall, as shown in Figure 

(15.15), sufficient waves must be generated to 

maintain the wall boundary condition; that is, at 

the wall surface, the flow must be parallel to the 

wall. Each Mach wave of the initial Prandtl 

Meyer fan, then, must reflect as an expansion 

Mach wave. The resultant wave interactions 

present complexities that render an exact analysis 

of the flow extremely difficult; however, the 

general nature of the flow can be recognized. An 

application is the expansion that takes place at 

the exit of an under-expanded, two-dimensional 

nozzle. Since, from symmetry, there can be no 

flow across the center streamline; this streamline 

can be replaced by a plane wall. The resultant 

flow situation is shown in Figure (15.16)  
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Chapter Sixteen / Plug, Underexpanded and Overexpanded Supersonic 

Nozzles 

 

 
16.1 Exit Flow for Underexpanded and Overexpanded Supersonic Nozzles 

The variation in flow patterns inside the nozzle obtained by changing the back 

pressure, with a constant reservoir pressure, was discussed early. It was shown that, 

over a certain range of back pressures, the flow was unable to adjust to the prescribed 

back pressure inside the nozzle, but rather adjusted externally in the form of 

compression waves or expansion waves. We can now discuss in detail the wave pattern 

occurring at the exit of an underexpanded or overexpanded nozzle.   

 Consider first, flow at the exit plane of an underexpanded, two-dimensional 

nozzle (see Figure 16.1). Since the expansion inside the nozzle was insufficient to reach 

the back pressure, expansion fans form at the nozzle exit plane. As is shown in Figure 

(16.1), flow at the exit plane 

is assumed to be uniform and 

parallel, with      . For 

this case, from symmetry, 

there can be no flow across 

the centerline of the jet. Thus 

the boundary conditions 

along the centerline are the 

same as those at a plane wall in nonviscous flow, and the normal velocity component 

must be equal to zero. The pressure is reduced to the prescribed value of back pressure 

in region 2 by the expansion fans. However, the flow in region 2 is turned away from 

the exhaust-jet centerline. To maintain the zero normal-velocity components along the 

centerline, the flow must be turned back toward the horizontal. Thus the intersection of 

the expansion fans centered at the nozzle exit yields another set of expansion waxes, 

just as did the reflection of the expansion fan from a plane wall (reflected Pradtl-Myer 

waves. The second expansion, however, produces a pressure in region 3 less than the 

back pressure, so the expansion waves reflect from the external air as oblique shocks. 

These compression waves produce a static pressure in region 4 equal to the back 

pressure, but again turn the flow away from the centerline. The intersection of the 

oblique shocks from either side of the jet then requires another set of oblique shocks to 

turn the flow back toward the horizontal, with the shocks reflecting from the external 

air as expansion waves.  
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The process thus goes through a complete cycle and continues to repeat itself. The 

flow pattern discussed appears as a series of diamonds, often visible at the exit of high -

speed rocket nozzles. Theoretically, the wave pattern should  extend to infinity. 

Actually, however, mixing of the jet with ambient air along the jet boundaries 

eventually causes the wave pattern to die out.   

Flow at the exit of an overexpanded nozzle is shown in Figure (16.2). Since the exit-

plane pressure is less than the back pressure, oblique shock waves form at the nozzle 

exit. The intersection of these shocks at the centerline yields a second set of oblique 

shocks, which in turn reflect from the 

ambient air as expansion waxes. Thus, 

except for being out of phase with the 

wave pattern from the underexpanded 

nozzle, the jet flow of the overexpanded 

nozzle exhibits the same characteristics as 

the underexpanded nozzle. 

 

Example 16.1 A supersonic nozzle is designed to operate at Mach 2.0. Under a 

certain operating condition, however, an oblique shock making a 45° angle with the 

flow direction is observed at the nozzle exit plane, as in figure (16.3). What percent of 

increase in stagnation pressure would be necessary to eliminate this shock and maintain 

supersonic flow at the nozzle exit?  

 

Solution 

From isentropic table, for         gives       ⁄      . 

The component of    normal to the oblique wave is            

    . 

From normal shock table,     ⁄      . Therefore, with the oblique shock, the ratio  

  
   

 
  
  
 
  
   

                      

With the shock,     is equal to  

    
 

     ⁄
   (      ⁄ )            

For supersonic exit flow with no shocks (perfectly expanded case),  

    (      ⁄ )            

(           )     ⁄              

Thus, an increase of     in stagnation pressure is required. 
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16.2 Plug Nozzle 

The thrust developed by a nozzle is dependent on 

the nozzle exhaust velocity and the pressure at the 

nozzle exit plane. In a jet propulsion device, when an 

exit-plane pressure greater than ambient gives a 

positive contribution to the thrust of the device, 

whereas when an exit-plane pressure less than ambient 

gives a negative thrust component. 

   ̇   (     )                             (     )  

When a supersonic nozzle is operating in the 

under- or overexpanded regimes, with flow in the 

nozzle independent of back pressure, the exit velocity is unaffected by back pressure (    ). 

Thus, over this range of back pressures, Eq. (16.01) shows that the greater thrusts are developed 

in the underexpanded case (     ), and the lesser in the overexpanded case (     ). A plot 

of thrust versus back pressure for a converging-diverging nozzle is shown in Figure 16.4. For 

back pressures greater than the upper limit 

indicated, a normal shock starts to appear in the 

diverging portion of the nozzle, the exit velocity 

becoming subsonic, and this analysis no longer 

applies.  

The plug nozzle ( figure 16.5) is a device 

that is intended to allow the flow to be directed 

or controlled by the ambient pressure rather 

than by the nozzle walls. In this nozzle, the 

supersonic flow is not confined within solid 

walls, but is exposed to the ambient pressure. 

Plug nozzle operation at the design pressure 

ratio is depicted in Figure 16.6. Figure 16.6a 

shows the expansion wave pattern and part b 

shows the streamlines at the nozzle exit. The 

annular flow first expands internally up to 

    at the throat. The remainder of the 

expansion to the back pressure occurs with the 

flow exposed to ambient pressure. Since the 

throat pressure is considerably higher than the 
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back pressure, a Prandtl Meyer expansion fan is attached to the throat cowling as shown. The 

plug is designed so that, at the design pressure ratio, the final expansion wave intersects the plug 

apex. Thus, under this operating condition, the pressure at the plug wall decreases continuously 

from throat pressure to ambient pressure, just as with the converging-diverging perfectly 

expanded nozzle. 

To produce a maximum axial thrust, it is necessary for the exit flow to have an axial 

direction. Therefore, the flow at the throat cowling must be directed toward the axis so that the 

turning produced by the expansion fan will yield axial flow at the plug apex.  

For the underexpanded case, the 

operation of the plug nozzle (Figure 16.7) 

is similar to that of the converging-

diverging nozzle. The pressure along the 

plug is the same as for the design case, 

just as the static pressure along the 

converging-diverging nozzle wall is the 

same as for the perfectly expanded case. 

With a lower back pressure than that for 

the design case depicted in Figure 16.6, 

the flow continues to expand after the 

apex pressure, yielding a non-axial jet velocity component, just as with the underexpanded 

supersonic converging-diverging nozzle.  

The major improvement to be derived from the plug nozzle occurs with the overexpanded 

mode of operation. This is significant, in that a rocket nozzle, for example, accelerating from sea 

level up to design speed and altitude, must pass through the overexpanded regime. With the 

ambient pressure greater than the design back pressure, the flow expands along the plug only up 

to the design back pressure. The final wave of the expansion fan centered at the cowling 

intersects the plug at a point upstream of the apex. As shown in Figure 16.7, the outer boundaries 

of the exhaust jet are directed inward. Further weak compression and expansion waves occur 

downstream of the point of impingement of the final wave from the fan; the strength and location 

of these waves are dependent on the plug contour. Thus the expansion along the plug is 

controlled by the back pressure, whereas the converging-diverging nozzle expansion is 

controlled by nozzle geometry.  

A plot of pressure along the plug surface versus x is given in Figure 16.8. The pressure 

along the plug surface does not decrease below ambient, so there is not a negative thrust term 
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due to pressure difference. As a result, the plug 

nozzle provides improved thrust over the 

converging-diverging nozzle for the overexpanded 

case (see Figure 16.9). 

It would appear desirable to design the plug 

so as to provide for isentropic expansion flow along 

its curved pointed surface. However, this design 

leads to a rather long plug and heavy design. it has 

been shown that replacement of the curved shape 

with a simple cone results in only a small loss of 

thrust for a cone half angles up to 30°. Thus the plug 

nozzle has the further advantage over the 

converging-diverging nozzle of being short and 

compact. One major problem with the plug nozzle, 

however, is that of designing a plug to withstand the 

high temperatures that exist, for example, in the 

exhaust gases of a rocket engine. This requires 

cooling of the plug or allowance for its ablation is 

necessary. 

Studies have shown that one half of the plug 

length provides almost no thrust and only added 

weight. a truncated plug have been considered. The 

flow pattern of these shortened plugs is complicated. 

 

Example 15.2 

A rocket nozzle is designed to operate with a ratio of chamber pressure to ambient pressure 

(    ⁄ ) of 50. Compare the performance of a plug nozzle with that of a converging-diverging 

nozzle for two cases where the nozzle is operating overexpanded; (    ⁄    ) and (    ⁄  

  ). Make the Comparison on the basis of thrust coefficient;             (          ). 

Assume         and in both cases neglect the effect of non-axial exit velocity components. 

 

Solution 

 For the design case,  

From (    ⁄     ⁄      ) and since the flow in the design case the flow is isentropic, then: 

          and  (    ⁄ )         ,      ⁄         
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 ̇    
     

 
(         )  

     
 

   (
   
    

)
     
  

 (
   
  
) (
  
   

) (
  
   
)
(      )(    )

  
 

   (
   
    

)
(      )(    )

  
 

For design condition the nozzle is choked and Mach number at throat is unity, then 

     ⁄          and       ⁄         

   (
         
          

)
√                     √              

  
 

          

 For the converging-diverging nozzle operating off design: 

   
 ̇    
     

 
  (     )

     
  
 ̇    
     

 
  
   

(
  
  
 
  
  
) 

For      ⁄     

                (
 

  
 
 

  
)         

For      ⁄     

                (
 

  
 
 

  
)         

 For the plug nozzle operating off design: 

Flow in the plug nozzle does not continue to expand below ambient pressure, so there is no 

pressure term in the expression for thrust. 

Now from isentropic table at     ⁄       gives  

        (         )
             

             
        

  
  
        (             )

             

             
        

   (
         
          

)
√                     √              

  
 

                                  

Now from isentropic table at     ⁄       gives  

        (         )
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        (             )

             

             
        

   (
         
          

)
√                     √               
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Chapter Seventeen / Supersonic Airfoils 

 

 

17.1. Supersonic lift and drag coefficients 

The shape of a wing section to be used in low-speed, incompressible flow is the teardrop, or 

streamlined, profile. This shape is predicated on incompressible aerodynamics, where, for 

example, drag is composed of skin friction on the airfoil surface and pressure or profile drag, due 

to the effects of flow separation at the rear of the airfoil. 

In supersonic flow, however, the design must be completely modified, 

owing to the occurrence of shocks. For example, if a streamlined profile with 

a rounded blunt nose were used in supersonic flow, either an attached shock 

of relatively high strength would occur at the nose or, if   were great enough, 

a detached shock (Figure 17.1) would take occur in front of the airfoil. In 

both cases, the high pressures after the shockwave produce excessive drag 

forces on the airfoil. To minimize the drag due to the presence of shocks, the 

supersonic airfoil must have a pointed nose and be as thin as possible. The 

ideal case is a flat-plate airfoil possessing zero thickness.  

