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Definition AC current
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Definition AC current
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DC stands for “Direct Current,” meaning voltage or current that maintains constant polarity or
.directibn, respectively, over time

current ( [ )

Current (1)

:

time (1)

Pure D.C. Current

A AN

me(t)

me(t)

e ()

Pulsating Current

current ( 1)

tme(t)




AC stands for “Alternating Current,” meaning voltage or current that changes polarity or ~ »
direction, respectively, over time

SARAAAAAAAAAAAAAAAT

current (1)

time (L)

Alternating Current

MEASUREMENTS OF AC MAGNITUDE

-<«— One wave cycle —

60 90
(0)

l«<— one wave cycle —»]

T

Alternator shaft —
position (degrees)

Time —




The frequency

A more popular measure for describing the alternating rate of an AC voltage or current
wave than period is the rate of that back-and-forth oscillation. This is called frequency.
The modern unit for frequency is the Hertz (abbreviated Hz), which represents the number
of wave cycles completed during one second of time.

Period and frequency are mathematical reciprocals of one another. That is to say, if a wave

has a period of 10 seconds, its frequency will be 0.1 Hz, or 1/10 of a cycle per second:

=1/T T=l/f
Square wave Triangle wave
l+=— one wave cycle —*i l+— one wave cycle —*

Sawtooth wave




Simple AC circuit calculations

Over the course of the next few chapters, you will learn that AC circuit measurements and
calculations can get very complicated due to the complex nature of alternating current in
circuits with inductance and capacitance. However, with simple circuits (figure 1.23)
involving nothing more than an AC power source and resistance, the same laws and rules
of DC apply simply and directly.

R,
VWA
Rigul = Ry Ry + Ry 100 Q
Ry = 1 KQ v (V) Rggsoo Q
R;
| VWA
lmml - llulul :ﬁ l“““' =10mA a
Rioui 1 kQ AC circuit calculations for resistive
E. =1 R circuits are the same as for DC
Epi = LR Egy = LRy A
Egy =1V Epa=5V Eps =4V

Average value of sine wave Ll i gall o gl Legal!

Average amplitude is the mathematical “mean” of all a waveform’s points over the period
of one cycle. Technically, the average amplitude of any waveform with equal-area
portions above and below the “zero” line on a graph is zero. However, as a practical
measure of amplitude, a waveform’s average value is often calculated as the mathematical
mean of all the points” absolute values (taking all the negative values and considering
them as positive). For a sine wave, the average value so calculated is approximately 0.637
of its peak value.

For Half cycle ’

n

nly, = [1,, sin0d0 =1, [cos (x)-cos(0)]=21,,

m




I -
0.75 1 /\ g

0.5 1

0.25 1

0 30 60 9 120 150 180
For Full cycle:

Iy = (‘)l—n)'[l L sin®=1_[cos(0) - cos(2m)]= 0

)

Effective value of sine wave il is goll Ulaall 1e.a1

( Root mean square): “RMS” stands for Root Mean Square, and is a way of expressing
an AC quantity of voltage or current in terms functionally equivalent to DC. For example,
10 volts AC RMS is the amount of voltage that would produce the same amount of heat
dissipation across a resistor of given value as a 10 volt DC power supply. Also known as
the “equivalent” or “DC equivalent” value of an AC voltage or current. For a sine wave,

the RMS value is approximately 0.707 of its peak value.

(square) i = (I, sin 0)*

(mean) &
Lefi2 20 l,:,, (l—cos?.())_l,z,,
; I(lm xSin 9)—[7}[7—?
(root) =
A [
eff P \/5




1=m _0.7071,,

V2

-
]

RMS = 0,707 (Peak)

RMS = Peak RMS = 0.577 (Peak)
AVG = 0,637 (Peak)
AVG = Peak AVG = 0.5 (Peak)
PP = 2 (Peak)
P-P = 2 (Peak) P-P = 2 (Peak)
AC phase

Things start to get complicated when we need to relate two or more AC voltages or
currents that are out of step with each other. By “out of step,” I mean that the two
waveforms are not synchronized: that their peaks and zero points do not match up at the
same points in time.