Consider a two-dimensional flat 

plate at an angle of attack (AoA) to 

the approach flow as shown in Figure 

17.2. (It should be noted that the flat 

plate is an idealization; structurally, 

such an airfoil is not exist). Flow over 

the upper surface is turned through an 

expansion fan centered at the nose; 

flow over the lower surface is 

compressed through an oblique shock 

attached to the nose. The difference in 

pressure between the upper and lower 

surfaces causes a net upward force, 

directed normal to the flow direction, 

the lift, on the airfoil. A force 

opposing the motion of the airfoil, the 

drag, on the airfoil, accompanies this 
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lift. The latter force is called wave drag, since it exists only because of the supersonic wave 

pattern involved with this flow. 

For the lift and drag for supersonic flow past a flat-plate airfoil operating at an angle of attack 

a to the flow direction are given by 

   (                        )      (                        )      

   (        )      (        )      

      (             )                                                                                        (    ) 

   (        )      (        )      

      (             )                                                                                        (    ) 

 

17.2. Existence of an Oblique Shock and an Expansion Fan. 

When a thin body, for example a flat 

plate of zero thickness, is placed at an angle 

of attack within a supersonic stream, both 

oblique shocks and expansion fans will ap-

pear at various locations on the body, (See 

Figure 17.3.). Oblique shocks will appear at 

locations where the flow must be turned 

because the plate forms a concave corner 

with the stream (on the bottom of the plate at 

the leading edge and on the top of the plate at 

the trailing edge). 

Expansion fans will appear at locations where the flow must be turned because the plate 

forms a convex corner with the stream (on the top of the plate at the leading edge and the bottom 

of the plate at the trailing edge). Here, we are interested only in the flow at the trailing edge of 

the plate. At this location, there is a confluence of an oblique shock and an expansion fan, as 

shown in Figure 17.3.  

Moreover, because the streams that pass over the top and bottom surfaces of the plate will 

not have the same value of entropy as after they have passed through the shock and expansions 

on each side of the plate, a contact discontinuity, originating at the trailing edge, will separate 

the two streams. The flow direction of the contact discontinuity is determined by requiring that 

the flow on either side of the discontinuity have the same flow angle and that the pressure across 

the discontinuity remain constant. And the following is valid (see figure 17.4): 
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At rear of trailing edge there are many unknowns 

(  ,   ,    and    ) and the solution procedure is 

iterative and it is left for the interest student.   

For a supersonic airfoil, a thin airfoil with a 

pointed nose is required. The curved, symmetrical 

airfoil represents one possibility. For small angles 

of attack, oblique shocks are attached to the nose, 

with the stronger shock occurring on the lower surface, since 

the flow turning angle must be greater on this surface. (See 

Figure 17.5.) Due to the continuous curvature of the airfoil, 

flow over the airfoil continually changes direction, and a 

gradual expansion occurs over the upper and lower surfaces. 

Expansion waves are produced as shown in Figure 17.5. If 

the angle of attack becomes too great, or if the nose half-

angle A is too large, the oblique shocks may detach from the 

nose, yielding excessive drag. 

Another airfoil shape for supersonic flow is the diamond 

profile, shown in Figure 17.6. Flow over the upper surface is 

first expanded through a fan centered at A and then is turned 

through another expansion fan at B. If the angle of attack is 

small enough, or if the airfoil is thick enough, flow over the 

upper surface may first be compressed through an oblique 

shock attached at A. (See Figure 17.7.) Flow over the lower 

surface is turned through an oblique shock at A and then 

through an expansion fan at C. As shown by the pressure 

distribution, higher pressures over the lower surfaces yield a 

lift force; higher pressures at the front surfaces caused a drag force. 
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Example 17.1. Compute of the lift and drag coefficients of a flat-plate airfoil at an angle of 

attack in a supersonic stream. The flat-plate airfoil is of chord length     m in supersonic flow 

through air at       and      . 

 

Solution 

From figure 17.2 

For lower surface: find the static pressure on the lower surface behind the oblique shock. 

From oblique shock tables at        and      gives 

The shock angle          and            

                               

From normal shock table at              gives  

      
  

         (               )
           

           
        

For upper surface:  find the static pressure on the upper surface behind the Prandtl-Meyer fan. 

From Prandtl-Meyer table at        gives            
  

And the final shock wave angle is  

                                
  

From Prandtl-Meyer table at                
  gives   
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            (         )
                

                 
        

The flow through the expansion fan is isentropic; that is stagnation pressure is constant, so 

              , and from isentropic flow table at               

      

  
         (               )

           

           
          

And from isentropic flow table at        gives     ⁄          

Then 

      

  
 
      

  
 
  
  
 
        

       
         

   
 

          
 

 

          
 
 (             )     

          
 

 
(              )      

            
 
      

     
        

   
 

          
 
(             )     

         
        

                    

 

 

Example 17.2. For the two-dimensional 

symmetrical airfoil with a diamond profile 

    , shown in Figure 17.7, compute the 

lift and drag coefficients in supersonic flow 

through air       , with an angle of 

attack (   )       . 

 

Solution 

On the upper surface, supersonic flow is first 

expanded through a Prandtl-Meyer fan. The 

Prandtl-Meyer function for the free stream 

conditions is obtained as  

From Prandtl Meyer tables at        ,             

The Prandtl-Meyer function in region 2 is therefore 

                             

And the value of the Prandtl Meyer function in region 4 is 
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Using the Prandtl-Meyer tables, we determine the respective Mach numbers for these functions 

to be 

        (         )
               

               
        

        (         )
               

               
        

The static-to-total-pressure ratios at these two Mach numbers, as well as the freestream ratio, can 

be readily determined, 

   
  

 (  
   

 
  
 )

 (   )⁄

 (  
   

 
    )

      ⁄

         

   
  
 (  

   

 
  
 )
 (   )⁄

 (  
   

 
       )

      ⁄

         

   
  
 (  

   

 
  
 )
 (   )⁄

 (  
   

 
       )

      ⁄

          

And since the flow between the freestream and regions 2 and 4 is isentropic 

            

 Then 

  
  
 
  
   

 
   
  

 
       

       
        

  
  
 
  
   

 
   
  

 
       

        
        

Flow on the lower surface is first compressed through an oblique shock, and from oblique shock 

charts at         and    (     )          , give 

    and          

                              

From normal shock tables at             gives 

   
   

         (               )
             

             
        

  
  
        (              )

             

             
        

Now from Prandtl Meyer tables at          gives  

            (                 )
           

           
          

And  

   
  
 (  

   

 
  
 )
 (   )⁄

 (  
   

 
      )

      ⁄
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And from Prandtl Meyer tables at           
  

        (         )
                

                 
        

   
  
 (  

   

 
  
 )
 (   )⁄

 (  
   

 
       )

      ⁄

         

As         for isentropic flow throw Prandtl-Meyer fan, then 

  
  
 
  
   

 
   
  
 
  
  
 

 

       
                      

The lift force is calculated, ( we have 4 equal quarters for the diamond airfoil), as 

The straight segment line length for each quarter, , is 

  
  ⁄

    
 

 

     
         

The depth of the airfoil is unity and the surface area is        . Now  

   (          )    (   )  (          )    (   ) 

         (          )    (   )  (          )    (   ) 

   (          )      
  (          )     

  

         (          )     
  (          )      

  

                                                   

                                                         

                                         

             

   
 

          
 

 

          
 
         

          
 

      
      

            
        

   (          )      
  (          )     

  

         (          )     
  (          )      

  

                                                   

                                                         

                                           

             

   
 

          
 
(             )     
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The computation of the angle of the slip line, and therefore the angle of the flow downstream of 

the airfoil at regions 5 and 6 is left for the interested student. 
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Chapter Eighteen/ Fanno flow-Part 1 

 

18.1. Introduction 

We have mentioned that area changes, friction, and heat transfer are the most important factors 

affecting the properties in a flow system. Up to this Chapter we have considered only one of these 

factors, that of variations in area. We now wish to take a look at the subject of friction losses. To study 

only the effects of friction, we analyze flow in a constant-area duct without heat transfer. We consider 

first the flow of an arbitrary fluid and discover that its behavior follows a definite pattern which is 

dependent on whether the flow is in the subsonic or supersonic regime. 

Working equations are developed for the case of a perfect gas, and the introduction of a reference 

point allows a table to be constructed. As before, the table permits rapid solutions to many problems of 

this type, which are called Fanno flow. 

 

18.2. Working Relations for Fanno Flow 

Consider one-dimensional steady flow of perfect gas with constant specific heats through constant 

area duct. In case of adiabatic, no work exchange, the flow is Fanno flow where friction effect is 

considered. The basic equations of continuity, energy, and momentum under the following 

assumptions, are derived: 

Adiabatic                ,        

Friction exist               

No shaft work                 

Neglect potential             

Constant area                  

Constant specific heat          

The stagnation temperature will be proved to be constant along the duct while the stagnation 

pressure will suffer from losses due to friction. The entropy is expected to increase. 

 

 State  

      

  

 
 

  

 
 

  

 
                                                                                                                    

 

 Continuity 

 ̇             

                                                                                                                         

The flow area is constant.   is a constant, which is referred to as the mass velocity. 
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 Energy 

We start with s.f.e.e. 

               

For adiabatic and no work, this becomes 

                                                                                                                                   

If we neglect the potential term, this means that 

     
  

 
       

          
  

 

 
 

      
  

 

   
    

  
 

   
 

      √    

   
      

 

   
    

      
 

   
 

  (  
    

 

   
)    (  
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  [      ⁄ ]  
 

  [      ⁄ ]  
                                                                                                  

From continuity equation 
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 Entropy 
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Substitute for Temperature and pressure ratio, from eqs. (18.4) and (18.6) gives 

     
 

 
 

   
  (

  [      ⁄ ]  
 

  [      ⁄ ]  
 )

      ⁄

   [
  

  
(
  [      ⁄ ]  

 

  [      ⁄ ]  
 )

  ⁄

] 

     
 

   
  

  
 √(

  [      ⁄ ]  
 

  [      ⁄ ]  
 )

          ⁄

                                               

 

To derive an expression for stagnation pressure ratio for adiabatic, no-work flow of a perfect gas, 

we start from the following thermodynamic relation for stagnation (total) properties 

          
   

  
                                                                                                              

                                                                                                                     

Since              for adiabatic flow and        from energy equation, then 

   

  
                                                                                                                              

         

   

  
  

     

 
 

     

 
    

   

   
                                                                                                                    

Substitute from eq. (18.7) into eq. (18.11) gives 

   

   
  

  

  
 √(

  [      ⁄ ]  
 

  [      ⁄ ]  
 )

          ⁄

                                                          

 

 Momentum 

∑  ∬         ̂    

  

 

The external forces that act on the element are the pressure and shear forces as shown in figure (17.1). 
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  is shear stress due to wall friction and      duct 

surrounding surface area. The hydraulic diameter; 

   
                  

                
 

  

 
 

   
      ⁄

  
   

Surface area is  

                             

                  
  

 
 

Friction factor, , is four times friction coefficient,   . 

              ⁄  

                     ⁄  

Substitute for   and      in eq. (18.13) 

     
       

 
  

  

 
         

             
  

 
        

Divided by   

  

 
    

  

  
 
  

 
 

  

  

  

 
   

  

 
        

  

 
    

  

 
                                                                                      

From state equation and the definition of Mach number 

   
 

  
 √    √

 

  
          

Taking logarithmic of this expression and then differentiating gives  

   √
 

 
 

 

 
                        

  

 
  

  

 
 

 

 

  

 
                                                                                                             

      √    

          
 

 
      

 

 
     

  

 
 

  

 
 

 

 

  

 
                                                                                                                 

Substitute for    ⁄  and    ⁄  into eq (18.15) gives 
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Then 
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For this type of flow, the stagnation temperature is constant, then 

    (  
   

 
  )        

Taking logarithmic of this expression and then differentiating gives  

              (  
   

 
  ) 

  

 
  

 (  
   

   )

(  
   

   )
                                                                                                 

Substitute for    ⁄  into eq (18.18) gives 
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   )

(  
   

   )
                 

Eq (18.19) should be simplified further. The last term can be manipulated to be 
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Then 
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Substitute this expression into eq (18.19) and rearrange gives 

 
  

 
 (

   

  
)
 (  

   
   )

(  
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 (
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Integration of this equation gives 

 
       

 
 (

   

  
)   (

  
   

   
 

  
   

   
 
)  
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 )  (

   

  
)   

  
 

  
  

For Fanno flow, the integration limits are 
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At                   .  This is reference length. 