A B A B

The two waves shown above (A versus B) are of the same amplitude and frequency, but
they are out of step with each other. In technical terms, this 1s called a phase shift.




degrees

(0) (0)
A 0 90 180 270 360 90 180 270 360

|
\ \

B 0 90 IR0 270 360 90 180 270 160)
() ()

degrees

Wave A leads wave B by 45°

Phase shift = 90 degrees
A leads B. B lags A

Waveforms Phase refations Veclor representations

(of "A" waveform with
reference 1o "B* wavelorm)

Phase shift = 0 degrees

A'HE A and B waveforms are AE
in perfect step with each other
A
Phase shift = 90 degrees
A is ahead of B 90 degrees
(A “leads"B) 000 L. - B
Phaseshit=90degrees = [~~~ -B
B s ahaad of A -90 degrees
(B "leads* A)
A
Phase shift = 180 degrees 180 degrees
A and B wavetorms are A —— - B

mirror-images of each other

Figure Vector angle is the phase with respect to another waveform.




As the single vector rotates in an anti-clockwise direction, its tip at point A will rotate one
complete revolution of 360° or 2m representing one complete cycle. If the length of ifs
moving tip 1s transferred at different angular intervals in time to a graph as shown above, a
sinusoidal waveform would be drawn starting at the left with zero time. Each position
along the horizontal axis indicates the time that has elapsed since zero time, t = 0. When
the vector 1s horizontal the tip of the vector represents the angles at 0°, 180° and at 360°.

Likewise, when the tip of the vector 1s vertical it represents the positive peak value,
(+Am ) at 90° orn/2 and the negative peak value, ( -Am ) at 270° or 37/2. Then the time
axis of the waveform represents the angle either in degrees or radians through which the
phasor has moved. So we can say that a phasor represent a scaled voltage or current value
of a rotating vector which 1s “frozen™ at some point i time, (f ) and in our example above,
this 1s at an angle of 30°.

Lol ALY 6
Determine ¥, V5, Vims, and the half-cycle Vyy, for the sine wave in Figure 11-15.

» FIGURE 11-15 +V (V)

¥}, = 4.5V is read directly from the graph. From this, calculate the other values.
Vp =21, = 2(4.5V) =9V

Vems = 0.707F, = 0.707(4.5V) = 3.18V

0.637¥, = 0.637(4.5V) = 286 V
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Phasor Diagram of a Sinusoidal Waveform

Vector rotation

s, O rads/s

v

A = An SIn(ot + ¢)

¢  240° 300° 360°

307 60° 90° 120° 150°

Rotating Phasor

210° | 270° | 330°

Sinusoidal Waveform in
the Time Domain




As the single vector rotates in an anti-clockwise direction, 1ts tip at point A will rotate one
complete revolution of 360° or 2m representing one complete cycle. If the length of its
moving tip 1s transferred at different angular intervals in time to a graph as shown above, a
sinusoidal waveform would be drawn starting at the left with zero time. Each position
along the horizontal axis indicates the time that has elapsed since zero time, t = 0. When
the vector 1s horizontal the tip of the vector represents the angles at 0°, 180° and at 360°.

Likewise, when the tip of the vector i1s vertical it represents the positive peak value,
( +Am ) at 90° orn/2 and the negative peak value, ( -Am ) at 270° or 3n/2. Then the time
axis of the waveform represents the angle either in degrees or radians through which the
phasor has moved. So we can say that a phasor represent a scaled voltage or current value
of a rotating vector which 1s “frozen™ at some point in time, ( t ) and in our example above,
this 1s at an angle of 30°.

Phase Difference of a Sinusoidal Waveform

Voltage, (V)

+V o 3

+im Current. (i)

£y m+d

The generalized mathematical expression to define these two sinusoidal quantities will be
written as:

Vi = Vi sin(ot)

im = Ip sm (ot -¢)
The current, 1 is lagging the voltage, v by angle ® and in our example above this is 30°So
the difference between the two phasors representing the two sinusoidal quantities is
angle ® and the resulting phasor diagram will be.




Phasor Diagram of a Sinusoidal Waveform

‘\m
0 v = Vn sin{ot) Reference

L axis

Lagging

i i = Imsin{ot-¢)

The phasor diagram is drawn corresponding to time zero ( t = 0 ) on the horizontal axis.
The lengths of the phasors are proportional to the values of the voltage, ( V ) and the
current, ( I ) at the instant in time that the phasor diagram 1s drawn. The current phasor
lags the woltage phasor by the angle, ® as the two phasors rotate in
an anticlockwise direction as stated earlier, therefore the angle, @ is also measured in the
same anticlockwise direction.

LEAD
v ‘\(0
LAG

¢ ¢
0 s

Simple vector addition

Remember that vectors are mathematical objects just like numbers on a number line: they
can be added, subtracted, multiplied, and divided. Addition 1s perhaps the easiest vector
operation to visualize, so well begin with that. If vectors with common angles are added,

their magnitudes (lengths) add up just like regular scalar quantities:

length=6 length =8 total length=6+8 =14
angle = 0 degrees  angle = 0 degrees angle = 0 degrees

Figure Vector magnitudes add like scalars for a common angle.




phase shift
Phase shift between waves and vector phase angle

VECTORS AND AC WAVEFORMS

Waveform Vector representation
/\-/
Amplitude |

1 |

Length *1

Figure Vector length represents AC voltage magnitude.
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O%V 1883 6V 8V
eg e
GG AT
v 0 Al |
N T2V 1. R + -
* 180 deg
\/\

Opposing AC voltages subtract like opposing battery voltages.

PN 5
v 0 deg 8V
0 deg 6V
- + | - + - + | - +
O, I A
. "2y 1 + :
e 180 deg @

Opposing voltages in spite of equal phase angles.

Opposing voltages in spite of equal phase angles.




length =7 i length = 10
angle = 0 degrees angle = 180 degrees
length =5 length = 4
angle = 90 degrees angle = 270 degrees
(-90 degrees)
length = 9.43
length = 5.66 angle = 302.01 degrees
angle = 45 degrees (-57.99 degrees)
A vector has both magnitude and direction.
90"
180" 0’
270° (-90°)
The vector compass
Ex: Draw Phase Diagram for the following voltages
_— ‘ l !
. [S_—-- -

N




Phasor Addition of two Phasors

Visin(ot+4$) A )

-/ V:z sin(ct)

§
Vz= 30V

In the rectangular form, the phasor is divided up into a real part, x and an imaginary
part, y forming the generalized expression Z = x = jy. (e will discuss this in more detail
in the next tutorial ). This then gives us a mathematical expression that represents both the
magnitude and the phase of the sinusoidal voltage as:

So the addition of two vectors, A and B using the previous generalized expression is as
follows:

A=x+y B=w+jz
A+B=(x+w)+]y+z)

Phasor Addition using Rectangular Form

Voltage, V2 of 30 volts points in the reference direction along the horizontal zero axis,
then it has a horizontal component but no vertical component as follows.

+ » Horizontal Component = 30 cos 0° =30 volts
+ = Vertical Component = 30 sin 0° = 0 volts
« Tlus then gives us the rectangular expression for voltage V2 of: 30 + 0

Voltage, V1 of 20 volts leads voltage, V2 by 60°, then it has both horizontal and vertical
components as follows.




« * Horizontal Component = 20 cos 60°=20x 0.5 = 10 volts
+ = Vertical Component = 20 sin 60° =20 x 0.866 = 17.32 volts

This then gives us the rectangular expression for voltage Vi of: 10+ 1732

The resultant wvoltage, Vris found by adding together the horizontal and vertical
components as follows.