At                       . This is the section under consideration. 

 
    

 
 (

   

  
)   (

   
 

  
   

   
)  

 

 
(  

 

  
)  (

   

  
)   (

 

  
)             

Eq (18.21) relates friction factor,  , to   directly. For air        , then;  

For supersonic the value of        ⁄  lies between          and                 

For subsonic the value of        ⁄  becomes very large as   becomes very small.  

 

18.3 Reference state and Fanno Flow Table 

Eqs 18.4, 5, 6, 7, 12 and 18.21 are casted with respect to reference point   where     and tabulated 

in a table called Fanno flow table.  

The equations developed in this chapter are the means of computing the properties at one location 

in terms of those given at some other location. The key to problem solution is predicting the Mach 

number at the new location through the use of equation (18.21). The solution of this equation for the 

unknown    presents a messy task, as no explicit relation is possible between          .  

In   reference case we imagine that we continue by Fanno flow (i.e., more duct is added) until the 

velocity reaches    . Figure (18.2) shows a physical system together with its T –s diagram for a 

subsonic Fanno flow. We know that if we continue 

along the Fanno line (remember that we always 

move to the right), we will eventually reach the 

limiting point where sonic velocity exists. The 

dashed lines show assumed elongation duct of 

sufficient length to enable the flow to traverse the 

remaining portion of the upper branch and reach 

the limit point. This is the ( ) reference point for 

Fanno flow. 

The isentropic   reference points have also 

been included on the T –s diagram to emphasize 

the fact that the Fanno   reference is a totally 

different thermodynamic state. One other fact 

should be mentioned. If there is any entropy 

difference between two points (such as points 1 

and 2), their isentropic ( ) reference conditions are 

not the same      . But for Fanno flow       . 
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19.1 Fanno Flow line 

If we want to study the behavior of Fanno Flow on T-s diagram, we must establish a relationship 

between entropy and temperature. From isentropic relation as    is constant:  

 

  
 

(   )  ⁄

  [(   )  ⁄ ]  
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) (
   

   
)  

 

   
]
  ⁄

                                                                               (    ) 

Where    is the static temperature at    , and from eq. (17.7) 

    

  
     √{

(   )  ⁄

  (  [(   )  ⁄ ]  )
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Substitute for   gives 
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]                                              (    )   

Figure (19.1), a plot of eq. (19.2), shows the Fanno line on     coordinates. For a perfect 

gas with constant specific heats, the T-s and h-s diagrams are similar. It represents the locus 

of states that can be obtained under the assumptions of Fanno flow for a fixed mass flow and 

total enthalpy. Consider the point of tangency  , where     ⁄    . To determine the 

characteristics of this point, let us starts from energy equation. 

     
  

 
       

  √ (    )  √   (    ) 

From thermodynamics relations 

                (   ) 

                        

                    

     
  

 
  

  

 
 

         
 

  
    

 

  
 

Substitute from continuity equation for constant area duct  (   ⁄     ⁄  )  
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Substitute from energy equation,    √ (    )  √   (    )  

    
  

   
 

  
 
   

 
  
(    )

(     )
 

    
  

     
   

 
  (    )    

Differentiating with respect to    

 ((    )   ⁄ )

  
   

 

 
 

   

 (    )
 

 

 
 

   

 (    )
 

Dividede by    and rearrange 

   (   )     (    ) 

       (    ) 

      

so means that at point A the Mach number is unity,   .  

According to the energy equation, higher velocities are associated 

with lower enthalpies or temperatures, so the section of the Fanno line 

on     coordinates that lies above (A) corresponds to subsonic flow, 

and the section below (A) to supersonic flow. The Fanno line becomes 

a most useful tool in describing the variations in properties for this 

frictional compressible flow.  

Consider a subsonic adiabatic flow in a constant-area tube. The 

flow is irreversible because of friction, so for this adiabatic case, 

      . In other words, the entropy increases in the flow direction.  

Returning to the     diagram in Figure 19.2, we see that for a 

given mass flow, the state of the fluid continually moves to the right, 

corresponding to an entropy rise. Thus, for subsonic flow with friction, 

the Mach number increases to 1. For supersonic flow, the entropy must 

again increase, so the flow Mach number here decreases to 1.  

Suppose now that the duct is long 

enough for a flow initially subsonic to 

reach Mach 1, and an additional length is 

added, as shown in Figure (19.3). The 

flow Mach number for the given mass 

flow cannot go past   without decreasing 
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entropy. This is impossible from the second law. Hence the 

additional length brings about a reduction in mass flow. The 

flow jumps to another Fanno Line (see Figure 19.4). 

Essentially, the duct is choked due to friction. 

Corresponding to a given inlet subsonic Mach number, there 

is a certain maximum duct length      beyond which a flow 

reduction occurs.  

Now suppose the inlet flow is supersonic and the duct 

length is made greater than      to produce Mach 1. With 

the supersonic flow unable to sense changes in duct length 

occurring ahead of it, the flow adjusts to the additional 

length by means of a normal shock rather than a flow 

reduction. The location of the shock in the duct is 

determined by the back pressure imposed on the duct. (This 

subject will be discussed in detail later) 

 

 19.2 Friction factor   

Dimensional analysis of the fluid flow in 

fluid mechanics shows that the friction factor 

can be expressed as     (      ⁄ ). Where 

   ⁄  is the relative roughness. The relationship 

among,   , and    ⁄  is determined 

experimentally and plotted on a chart called a 

Moody chart or a Moody diagram. Typical 

values of  , the absolute roughness are shown in 

Table (19.1). 

 

Example 19.1 for the duct in figure (19.5), given        ,                ⁄ , and       , 

find   ,     ⁄  and stagnation pressure ratio. 

 

Solution  

Since both Mach numbers are known, we can 

solve immediately.  

From Fanno flow table, at         

   
 ⁄          

     
 ⁄          
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        ⁄          

From Fanno flow table at         

   
 ⁄          

     
 ⁄          

        ⁄         , then 

   
  
  
 
  

  
            

 

      
                     ⁄   

   
   

 
   
  
 
  

   
         

 

       
        

   

 
 
       
 

 
       
 

                        

Notes that for supersonic flow, due to friction effect        , but        . 

 

Example 19.2 for frictional constant area duct, 

see figure (19.6), given         ,         , 

and         , find    and     ⁄ . Also 

calculate stagnation pressure ratio 

 

Solution 

From Fanno flow table at         

   
 ⁄         ,     

 ⁄         and      
 ⁄          

To determine conditions at section 1, figure (19.6), we must establish the ratio 

  
  
 
  
  
 
  
  
 
   

   
                

From Fanno table at    
 ⁄         

        ,     
 ⁄         and      

 ⁄          

  
  
 
  
  
 
  

  
       

 

      
       

   
   

 
   
  
 
  

   
         

 

       
         

Notes that for subsonic flow, due to friction effect        and         

Notice that these examples confirm previous statements concerning static pressure changes. In 

subsonic flow the static pressure decreases, whereas in supersonic flow the static pressure increases, 

while the stagnation pressure ratio decreases in both cases due to the effect of friction losses. 
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Example 19.3 Air flows in a          diameter, insulated, galvanized iron duct. Initial conditions are 

               ⁄ ,        , and             ⁄ . The absolute roughness is   

          and viscosity is               ⁄ . After        , determine the final Mach number, 

temperature, and pressure.  

 

Solution 

Since the duct is circular we do not have to compute an equivalent diameter. The relative roughness 

 

 
 
      

     
       

   
  
   

 
       

         
        

  
  ⁄  

    
     

 
 
                        

        
         

From the Moody diagram at Re = 1.7 × 106 and ε/D = 0.001, we determine that the friction factor is f = 

0.0198. To use the Fanno table (or equations), we need information on Mach numbers. 

   √     √                      

   
  
  
 
      

     
      

From the Fanno flow table at         

   
 ⁄         ,     

 ⁄         and           ⁄         

The key to completing the problem is in establishing the Mach number at the outlet, and this is done 

through the friction length: 

   

 
 
            

      
       

Since   and   are assumed constant, then 

   

 
 
       
 

 
       
 

 

       
 

 
       
 

 
   

 
                    

From Fanno flow table at         ⁄        

        ,     
 ⁄            and,     

 ⁄         , Thus 

   
  
  
 
  

  
    (      ) (

 

      
) (        )            ⁄  

   
  
  
 
  

  
    (      ) (

 

      
) (   )        

In the example above, the friction factor was assumed constant. 

 

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 
Gas Dynamics 

Chapter Nineteen/ Fanno Flow-Part 2 

----------------------------------------------------------------------------------------------------------------------------- --------------- 

6-6 ch.19 

Prepared by A.A. Hussaini  2013-2014 

Example 19.4 Flow enters a constant-area, 

insulated duct with a Mach number of 

    , static pressure of        , and static 

temperature of      . Assume a duct 

length of      , duct diameter of     , 

and a friction coefficient of     . 

Determine the Mach number, static 

pressure, and static temperature at the duct 

outlet 

 

Solution 

From Fanno flow tables, at          

         ⁄         ,      
 ⁄           and    

 ⁄         

The actual Fanno flow friction coefficient is 

   

 
 
(    )(  )

 
            

       
 

 
       
 

 
   

 
                     

Thus from Fanno flow tables at          ⁄          gives  

        ,    
 ⁄            and,     

 ⁄        , Thus 

  
  
 
  
  

  
  

⁄  
      

      
        

  
  
 
  
  

  
  

⁄  
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Chapter Twenty/ Fanno Flow through a Nozzle-Duct System 

 

20.1 Converging Nozzle and Duct Combination 

Very often a situation occurs where a duct is fed by a 

nozzle; with the back pressure and nozzle stagnation 

pressure are the known quantities. Consider, for 

example, a duct supplied by a converging nozzle, with 

flow provided by a reservoir at pressure      (see Figure 

20.1). Assuming isentropic nozzle flow, with Fanno flow 

in the duct, the system pressure distribution (          ), 

can be determined for various back pressures for fixed 

    . As    is lowered below     , curves such as ( ) and 

( ) are obtained, with pressure decreasing in both nozzle 

and duct. Finally, when the back pressure is decreased to 

that of curve ( ), Mach number   occurs at the duct exit 

(note that the Mach number at the nozzle exit is still less 

than  ).  

Further decreases in back pressure cannot be sensed by the 

reservoir; for all back pressures below that of curve ( ) the mass flow 

rate remains the same as that of curve ( );  ̇ is plotted versus    in 

Figure (20.2). The system here is choked by the duct, not the 

converging nozzle. The maximum mass flow that can be passed by 

this system is less for the same reservoir pressure than that for a 

converging nozzle with no duct.  

For a subsonic Fanno flow situation, figure (20.1) 

shows a given length of duct fed by a large tank and 

converging nozzle. If the receiver (back) pressure is below 

the tank pressure, flow will occur, producing a T –s 

diagram shown as path 1–2–3. Note that we have isentropic 

flow at the entrance to the duct and then we move along a 

Fanno line.  

As the receiver pressure is lowered still more, the flow 

rate and exit Mach number continue to increase while the 

system moves to Fanno lines of higher mass velocities    

(shown as path        ). It is important to recognize 
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that the receiver pressure (or more properly, the operating pressure ratio) is controlling the flow. This is 

because in subsonic flow the pressure at the duct exit must equal that of the receiver.  

Eventually, when a certain pressure ratio is reached, the Mach number at the duct exit will be unity 

(shown as path          ). This is called duct choking and any further reduction in receiver 

pressure would not affect the flow conditions inside the system. What would occur as the flow leaves 

the duct and enters a region of reduced pressure? 

Let us consider this last case of choked flow with the exit pressure equal to the receiver pressure. 

Now suppose that the receiver pressure 

is maintained is kept constant but more 

duct length is added to the system. 

What happens? We know that we 

cannot move around the Fanno line, yet 

somehow we must reflect the added 

friction losses. This is done by moving 

to a new Fanno line at a decreased flow 

rate. The T –s diagram for this is shown 

as path (             ) in Figure 

(20.4). Note that pressure equilibrium is 

still maintained at the exit but the 

system is no longer choked, although 

the flow rate has decreased. What 

would occur if the receiver pressure 

were now lowered? 

In summary, when a subsonic 

Fanno flow has become duct choked 

and more duct is added to the system, 

the flow rate must decrease. Just how 

much it decreases and whether or not 

the exit velocity remains sonic depends 

on how much duct is added and the receiver pressure imposed on the system. 

 

Example 20.1 A constant-area duct,       in length by      in diameter, is connected to a 

reservoir through a converging nozzle, as shown in Figure (20.5a). For a reservoir pressure 

and temperature of       and      . Determine the maximum air flow rate in kilograms per 

second through the system and the range of back pressures over which this flow is realized. 

Repeat these calculations for a converging nozzle with no duct. Assume          
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Solution  

For maximum mass flow through the nozzle-duct 

system,     . For this condition, the actual    ⁄  of 

the duct becomes equal to       ⁄ , so that 

      ⁄           ⁄       

From Fanno tables at       ⁄       gives 

         

For isentropic nozzle flow, from isentropic flow 

tables at          gives 

(   ⁄ )         and (   ⁄ )         

                       

                      

 ̇      (
  

   
)    √     

 [
     

           
] [

 

 
(      ) ] [     √             ]            ⁄  

Also. 

    ⁄      ⁄         

         (       ⁄ )            

So the system is choked over the range of back 

pressures from (  to          ). 

If the duct were to he removed, choking would 

occur with Mach   at the nozzle exit. For this 

condition  

From isentropic table at      gives  

(   ⁄ )         and (   ⁄ )         

         (        )              

         (     )            

So the maximum mass flow (for choked flow) is 

 ̇    [
     

           
] [

 

 
(

 

    
)]  [   √             ]            ⁄  

For this case, the system is choked over the back pressure range from (              ) Results 

are shown in Figure (20.5b). 
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20.2 Converging–Diverging Nozzle and Duct Combination 

When a duct is connected to a 

reservoir through a converging-

diverging nozzle, the situation 

becomes somewhat more complex. 

Consider first the case of subsonic 

flow in both nozzle and duct. A 

typical pressure distribution is 

shown in Figure (20.6). Depending 

on the duct length, the minimum 

pressure point, or point of 

maximum Mach number, can occur 

at the nozzle throat or duct exit.  

If the duct is long enough (see dashed curve), the system reaches Mach 1 first at the duct 

exit; in this case, the nozzle is not choked. Once Mach 1 is reached, no further increase in 

mass flow rate can occur by reduction of the system back pressure. Supersonic flow in this 

system is impossible with the converging-diverging nozzle unchoked.  

 Generally, however, the duct length required to cause choking is very long. For this 

reason, the more important case is that in which the system is choked at the nozzle throat, and 

supersonic flow can occur in the duct. 

With supersonic flow at the nozzle exit, there is the possibility of shocks in the  duct. 

Note, however, that once the back pressure is just low enough to produce Mach 1 at the 

nozzle throat, the system is choked, with no further increase in mass flow possible. Unlike 

the case previously discussed, in which mass flow was affected by duct  length, here, once the 

throat velocity reaches the velocity of sound, the mass flow rate is unaffected by duct length. 

Now the system is choked by the nozzle, not the duct. Let us consider the flow pattern 

obtained with supersonic flow at the duct inlet.  

 First, suppose the duct length is less than the maximum length corresponding to the 

given duct inlet supersonic Mach number     needed to reach Mach 1 at the duct exit i.e. 

         . The change in flow pattern is to be described as the back pressure    is increased 

from      . A back pressure of      , or a very low back pressure, implies the existence of 

expansion waves at the duct exit. This means that the exit Mach number must be either 

supersonic or unity. Since L is less than     , supersonic flow occurs at the duct exit, with 

the exit static pressure      ,See curve (a) in Figure 20.7. When    is raised to a value 

corresponding to curve (b),      . A further increase in back pressure yields oblique shock 

waves at the duct exit where      ,curve (c), until eventually a normal shock stands at the 
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duct exit for a back pressure equal to that of curve (d). It can be seen that the flow described 

is exactly the same as that obtained at the exit of a converging-diverging nozzle. Increases in 

back pressure over that of curve (d) cause the shock to move into the duct. For a high -enough 

back pressure, the shock moves into the nozzle, thus eliminating supersonic flow in the duct. 

For a high enough back pressure, the shock moves into the nozzle, thus eliminating 

supersonic flow in the duct. 

 

Example 20.2 A converging-diverging nozzle, with area ratio of      is supplied by a reservoir 

containing air at        . The nozzle exhausts into a constant-area duct of length-to-diameter 

ratio of    and friction coefficient        . Determine the range of system back pressure 

over which a normal shock appears in the duct.  Assume an isentropic flow in the nozz le and 

Fanno flow in the duct. 

 

Solution 

From isentropic flow tables  at    ⁄     , gives 

         and      ⁄          

From Fanno flow tables at         , gives 

 (      ⁄ )        . 

For the duct under consideration 

   ⁄               

So that     (    ) . Calculations must be made for two limiting cases, one with shock at the 

duct inlet (Figure 20.8a), and the other with shock at the duct outlet. 
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(a)  Shock at the duct inlet  

From normal shock tables at         , gives    

       and     ⁄         

From isentropic flow tables at           gives 

    ⁄         

From Fanno flow tables at          , gives  (       ⁄        )  Thus 

(
     

 
)
 
 (

     

 
)
 

 (
  

 
)
 

 (
  

 
)
 
 

(
     

 
)
 

 (
     

 
)
 
 (

  

 
)
 
 

(
     

 
)
 

                    

So that from Fanno flow tables  at (      ⁄ )        gives           

From isentropic flow tables at           gives     ⁄         

Then 

      (
  

  
) (

  

  
) (

  

  
) (

  

   
)     

              
 

      
                              

 

(b)  Shock at the duct exit  

From Fanno flow tables at,         , gives      ⁄  

       and (      ⁄ )        . So  

(
     

 
)
 

 
  

 
 (

     

 
)
 
 

(
     

 
)
 

 (
     

 
)
 
 

  

 
                    

From Fanno flow tables at (      ⁄ )         gives          . 

From isentropic table at           gives     ⁄         

For normal wave tables, at          gives     ⁄        , then 

      (
  

  
) (

  

  
) (

  

  
) (

  

   
)    

                    
 

      
                       

The shock will appear in the duct over the back pressure range  
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 Suppose L is greater than (    ) , i.e. that the duct length is larger than that required 

to reach Mach 1 at duct exit for supersonic duct flow. 

For a back pressure of       and for very low back pressures, it is evident that the back 

pressure is less than the exit-plane pressure, so expansion waves must occur at the duct exit, 

with the exit-plane Mach number equal to unity. (Flow after the shock cannot reach 

supersonic velocities without violating the second law of thermodynamics.) For curves (a) 

and (b) in Figure 20.9, therefore, a normal shock occurs inside the duct, with sonic flow at 

the duct exit and expansion waves outside the duct.  

For curve (c), the exit- plane pressure is equal to the back pressure. It should be noted 

that the location of the shock is the same for curves (a), (b), and (c). For this class of 

problem, this location represents the farthest downstream position that the normal shock is 

able to reach. Finding this location is beyond our stage.  

As the back pressure is raised above curve (c), the normal shock moves upstream toward 

the duct inlet, with the exit Mach number subsonic and the back pressure equal to the exit - 

plane pressure. Again, for high-enough back pressures, the shock moves into the nozzle, 

eliminating supersonic flow in the after-section of the duct.  

Example 19.3 A converging-diverging nozzle, with an area ratio of       . is supplied by a 

reservoir containing air at        . The nozzle exhausts into a constant-area duct of length-

to-diameter ratio of    and friction coefficient of     . Determine the range of system back 

pressure over which a normal shock appears in the duct.  Assume an isentropic flow in the 

nozzle and Fanno flow in the duct.  
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Solution 

From isentropic flow table at    ⁄      gives          ,     
 ⁄         and      ⁄  

      

From Fanno flow tables at          gives  

(      ⁄ )          (               )
           

         
        

For the duct          (  )       which is greater than (      ⁄ )  i.e.            

For this type of problem, a normal shock usually stands in the C-D nozzle-duct system. The 

range of back pressures over which a normal shock exists within the duct can be established 

as follows:  

(a) Shock at the duct inlet 

From normal shock tables at         , gives           

and     ⁄         

From isentropic flow tables at           gives     ⁄  

       

From Fanno flow tables at          , gives  (       ⁄        )  Thus 

(
     

 
)
 

 (
     

 
)
 
 (

  

 
)
 

                   

So that from Fanno flow tables at (      ⁄ )         gives  

          and     
 ⁄         

Because the exit flow is subsonic, the exit pressure is equal to the back pressure, which may 

be computed from 

      (
  

  
) (

  

  
) (

  

  
) (

  

   
)     

              
 

      
                               

Thus, a shock will reside within the duct for the following range of back pressures:       

            

(b) Shock inside the duct 

Since the value of           (      ⁄ ) , the shock 

cannot exist at duct exit. When the back pressure has the 

lowest value, (        ), the position of the normal shock 

is positioned far away from duct exit. As the back pressure is 

raised, the normal shock moves towards the duct inlet. Finding the position of the normal 

shock and the back pressure is left for the interested student. 

 

 

www.gonitro.com



UOT 

Mechanical Department / Aeronautical Branch 

Gas Dynamics 

Chapter Twenty / Fanno Flow through a Nozzle-Duct System 

----------------------------------------------------------------------------------------------------------------------------- --------------- 

9-9 ch.20 

Prepared by A.A. Hussaini  2013-2014 

 

For interested student: 

Since the back pressure for the first case of this example is      , the exit Mach number is 

clearly unity and      . However, to reach the low value of   , further expansion must take 

place outside the duct, as shown in curve (a) of Figure 20.9. To determine the location of the 

shock for this case, we proceed as flow; for the duct shown in Figure 20.10, the duct length 

can be written as: 

  [(    )  (    ) ]  [(    )  (    ) ] 

[(    )  (    ) ]    (    )  (    )  

Multiplying by the average friction coefficient,  , dividing by the hydraulic diameter,  , 

and rearranging yields 

 (  )  (
     

 
)
 
 (

     

 
)
 

 (
  

 
)  (

     

 
)
 
 (

     

 
)
 
 

Note that because the flow between the duct inlet, station i, and the upstream side of the 

shock, station 1, is supersonic and because the friction decelerates supersonic flows  so 

      and (    )  (    ) . 

Also because the flow between the downstream side of the normal shock, station 2, and 

the duct exit, station e, is subsonic and because friction accelerates subsonic flows  so  

      and (    )  (    ) . 

And from eq. 18.21. 

 
   

 
 (

   

  
)   (

   
 

  
   

   
)  

 

 
(  

 

  
)  (

   

  
)   (

 

  
)          (     ) 

And eq. 10.7 which relates    and    across the normal shock 

  
  

  
   (   )⁄

[  ((   ))⁄ ]  
   

                                                                                        (    ) 

Then we have an expression to evaluate    

 (  )  
   

 
  [

  (   )  
 

(   )  
 ]  

 (     
 )(  

   )

   
 [  (   )  

 ]
 

The value of    can be obtained by numerically solving this equation using the Newton-

Raphson method. Because the derivative of  (  ) is complicated, it was obtained using the 

finite-difference approach. The solution is beyond our scope. 

When    is known then we find   , (    )  and (    ) . This gives the position of the 

normal shock. 

(
  

 
)
   

 (
     

 
)
 
 (

     

 
)
 
 

www.gonitro.com



 

 IX-1 

IX.  COMPRESSIBLE FLOW 
 

Compressible flow is the study of fluids flowing at speeds comparable to the local 
speed of sound.  This occurs when fluid speeds are about 30% or more of the local 
acoustic velocity.  Then, the fluid density no longer remains constant throughout 
the flow field.  This typically does not occur with fluids but can easily occur in 
flowing gases. 
 
Two important and distinctive effects that occur in compressible flows are (1) 
choking where the flow is limited by the sonic condition that occurs when the flow 
velocity becomes equal to the local acoustic velocity and (2) shock waves that 
introduce discontinuities in the fluid properties and are highly irreversible. 
 
Since the density of the fluid is no longer constant in compressible flows, there are 
now four dependent variables to be determined throughout the flow field.  These 
are pressure, temperature, density, and flow velocity.  Two new variables, 
temperature and density, have been introduced and two additional equations are 
required for a complete solution.  These are the energy equation and the fluid 
equation of state.  These must be solved simultaneously with the continuity and 
momentum equations to determine all the flow field variables. 
 
Equations of State and Ideal Gas Properties: 
 
Two equations of state are used to analyze compressible flows: the ideal gas 
equation of state and the isentropic flow equation of state.  The first of these 
describe gases at low pressure (relative to the gas critical pressure) and high 
temperature (relative to the gas critical temperature).  The second applies to ideal 
gases experiencing isentropic (adiabatic and frictionless) flow. 
 
The ideal gas equation of state is 
 

ρ = P
R T

 

 
In this equation, R is the gas constant, and P and T are the absolute pressure and 
absolute temperature respectively.  Air is the most commonly incurred 
compressible flow gas and its gas constant is Rair = 1716 ft2/(s2-oR) = 287 m2/(s2-
K). 
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Two additional useful ideal gas properties are the constant volume and constant 
pressure specific heats defined as 
 

Cv =
d u
d T

and Cp =
d h
d T

 

 
where u is the specific internal energy and h is the specific enthalpy.  These two 
properties are treated as constants when analyzing elemental compressible flows.  
Commonly used values of the specific heats of air are: Cv= 4293 ft2/(s2-oR) = 718 
m2/(s2-K) and Cp= 6009 ft2/(s2-oR) = 1005 m2/(s2-K).  Additional specific heat 
relationships are 
 

R = Cp − Cv and k =
Cp

Cv
 

 
The specific heat ratio k  for air is 1.4. 
 
When undergoing an isentropic process (constant entropy process), ideal 
gases obey the isentropic process equation of state: 
 

P
ρk = constant  

 
Combining this equation of state with the ideal gas equation of state and 
applying the result to two different locations in a compressible flow field 
yields 
 

P2

P1
= T2

T1

 
  

 
  

k / k−1( )

=
ρ2

ρ1

 
  

 
  

k

 

 
Note: The above equations may be applied to any ideal gas as it undergoes 

an isentropic process. 
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Acoustic Velocity and Mach Number 
 
The acoustic velocity (speed of sound) is the speed at which an infinitesimally 
small pressure wave (sound wave) propagates through a fluid.  In general, the 
acoustic velocity is given by 

a2 =
∂ P
∂ ρ

 

 
The process experienced by the fluid as a sound wave passes through it is an 
isentropic process.  The speed of sound in an ideal gas is then given by 
 

a = k RT  
 
The Mach number is the ratio of the fluid velocity and speed of sound, 
 

Ma =
V
a

 

 
This number is the single most important parameter in understanding and 
analyzing compressible flows. 
 
Mach Number Example: 
 
An aircraft flies at a speed of 400 m/s.  What is this aircraft’s Mach number when 
flying at standard sea-level conditions (T = 289 K) and at standard 15,200 m (T = 
217 K) atmosphere conditions?  
 

At standard sea-level conditions, a = k RT = 1.4( ) 287( ) 289( ) = 341m / s  
and at 15,200 m, a = 1.4( ) 287( ) 217( ) = 295m / s .  The aircraft’s Mach 
numbers are then 
 

sea − level : Ma = V
a

= 400
341

=1.17

15, 200 m : Ma = V
a

= 400
295

=1.36
 

 
Note: Although the aircraft speed did not change, the Mach number did change 

because of the change in the local speed of sound. 
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Ideal Gas Steady Isentropic Flow 
When the flow of an ideal gas is such that there is no heat transfer (i.e., adiabatic) 
or irreversible effects (e.g., friction, etc.), the flow is isentropic.  The steady-flow 
energy equation applied between two points in the flow field becomes 

h1 +
V1

2

2
= h2 +

V2
2

2
= ho = constant  

where h0, called the stagnation enthalpy, remains constant throughout the flow 
field.  Observe that the stagnation enthalpy is the enthalpy at any point in an 
isentropic flow field where the fluid velocity is zero or very nearly so. 
 
The enthalpy of an ideal gas is given by h = Cp T over reasonable ranges of 
temperature.  When this is substituted into the adiabatic, steady-flow energy 
equation, we see that  ho = Cp To = constant and  

To

T
=1+

k −1
2

Ma2
 

Thus, the stagnation temperature To remains constant throughout an isentropic or 
adiabatic flow field and the relationship of the local temperature to the field 
stagnation temperature only depends upon the local Mach number. 
 
Incorporation of the acoustic velocity equation and the ideal gas equations of 
state into the energy equation yields the following useful results for steady 
isentropic flow of ideal gases. 

To
T

=1+
k −1

2
Ma2

ao
a

=
To
T

 
 

 
 

1/2

= 1+
k −1

2
Ma2 

 
 
 

1/2

Po

P
=

To

T
 
 

 
 

k / k−1( )
= 1+

k −1
2

Ma2 
 

 
 

k / k−1( )

ρo

ρ
= To

T
 
 

 
 

1/ k−1( )
= 1+ k −1

2
Ma2 

 
 
 

1/ k−1( )
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The values of the ideal gas properties when the Mach number is 1 (i.e., sonic 
flow) are known as the critical or sonic properties and are given by 
 

To

T* =1+
k −1

2
ao

a* =
To

T*
 
 

 
 

1/2

= 1+
k −1

2
 
 

 
 

1/2

Po

P* =
To

T*
 
 

 
 

k / k−1( )
= 1+

k −1
2

 
 

 
 

k / k−1( )

ρo

ρ* = To

T*
 
 

 
 

1/ k−1( )
= 1+ k −1

2
 
 

 
 

1/ k−1( )

 

 
Both the critical (sonic, Ma = 1) and stagnation values of properties are 
useful in compressible flow analyses.  For air (k =1.4), these ratios become 
 

P*

Po
=

2
k +1

 
 

 
 

k / k−1( )
= 0.5283  

ρ*

ρo
=

2
k +1

 
 

 
 

1/ k−1( )
= 0.6339  

 
a*

ao
=

2
k +1

 
 

 
 

1/2

= 0.9129  
a*

ao
=

2
k +1

 
 

 
 

1/2

= 0.9129  

 
In all isentropic flows, all critical (Ma = 1) properties are constant.  In 
adiabatic, but non-isentropic flows (e.g. adiabatic flows with friction), a* 
and T* are constant, but P* and ρ* may vary. 
At sonic conditions 
 

V * = a* = k RT *( )1/2
= 2 k

k +1
RTo

 
 

 
 

1/2

 

These values will be very useful in problems involving compressible flow 
with friction or heat transfer considered later in the chapter. 
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Isentropic Flow Example: 
 
Air flowing through an adiabatic, frictionless duct is supplied from a large supply 
tank in which P = 500 kPa and T = 400 K.  What are the Mach number Ma. the 
temperature T, density ρ, and fluid V at a location in this duct where the pressure is 
430 kPa? 
 
The pressure and temperature in the supply tank are the stagnation pressure and 
temperature since the velocity in this tank is practically zero.  Then, the Mach 
number at this location is 
 

Ma =
2

k −1
P
Po

 
  

 
  

k−1( )/ k

−1
 

 
 
 

 

 
 
 

Ma =
2

1.4 −1
500
430

 
 

 
 

0.4 /1.4

−1
 

 
 

 

 
 

Ma = 0.469

 

 
and the temperature is given by 

T = To

1+ k −1
2

Ma2

T =
400

1+ .2 ⋅0.4692

T = 383o K

 

 
The ideal gas equation of state is used to determine the density, 
 

ρ = P
RT

= 430,000
287( ) 383( ) = 3.91kg /m3

 

 
 
Using the definition of the Mach number and the acoustic velocity, we obtain 
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V = Ma k RT = 0.469 1.4 ⋅ 287 ⋅ 383 =184 m /s 
 
 
Solving Compressible Flow Problems 
 
Compressible flow problems come in a variety of forms, but the majority of 
them can be solved as follows: 
 

1. Use the appropriate equations and reference states (i.e., stagnation and sonic 
states) to determine the Mach number at all flow field locations involved in 
the problem. 

2. Determine which conditions are the same throughout the flow field (e.g. the 
stagnation properties are the same throughout an isentropic flow field). 

3. Apply the appropriate equations and constant conditions to determine the 
necessary remaining properties in the flow field. 

4. Apply additional relations (i.e. equation of state, acoustic velocity, etc.) to 
complete the solution of the problem. 

 
Most compressible flow equations are expressed in terms of the Mach number.  
You can solve these equations explicitly by rearranging the equation, by using 
tables, or by programming them with spreadsheet or EES software. 
 
 
Isentropic Flow with Area Changes 
 
All flows must satisfy the continuity and momentum relations as well as the 
energy and state equations.  Application of the continuity and momentum 
equations to a differential flow (see textbook for derivation) yields: 
 

d V
V

= 1
Ma2 −1

d A
A

 

 
This result reveals that when Ma < 1 (subsonic flow), Ma - 1 < 0 and velocity 
changes are the opposite of area changes.  That is, increases in the fluid velocity 
require that the area decrease in the direction of the flow.  For supersonic flow (Ma 
> 1), Ma - 1 > 0 and the area must increase in the direction of the flow to cause an 
increase in the velocity.  Changes in the fluid velocity  dV  can only be finite in 
sonic flows (Ma = 1) when dA = 0.  The effect of the geometry upon velocity, 
Mach number, and pressure is illustrated in Figure 1 below. 
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Figure 1 

 
Combining the mass flow rate equation constant== VAm ρ!  with the 
preceding isentropic flow equations yields 
 
 

ρ*

ρ
=

2
k +1

1+
k −1

2
Ma2 

 
 
 

 
  

 
  

1/ k−1( )
 

 

V *

V
=

1
Ma

2
k +1

1+
k −1

2
Ma2 

 
 
 

 
  

 
  

1/2

 

 

A
A* =

1
Ma

1+ 0.5 k −1( )Ma2

0.5 k +1( )
 

 
 

 

 
 

k +1( )/ 2 k−1( )[ ]
 

 
where the sonic state (denoted with *)  may or may not occur in the duct.   
 
If the sonic condition does occur in the duct, it will occur at the duct minimum or 
maximum area.  If the sonic condition occurs, the flow is said to be choked since 
the mass flow rate ***

max VAVAm ρρ ==!  and is the maximum mass flow rate 
the duct can accommodate without a modification of the duct geometry. 
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The maximum flow rate is also given by 
 

( )







+







+
==

−

o

k

o TR
k

kA
k

VAm
1

2
1

2 *
1/1

***
max ρρ!  

 

and for air   
( ) 2/1

*

max
6847.0

o

o

TR
APm =!  

 
Example 9.4 

Air flows isentropically through 
a duct.  At section 1 the area is 
0.05 m2 and V1 = 180 m/s, P1 = 
500 kPa, and T1 = 470˚K.  
Compute (a) To, (b) Ma1, (c) Po, 
and both (d) A* andm! .   If the 
area A2 at section 2 is 0.036m2, 
compute Ma2 and P2 if the flow 
is (e) subsonic or (f) supersonic. 
Assume k = 1.4. 

 

 
Since the flow is isentropic, the stagnation temperature is given by 

To = T1 +
V1

2

2Cp
= 470 +

1802

2 ⋅1005
= 486o K  

The local speed of sound is  a1 = k RT = 1.4 ⋅ 287 ⋅ 470 = 435m /s  

 and local mach no. Ma1 =
V1

a1
=

180
435

= 0.414         (subsonic) 

The local stagnation pressure is 

Po = P1 1+ .2 Ma1
2( )3.5

= 500kPa 1+ .2 ⋅0.4142[ ]3.5
= 563kPa  
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The critical, sonic-throat area is determined from 

A1

A* =
1+ 0.2Ma1

2( )3

1.728 Ma1
=

1+ 0.2⋅ 0.4142( )3

1.728⋅ 0.414
=1.547  

A* =
A1

1.547
=

0.05 m2

1.547
= 0.0323m2

 

Note that this is the minimum throat area that must actually occur in the duct in 
order for the flow to become supersonic. 

The mass flow is given by 

  
( ) ( )

skgm
TR

APm
o

o /4.33
486287

0323.0000,5636847.06847.0 2/1

2

2/1

*
=

⋅
⋅==!  

For parts (e) and (f), we know A2/A* as given below and must therefore solve 
Eqn. 9.45 for the values of Ma2 that will yield (e) the subsonic solution or (f) 
the supersonic solution.  Use 9.28a to obtain the pressure. 

A2

A* =
0.036
0.0323

=1.115 =
1+ 0.2Ma2

2( )3

1.728Ma2
   and   P =

Po

1+ .2 Ma1
2( )3.5  

This is easily accomplished with the EES or some other computer based 
iterative software to yield the following: 

(e)  subsonic solution   -  Ma2  = 0.6758   P2 = 415 kPa 

or 

(f)  supersonic solution  - Ma2  =  1.4001   P2 = 177 kPa 

Note that for the supersonic solution, the pressure has decreased to a lower 
value and sonic conditions must have occurred at the throat between 1 and 2. 
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Normal Shock Waves 
 
Under the appropriate conditions, very thin, highly irreversible discontinuities can 
occur in otherwise isentropic compressible flows.  These discontinuities are known 
as shock waves which when they are perpendicular to the flow velocity vector are 
called normal shock waves.   
 
A normal shock wave in a one-dimensional flow channel is illustrated in Figure 2. 
 
 

 
Figure 2 

 
Application of the second law of thermodynamics to the thin, adiabatic normal 
shock wave reveals that normal shock waves can only cause a sharp rise in the 
gas pressure and must be supersonic upstream and subsonic downstream of the 
normal shock.  Rarefaction waves that result in a decrease in pressure and 
increase in Mach number are impossible according to the second law. 
 
Application of the conservation of mass, momentum, and energy equations along 
with the ideal gas equation of state to a thin, adiabatic control volume surrounding 
a normal shock wave yields the results shown in the following table. 
 
It is noted that in many compressible flow problems with normal shocks, the 
location of the shock is unknown.  From the equations shown below, this is 
most readily specified by finding the mach no upstream of the shock, Ma1.  
However, for most problems this requires an iterative solution of one of the 
following equations, depending on the given information.   
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 Normal Shock Relations 

Ma2
2 = k −1( )Ma1

2 + 2
2k Ma1

2 − k −1( )
, Ma1 >1

P2

P1

= 1 + k Ma1
2

1 + k Ma2
2

ρ2

ρ1

= V1

V2

= k +1( )Ma1
2

k −1( )Ma1
2 + 2

To1 = To 2

T2

T1

= 2 + k −1( )Ma1
2[ ] 2k Ma1

2 − k −1( )
k +1( )2 Ma1

2

Po2

Po1

= ρo2

ρo1

= k +1( )Ma1
2

2 + k −1( )Ma1
2

 

 
 

 

 
 

k / k−1( )
k +1

2k Ma1
2 − k −1( )

 

 
 

 

 
 

1/ k−1( )

A2
*

A1
* = Ma2

Ma1

2 + k −1( )Ma1
2

2 + k −1( )Ma2
2

 

 
 

 

 
 

k+1( )/ 2 k−1( )[ ]

 

 
When using these equations to relate conditions upstream and downstream of a 
normal shock wave, keep the following points in mind: 

1. Upstream Mach numbers are always supersonic while downstream Mach 
numbers are subsonic. 

2. Stagnation pressures and densities decrease as one moves downstream 
across a normal shock wave while the stagnation temperature remains 
constant (a consequence of the adiabatic flow condition). 

3. Pressures increase greatly while temperature and density increase 
moderately across a shock wave in the downstream direction. 

4. The critical/sonic throat area changes across a normal shock wave in the 
downstream direction and A2

* > A1
*

. 
5. Shock waves are very irreversible causing the specific entropy downstream 

of the shock wave to be greater than the specific entropy upstream of the 
shock wave. 
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Moving normal shock waves such as those caused by explosions, spacecraft 
reentering the atmosphere, and others can be analyzed as stationary normal 
shock waves by using a frame of reference that moves at the speed of the 
shock wave in the direction of the shock wave. 
 
 
Example:  Normal Shock in a Converging-Diverging Nozzle 
 
Air is supplied to the converging-diverging 
nozzle shown here from a large tank where 
P = 2 MPa and T = 400 K.  A normal shock 
wave in the diverging section of this nozzle 
forms at a point Po1 = Po2 = 2 MPa  where 
the upstream Mach number is 1.4.  The 
ratio of the nozzle exit area to the throat 
area is 1.6.  Determine (a) the Mach 
number downstream of the shock wave, (b) the Mach number at the nozzle 
exit, (c) the pressure at the nozzle exit, and (d) the temperature at the nozzle 
exit.  
 
This flow is isentropic from the supply tank (1) to just upstream of the 
normal shock (2) and also from just downstream of the shock (3) to the exit 
(4).  Stagnation temperatures do not change in isentropic flows or across 
shock waves, To1 = To 2 = To3 = To4 = 400 K .  Stagnation pressures do not 
change in isentropic flows, Po1 = Po2 = 2 MPa  and Po3 = Po 4 , but 
stagnation pressures change across shocks, Po2 > Po3 . 
 
Based upon the Mach number at 2 and the isentropic relations, 
 

A2

At

=
A3

At

= A2

At
* = 1

Ma2

1+ 0.2 Ma2
2( )3

1.728
=1.115 

 
The normal shock relations can be used to work across the shock itself.  The 
answer to (a) is then 
 

Ma3 = k −1( )Ma2
2 + 2

2k Ma2
2 − k −1( )

 

 
 

 

 
 

1/ 2

= 0.4( ) 1.4( )2 + 2
2 1.4( ) 1.4( )2 − 0.4

 
 
 

 
 
 

1/ 2

= 0.740 
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Continuing to work across the shock, 
 

Po4 = Po3 = Po2
k + 1( )Ma2

2

2 + k −1( )Ma2
2

 

 
 

 

 
 

k / k−1( )
k + 1

2 k Ma2
2 − k −1( )

 

 
 

 

 
 

1/ k−1( )

 

Po4 = Po3 = 2
2.4( ) 1.4( )2

2 + 0.4( )1.42
 

 
 

 

 
 

3.5
2.4

2 1.4( ) 1.4( )2 − 0.4
 

 
 

 

 
 

2.5

=1.92 MPa  

A3
*

A2
* =

Ma3

Ma2

2 + k −1( )Ma2
2

2 + k −1( )Ma3
2

 

 
 

 

 
 

k+1( ) / 2 k−1( )[ ]
=

0.74
1.4

2 + .4 1.4( )2

2 + .4 0.74( )2
 

 
 

 

 
 

2.4 /.8

=1.044  

 
Now, we know A4/At, and the flow is again isentropic between states 3 and 4.  
Writing an expression for the area ratio between the exit and the throat, we have 
 

A4

At

= 1.6 = A4

A4
*

A4
*

A3
*

A3
*

A2
*

A2
*

At

= A4

A4
* 1( ) 1.044( ) 1.115( ) 

 

Solving for 
A4

A4
*  we obtain 

A4

A4
* =1.374  

 
Using a previously developed equation for choked, isentropic flow we can write 

 

A4

A4
* =1.374 = 1

Ma
1 + 0.5 k −1( )Ma2

0.5 k +1( )
 

 
 

 

 
 

k+1( )/ 2 k−1( )[ ]

 

or 

1.374 = 1
Ma4

1+ 0.2Ma4
2( )3

1.728
 

 
The solution of this equation gives answer (b) Ma4 = 0.483.   
 
Now that the Mach number at 4 is known, we can proceed to apply the 
isentropic relations to obtain answers (c) and (d). 
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P4 = Po4

1 + 0.5 k −1( )Ma4
2[ ]k / k−1( ) = 1.92 MPa

1 + 0.2 0.483( )2[ ]3.5 =1.637MPa  

 

T4 = To4

1 + 0.5 k −1( )Ma4
2 = 400 K

1 + 0.2 0.483( )2 = 382 K  

 
 
Note: Observe how the sonic area downstream from the shock is not the 
same as upstream of the shock.   Also, observe the use of the area ratios 
to determine the Mach number at the nozzle exit. 
 
The following steps can be used to solve most one-dimensional compressible flow 
problems. 
 

1. Clearly identify the flow conditions: e.g., isentropic flow, constant 
stagnation temperature, constant stagnation pressure, etc. 

2. Use the flow condition relationships, tables, or software to determine the 
Mach number at locations of interest in the flow field. 

3. Once the Mach number is known at the locations of interest, one can 
proceed to use the flow relations, tables, or software to determine other flow 
properties such as fluid velocity, pressure, and temperature.  This may 
require the reduction of property ratios to the product of several ratios, as 
was done with the area ratio in the above example to obtain the answer. 

 
Review Example 9.6 in the text. 
 
Operation of Converging-Diverging Nozzles 
 
A converging-diverging nozzle like that shown in Figure 3 can operate in several 
different modes depending upon the ratio of the discharge and supply pressure 
Pd/Ps.  These modes of operation are illustrated on the pressure ratio – axial 
position diagram of Figure 3. 
 

Mode (a) The flow is subsonic throughout the nozzle, supply, and discharge 
chambers.  Without friction, this flow is also isentropic and the 
isentropic flow equations may be used throughout the nozzle. 
Sonic conditions are not reached at the throat. 
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Figure 3 

 
Mode (b) The flow is still subsonic and isentropic throughout the nozzle and 

chambers.  The Mach number at the nozzle throat is now unity.  
At the throat, the flow is sonic, the throat is choked, and the mass 
flow rate through the nozzle has reached its upper limit for the 
given geometry and Po, To.  Further reductions in the discharge 
tank pressure will not increase the mass flow rate any further.  

 
Mode (c) A shock wave has now formed in the diverging section of the 

nozzle.  The flow is subsonic before the throat, same as mode (b), 
the throat is choked, same as mode (b), and the flow is supersonic 
and accelerating between the throat and just upstream of the shock.  
The flow is isentropic between the supply tank and just upstream of 
the shock.  The flow downstream of the shock is subsonic and 
decelerating.  The flow is also isentropic downstream of the shock 
to the discharge tank.  The flow is not isentropic across the shock.  
Isentropic flow methods can be applied upstream and downstream 
of the shock while normal shock methods are used to relate 
conditions upstream to those downstream of the shock.  
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Mode (d) The normal shock is now located at the plane of the nozzle exit.  
Isentropic flow now exists throughout the nozzle up to the shock.  
The flow at the nozzle exit is supersonic upstream of the shock and 
subsonic downstream of the shock.  The flow adjusts to flow 
conditions in the discharge tank, not the nozzle.  Isentropic flow 
methods can be applied throughout the nozzle.  

 
Mode (e) A series of two-dimensional shocks are established in the discharge 

tank downstream of the nozzle.  These shocks serve to decelerate 
the flow.  The flow is isentropic throughout the nozzle, same as 
mode (d). 

 
Mode (f) The pressure in the discharge tank equals the pressure predicted by 

the supersonic solution of the nozzle isentropic flow equations.  The 
pressure ratio is known as the supersonic design pressure ratio. 
Flow is isentropic everywhere in the nozzle, same as mode (d) and 
(e), and in the discharge tank.   

 
Mode (g) A series of two-dimensional shocks are established in the discharge 

tank downstream of the nozzle.  These shocks serve to decelerate 
the flow.  The flow is isentropic throughout the nozzle, same as 
modes (d), (e), and (f). 

 
 

Example 9.9 
A converging-diverging nozzle has the 
following values: 
At = .002 m2, Ae = .008 m2, 
 Po = 1000 kPa, To = 500˚K.   
Find:  Pe and mass flow rate for (a) 
supersonic design conditions (b) Pb = 
300 kPa, and (c) Pb = 900 kPa. k = 1.4  

 
(a)  For supersonic design conditions, the flow will be isentropic throughout 
with supersonic flow from the throat to the exit.  Stagnation pressure and 
temperature will be constant.  Conditions at the throat will be sonic and the 
flow will be choked. 
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Since 
Ae

At
=

Ae

A* =
.008
.002

= 4  Eqn 9.45 yields 
Ae

A* = 4 =
1

Me

1+ .2 Me
2( )3

1.728
 

 
Using either EES software or an appropriate iteration procedure, we obtain 
 
 Me = 2.94        This is the supersonic solution to Eqn. 9.45. 
 
Eqn. 9.34 is used to obtain the design exit pressure. 
 

Pe =
Po

1+ .2 ⋅ Me
2( )3.5 =

1000

1+ .2 ⋅2.942( )3.5 = 29.3kPa  

 
The flow rate at design conditions is obtained from Eqn. 9.46b. 
 

( ) ( )
skgmE

TR
APm

o

to
des /61.3

500287
002.0616847.06847.0

2/1

2

2/1 =
⋅

⋅⋅==!  

 
(b) Nozzle backpressure is Pb = 300 kPa .   Since Pb = 300 kPa > 29.3 

kPa, referring to Fig. 3, we must determine whether this corresponds to 
condition a,b,c,d, or e. 

 
First determine the condition for choked flow, but subsonic throughout the 
nozzle (case b in Fig. 3).  Again using Eqn’s 9.45 and 9.34, solve for the 
subsonic value of Me and Pe that yields an area ratio of 4. 
 

Ae

A* = 4 = 1
Me

1+ .2 Me
2( )3

1.728
 Me = 0.1465  and   Pe = 985 kPa  

 
Since  985 kPa > Pb > 29.3 kPa,  we have a normal shock somewhere in the 
nozzle.  Since the shock is upstream of the nozzle exit, the exit must be subsonic, 
the throat must be sonic and choked and the following conditions exit: 
 

 Pe = Pb = 300kPa  and skgmdes /61.3=!  
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Referring to Fig. 3, once the back pressure has decreased to a value where the 
throat is choked (condition B), all flow conditions for back pressures less than 
condition B are also choked and the flow rate remains constant. 
 
(c) Nozzle backpressure is Pb = 900kPa .  Since this pressure is very close to 

condition B (P = 985 kPa), we must have an embedded normal shock 
represented by condition C in Fig. 3. 

 
As in Part b, since we know we have an embedded shock very close to condition 
C, we again must have sonic, choked conditions at the throat and subsonic 
conditions from the shock to the exit.  Thus, we again have 
 
 Pe = Pb = 300kPa  and skgmdes /61.3=!  
 
We have not, however, determined the location of the embedded shock.   
 
While the procedure is somewhat cumbersome, it will be presented here for the 
conditions of part c.  The basic process involves assuming the nozzle area, Ax, just 
upstream of the embedded shock, and then proceeding based on this assumed 
value across the embedded shock to the end of the nozzle, in order to match the 
given back pressure and exit area.  While the solution involves an iterative trial 
and error process, it is easily developed using a computer. 
 
(1)  Given:   Upstream sonic area:   A1* = 0.002 m2 
 Upstream stagnation pressure:   Po1 = 1000 kpa 
 Upstream stagnation temperature: To1 = 500˚K = To2 
 Nozzle exit area; Ae = 0.008 m2 
 Nozzle back pressure: Pe = 900 kpa 

(2)  Assume: Mach no. upstream of shock: Mx = 1.541 

(3)  Calculate: Static pressure upstream of shock: Eqn. 9.34 

Px =
Po,x

1+ .2Max
2( )3.5 =

1000kPa

1+ .2⋅1.5412( )3.5 = 256.6kpa  

(4) Calculate: Mach no. downstream of shock; Eqn. 9.57 
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May =
k −1( )Max

2 + 2
2k Max

2 − k −1( )
 

 
 

 

 
 
1/2

=
0.4( ) 1.541( )2 + 2

2 1.4( ) 1.541( )2 − 0.4
 

 
 

 

 
 
1/2

= 0.6871 

(5)  Calculate: Static pressure downstream of shock: Eqn. 9.56 

Py = Px
1+ k Max

2

1+ k May
2 = 256.6

1+1.4 ⋅1.5412

1+1.4 ⋅0.68712 = 668.2kPa  

(6)  Calculate: Stagnation pressure downstream of shock:   Eqn. 9.34 

Po,y = Py 1+ .2May
2( )3.5

= 256.6 1+ .2⋅ 0.68712( )3.5
= 916.3kpa  

(7)  Calculate: Stagnation to static pressure ratio at exit :   

Po,y /Pe = 916.3/900 =1.0181 

(8)  Calculate: the exit Mach no.: Eqn. 9.34 (solve for Me) 

Mae = 5
Po,y

Pe

 
  

 
  

1/3.5

−1
 

 
 

 

 
 

 

 
 
 

 

 
 
 

.5

= 5 1.0181( )1/3.5 −1( )[ ].5
= 0.1603 

(9)  Calculate: Sonic area downstream of shock: Eqn. 9.59 

Ay
* = Ax

* 2 + k −1( )Max
2

2 + k −1( )May
2

 

 
 
 

 

 
 
 

.5⋅ k +1( )/ k−1( )

 

= .002
2 + .4 ⋅1.5412

2 + .4 ⋅ .6871
 

 
 

 

 
 

.5⋅2.4 /.4

= .002183m2
 

(10)  Calculate: Nozzle exit area: Eqn. 9.45 
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Ae = Ay
* 1+ .2 ⋅ Mae

2( )
1.728 Mae

= .002183
1+ .2 ⋅ .16032( )
1.728⋅0.1603

= 0.008 m2
 

 

If this value of exit area does not match the given exit area, repeat the process with 
a new assumes value of Max . 

Several key points important to this analysis are summarized as follows: 

• The flow between the nozzle throat and just upstream of the normal shock is 
isentropic with the following conditions:  A* = const., To = const., Po = const., 
and thus isentropic, compressible flow equations can be used in this area. 

• The flow from just downstream of the normal shock to the nozzle exit is also 
isentropic with the following conditions:  A* = const., To = const., Po = const., 
and thus isentropic, compressible flow equations can be used in this area.  

• While To = constant across a normal shock, A* and Po change. 

 

Note:  Due to conservation of mass, it is also true that across a normal shock 

 

( ) ( )yoxoyx APAPbEqnfromandmm **46.9. == !!  

This can also be used to determine conditions across a normal shock.  
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Adiabatic, Constant Duct Area Compressible Flow with Friction 
 

When compressible fluids flow through insulated, constant-area ducts, they are 
subject to Moody-like pipe-friction which can be described by an average Darcy-
Weisbach friction factor f .  Application of the conservation of mass, momentum, 
and energy principles as well as the ideal gas equation of state yields the following 
set of working equations. 
 

f L*

D
= 1− Ma2

k Ma2 + k +1
2k

ln k +1( )Ma2

2 + k −1( )Ma2

P
P* =

1
Ma

k +1( )
2 + k −1( )Ma2

 

 
 

 

 
 

1/2

ρ
ρ* =

V *

V
=

1
Ma

2 + k −1( )Ma2

k +1
 

 
 

 

 
 

1/2

T
T * = a

a*2 = k +1( )
2 + k −1( )Ma2

Po

Po
* = ρo

ρo
* = 1

Ma
2 + k −1( )Ma2

k +1
 

 
 

 

 
 

k+1( )/ 2 k−1( )[ ]

 
 

where the asterisk state is the sonic state at which the flow Mach number is one.  
L* is the length of duct required to develop from Ma to sonic conditions.  This 
sonic state is constant throughout the duct and may be used to relate conditions at 
one location in the duct to those at another location.  The length of the duct ∆L  
between two given values of Ma is given by 
 

f ∆L
D

= f L*

D
 
  

 
  1

− f L*

D
 
  

 
  2
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Compressible Flow with Friction Example: 
 
Air enters a 0.01-m-diameter duct ( f = 0.05) with Ma = 0.05.  The pressure and 
temperature at the duct inlet are 1.5 MPa and 400 K.  What are the (a) Mach 
number, (b) pressure, and (c) temperature in the duct 50 m from the entrance? 
 
At the duct entrance, with f = 0.05, D = 0.01 m, and Ma = 0.05, we obtain 
 

f L*

D
 
  

 
  1

= 1− Ma2

k Ma2 + k +1
2k

ln k +1( )Ma2

2 + k −1( )Ma2

 
 
 

 
 
 

1

 

 
f L*

D
 
  

 
  1

= 1− 0.052

1.4 0.05( )2 + 2.4
2.8

ln 2.4( )0.052

2 + 0.4( )0.052

 
 
 

 
 
 

1

= 280  

 
Then, at the duct exit we obtain 
 

f L*

D
 
  

 
  2

=
f L*

D
 
  

 
  1

−
f ∆L
D

= 280 −
0.05( )50

0.01
= 30 

 
We can now write for the duct exit that 
 

f L*

D
 
  

 
  2

= 30 =
1− Ma2

k Ma2 +
k +1
2k

ln k +1( )Ma2

2 + k −1( )Ma2

 
 
 

 
 
 

2

 

or 

30 = 1− Ma2
2

1.4 Ma2
2 + 2.4

2.8
ln 2.4 Ma2

2

2 + 0.4 Ma2
2  

 
 
The solution of the second of these equations gives answer (a) Ma2 = 0.145.  
Writing the following expression for pressure ratios yields for (b), 
 

P2 = P1
P2

P2
*

P2
*

P1
*

P1
*

P1
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P2 = 1.5( ) 1
Ma2

k +1( )
2 + k −1( )Ma2

2

 

 
 

 

 
 

1/ 2

1( ) Ma1

1
2 + k −1( )Ma1

2

k +1
 
  

 
  

1/ 2

 

 

P2 = 1.5( ) 1
0.145

2.4
2+ 0.4( )0.1452

 
  

 
  

1/ 2

1( ) 0.05
1

2 + 0.4( )0.052

2.4
 
  

 
  

1/ 2

= 0.516 

 
Application of the temperature ratios yields answer (c), 
 

T2 = T1
T1

*

T1

T2
*

T1
*

T2

T2
* = 400 2 + k −1( )Ma1

2

2 + k −1( )Ma2
2 = 400 2 + 0.4( )0.052

2 + 0.4( )0.1452 = 399 

 
It is noted that in both of the previous expressions, P2

* /P1
* and T2

* /T1
*  

equal 1 as the sonic reference conditions are constant between two points.   
 
This example demonstrates how Mach number changes in adiabatic frictional flow 
in a duct. When the flow at the inlet to the duct is subsonic, the Mach number 
increases as the duct gets longer.  When the inlet flow is supersonic, the Mach 
number decreases as the duct gets longer.  A plot of the specific entropy of the 
fluid as a function of the duct Mach number (and therefore length) is presented in 
Figure 4 for both subsonic and supersonic flow. 
 

 
Figure 4 

 
These results clearly illustrate that the Mach number in the duct approaches unity 
as the length of the duct is increased.  Once the sonic condition exists at the duct 
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exit, the flow becomes choked.  This figure also demonstrates that the flow can 
never proceed from subsonic to supersonic (or supersonic to subsonic) flow, as this 
would result in a violation of the second law of thermodynamics. 
 
Other compressible flows in constant area ducts such as isothermal flow with 
friction and frictionless flow with heat addition may be analyzed in a similar 
manner using the equations appropriate to each flow.  Many of these flows 
also demonstrate choking behavior. 
 
 
Frictionless Duct Flow with Heat Transfer 
 
We now add consideration of the effect of heat transfer to our compressible 
flow discussion.  We will consider the case shown in Fig. 9.16. 
 
Fig. 9.16  Elemental control 
volume for frictionless flow in 
a constant area duct with heat 
transfer.  The length of the 
duct would only be determined 
if the heat transfer per unit area 
or per unit length were known 
for the problem. 

 
 
For this flow the basic conservation equations are written as 
 

Continuity: ρ1V1 = ρ2 V2 = G = constant  

x momentum: P1 − P2 = G V2 −V1( ) 

Energy: ( )2
12

1
1

2
22

1
2 VhVhmQ +−+= !!  

  or 1,2, oo hh
m
Qq −==
!
!

 

 
Thus, heat transfer results in a change in the stagnation enthalpy for the 
flow. 
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Applications of the ideal gas equation and definition of Mach no. to the previous 
equations yield the following expressions for flow properties in terms of Mach 
number. 
 

To

To
* =

k +1( )Ma2 2 + k −1( )Ma2[ ]
1+ k Ma2( )2  

T
T * =

k +1( )2 Ma2

1+ k Ma2( )2  

P
P* =

k +1
1+ k Ma2  

V
V * =

ρ*

ρ
=

k +1( )Ma2

1+ k Ma2  

Po

Po
* =

k +1
1+ k Ma2

2 + k −1( )Ma2

k +1
 

 
 

 

 
 

k / k−1( )

 

 
Example 9.14   
A fuel-air mixture, approximated as air with k=1.4, enters a duct combustion 
chamber at V1 = 75 m/s, P1 = 150 kPa, and T1 = 300˚K.  The heat addition from 
the combustion is 900 kJ/kg of mixture.  Compute (a) the exit properties V2, P2, 
and T2 and (b) the total heat addition which would have caused a sonic exit flow. 

By definition:  To,1 = T1 +
V1

2

2Cp
= 300 +

752

2 ⋅1005
= 303o K  

From the energy equation we have 

To,2 = To,1 +
q

Cp
= 303o K +

900,000 J /kg
1005 J / kg⋅ K( ) =1199o K  
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The Mach number is now obtained from 
 
 a1 = k RT = 1.4 ⋅ 287 ⋅ 300 = 347m /s 

 Ma1 =
V1

a1
=

75
347

= 0.216 

From Eqn. 9.78a we obtain the stagnation temperature at sonic conditions. 

To

To
* =

k +1( )Ma2 2 + k −1( )Ma2[ ]
1+ k Ma2( )2  

To

To
* =

2.4 ⋅ 0.2162 2 + 0.4 ⋅ 0.2162[ ]
1+1.4 ⋅0.2162( )2 = 0.1992    or  To

* =1521o K  

At the end of the combustion process, we now can calculate 

 
To,2

To
* =

1199
1521

= 0.788    which corresponds to  Ma2 = 0.573 

With the Mach numbers at points 1 and 2 and Table B4 or the previous equation, 
we can tabulate the desired property ratios. 

Section Ma V/V* P/P* T/T* 
1 0.216 0.1051 2.2528 0.2368 
2 0.573 0.5398 1.6442 0.8876 

 
The exit properties are now obtained from 
 

 V2 = V1
V2 /V *

V1 /V * = 75 m
s

0.5398
0.1051

= 385 m
s  

 P2 = P1
P2 /P*

P1 /P* =150 kPa
1.6442
2.2528

=109kPa  
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 T2 = T1
T2 /T *

T1 /T * = 300o K
0.8876
0.2368

=1124o K  

 
The heat addition necessary to drive the flow to sonic conditions is determined 
from the difference in the stagnation temperatures at the inlet and at sonic 
conditions. 
 

qmax = Cp To
* −To,1( )=1005 J / kg ⋅ K( )1521− 303[ ]o K =1.22E6J /kg 

 
Note that since it is not possible from the flow to proceed past sonic conditions this 
is also the maximum possible heat transfer. 
 
 
Oblique Shock Waves 
 
Bodies moving through a compressible fluid at speeds exceeding the speed of 
sound create a shock system shaped like a cone.  The half-angle of this shock cone 
is given by 
 

µ = sin−1 1
Ma

 
 

 This angle is known as the Mach angle.  The interior of the shock cone is called 
the zone of action.  Inside the zone of action, it is possible to hear any sounds 
produced by the moving body.  Outside the Mach cone, in what is known as the 
zone of silence, sounds produced by the moving body cannot be heard. 
 

An oblique shock wave at angle β  with respect to the approaching compressible 
fluid whose Mach number is supersonic is shown in Figure 5.  Observe that the 
streamlines (parallel to the velocity vector) have been turned by the deflection 
angle θ  by passing through the oblique shock wave. 
 

 
Figure 5 
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This flow is readily analyzed by considering the normal velocity components 
Vn1 = V1 sin β and Vn2 = V2 sin β −θ( ) and the tangential components 
Vt1 and Vt2 .  Application of the momentum principle in the tangential 
direction (along which there are no pressure changes) verifies that 
 

1 2=t tV V Vt1 = Vt 2  
 
We define the normal Mach numbers as 
 

Man1 = Vn1

a1

= Ma1 sin β and Man2 = Vn 2

a2

= Ma2 sin β −θ( ) 

 
The simultaneous solution of the conservation of mass, momentum, and energy 
equations in the normal direction along with the ideal gas equation of state are the 
same as those of the normal shock wave with Ma1 replaced with Man1 and Ma2 
replaced with Man2.  In this way, all the results developed in the normal shock 
wave section can be applied to two-dimensional oblique shock waves. 
 
Oblique Shock Example: 
 
A two-dimensional shock wave is created at the leading edge of an aircraft flying 
at Ma = 1.6 through air at 70 kPa, 300 K.  If this oblique shock forms a 55o angle 
with respect to the approaching air, what is (a) the Mach number of the flow after 
the oblique shock (this is not the normal Mach number) and (b) the streamline 
deflection angle θ ? 
 
The velocity of the fluid upstream of the oblique shock wave is 
 

V1 = Ma1 a1 = Ma1 k R T = 1.6 1.4( ) 287( ) 300( ) = 556m / s  
 

whose components are 
 

Vn1 = V1 sin β = 556sin 55 = 455m / s  

Vt1 = Vt2 = V1 cos β = 556cos55 = 319m / s  
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The upstream normal Mach number is then  
 

Man1 = Ma1 sin β =1.6 sin 55 = 1.311 
 
and the downstream normal Mach number is 
 

Man2 = k −1( )Man1
2 + 2

2k Man1
2 − k −1( )

 

 
 

 

 
 

1/ 2

= 0.4( ) 1.311( )2 + 2
2 1.4( ) 1.311( )2 − 0.4

 
 
 

 
 
 

1 /2

= 0.780  

 
and the downstream temperature is 
 

T2 = T1 k −1( )Man1
2 + 2[ ]2 k Man1

2 − k −1( )
k +1( )2 Man1

2

 
 
 

 
 
 

 

 

T2 = 300 0.4( )1.3112 + 2[ ] 2 1.4( )1.3112 − 0.4
2.4( )21.3112

 
 
 

 
 
 

= 359 K  

 
Now, the downstream normal velocity is  
 

Vn2 = Man2 a2 = Man2 k RT2 = 0.780 1.4( ) 287( ) 359( ) = 296m / s  
 
 and the downstream fluid velocity is 
 

V2 = Vn2
2 + Vt 2

2 = 2962 + 3192 = 435m / s 
 
and the downstream Mach number is 
 

Ma2 = V2

a2

= 435
1.4( ) 287( ) 359( )

=1.15 

 
According to the geometry of Figure 5, 
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θ = β − tan−1 Vn 2

Vt 2

= 55 − tan−1 296
319

=12.1 

 
Other downstream properties can be calculated in the same way as the 
downstream temperature by using the normal Mach numbers in the normal 
shock relations. 
 
 
Prandl-Meyer Expansion Waves 
 
The preceding section demonstrated that when the streamlines of a supersonic flow 
are turned into the direction of the flow an oblique compression shock wave is 
formed.  Similarly, when the streamlines of a supersonic flow are turned away 
from the direction of flow as illustrated in Figure 6, an expansion wave system is 
established.  Unlike shock waves (either normal or oblique) which form a strong 
discontinuity to change the flow conditions, expansion waves are a system of 
infinitesimally weak waves distributed in such a manner as required to make the 
required changes in the flow conditions. 
 

 
Figure 6 

 
 
The Mach waves that accomplish the turning of supersonic flows form an angle 
with respect to the local flow velocity equal to the Mach angle µ = sin−1 1 / Ma( )  
and are isentropic.  Application of the governing conservation equations and 
equation of state to an infinitesimal turning of the supersonic flow yields 
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−θ Ma( ) = ω Ma( ) = k +1
k −1

 
 

 
 

1/ 2

tan−1 k −1( ) Ma2 −1( )
k +1

 

 
 
 

 

 
 
 

1 /2

− tan−1 Ma2 −1( )1 /2

 
where ω Ma( ) is the Prandl-Meyer expansion function.  The overall change in the 
flow angle as a supersonic flow undergoes a Prandl-Meyer expansion is then 
 

∆θ = ω Ma1( )− ω Ma2( ) 
 
where 1 refers to the upstream condition and 2 refers to the downstream condition. 
 
The flow through a Prandl-Meyer expansion fan is isentropic flow.  The isentropic 
flow equations can then be used to relate the fluid properties upstream and 
downstream of the expansion fan. 
 
 
Example: 
 
Air at 80 kPa, 300 K with a Mach number of 1.5 turns the sharp corner of an airfoil 
as shown here.  Determine the angles of the initial and final Mach waves, and the 
downstream pressure and temperature of this flow. 
 

 
 
 
The initial angle between the flow velocity vector and the Prandtl-Meyer fan is the 
Mach angle. 
 

α 1 = sin−1 1
Ma1

= sin−1 1
1.5

= 41.80  
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The upstream Prandtl-Meyer function is 
 

ω Ma1( )= k +1
k −1

 
 

 
 

1/ 2

tan−1 k −1( ) Ma1
2 −1( )

k +1
 

 
 

 

 
 

1/ 2

− tan−1 Ma1
2 −1( )1/ 2

 

 

ω Ma1( )= 2.4
0.4

 
 

 
 

1/ 2

tan−1 0.4( ) 1.52 −1( )
2.4

 

 
 
 

 

 
 
 

1/ 2

− tan−1 1.52 −1( )1/ 2
 

 
ω Ma1( )=11.900  

 
The downstream Prandtl-Meyer function is then 
 

ω Ma2( )= ω Ma1( )− ∆θ = 11.90 − 100 =1.900  
 

Solving the Prandtl-Meyer function gives the downstream Mach number 
Ma2 =1.13.  The downstream Mach angle is then µ2 = 62.20 .  According to 
the geometry of the above figure, 
 

α 2 = µ2 − ∆θ = 62.20 −100 = 52.20  
 

Since T0 and P0 remain constant, the isentropic flow relations yield 
 

T2 = T1
T01

T1

T2

T02

= T1

1+ k −1
2

Ma1
2

1+ k −1
2

Ma2
2

= 300 1+ 0.2 1.5( )2

1+ 0.2 1.13( )
= 346K  

 

P2 = P1

P01

P1

P2

P02

= P1

1+ k −1
2

Ma1
2

1+ k −1
2

Ma2
2

 

 

 
 
 

 

 

 
 
 

k / k−1( )

= 80 1+0.2 1.5( )2

1+ 0.2 1.13( )
 

 
 

 

 
 

3.5

=132 MPa  

 
Students are encouraged to examine the flow visualization photographs in Ch 9. 
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