*  VHuizenial = sum of real parts of Vi and V2 =30 + 10 = 40 volts
o Vyesia = sum of imaginary parts of Vi and Vo =0+ 17.32 = 17.32 volts

Now that both the real and imaginary values have been found the magnitude of
voltage, V1 1s determined by simply using Pythagoras’s Theorem for a 90° triangle as
follows.

P ' n 2 , a . . N &
v. = | Real or Horizontal ) Imaginary or Vertical
B Component || Component
4
— / 2 - g2
Vo = /407 +17.32

Vo = 43.6volts

Then the resulting phasor diagram will be:

Resultant Value of V1

17 &\
“43.0V

Vertical
component

=17.32V

Vs = 30V Horizontal

- component " 40v




Phasor Subftraction

Phasor subtraction 1s very similar to the above rectangular method of addition, except this
time the vector difference is the other diagonal of the parallelogram between the two
voltages of Vi and V2 as shown.

Vector Subtraction of two Phasors

Vi sin(ot=§) ©

A._A+ ***** i

#

\y
This time instead of “adding” together both the horizontal and vertical components
we take them away, subtraction.

oe V2 sinfat)

A=x+]y B=w+jz

A—-B=[x—~w)+y—2z)

Effect AC Resistance with a Sinusoidal Supply

I I = V(h
(t) >{ R "R’

switch
1 Vaz_g] = I(t). R

When the switch 1s closed, an AC voltage, V will be applied to resistor, R. This voltage

will cause a current to flow which 1n turn will rise and fall as the applied voltage rises and




falls sinusoidally. they rise and fall simultaneously and are therefore said to be “in-
Then the electrical current that flows through an AC resistance varies sinusoidally with
time and i1s represented by the expression, I(f) = Im x sin(ot + 6), where Im 1s the
maximum amplitude of the current and 8 is its phase angle. In hddition we can also say
that for any given current, 1 flowing through the resistor the maximum or peak voltage

across the terminals of R will be given by Qhm''s Law as:

"‘.;'Hll = J_{J_”:I = }_{111“ “bll]| ';';'It U |

and the instantaneous value of the current, 1 will be:

IR[I} - IR{nmx}S'm ot

Sinusoidal Waveforms for AC Resistance
7 e SEESES l Vay = R.I,sin(ot) I

I

——

Iz = Isin{ot) ]

8(ot)

IJ|;_4

A
\J

1
I




Phasor Diagram for AC Resistance

T Ve

> & >
+
RMS Relationship
: 2
| L,;,/_’r) A and \ [\'L?LLH \
V2 2
. p =Y _ RI;/V2)£0
B (1./~2)£6
Phase Relationship

V=RlyZ0 and [=1I,,.20

VZ£0, = 1£60
.6, = 0. (in-phase)

AC Impedance

Z=R+j0=RQ’s

o

P=V.I= Vgsmot x I,sinot = V,[,sm” ot

T 7

\ max Illli}}. e

)
1“Ill dx




AC Resistance Example Nol

1. The supply current: I v 240 4 0A
E 60

2. The Active power consumed by the o -

AC resistance is calculated as: P=1R =460 = 960 W

3. As there is no phase difference in a I=4A V=240V

resistive component, ( 8 =0), the - -

corresponding phasor diagram is given as:

Laadll ALY -6

A simusoidal voltage supply defined as: V(f) = 100 x gos(ot + 30°) 1s connected to a pure
resistance of 50 Ohms. Determine its impedance and the peak value of the current flowing

through the circuit. Draw the corresponding phasor diagram.

\,."rl_} = 100cos(mt + 30° ) = ‘ =100£30" volts

Applying Ohms Law gives us:

% , .
Vo 00 ~ 3¢ 0

| R = == =2/30" Amps

R R 50¢ |

The corresponding phasor diagram will therefore be:

I
>

Vs = 100£30°

Vig Ve R

el Ll S

D dwlal jobad)l e
e 1.Electrical Technology (Edward Hughes)
e 2. Basic Circuits(A-M-F Brooks) pergaman press

1d>Adall jolbaoll e



e Principles of Electric Circuits Tenth Edition by Thomas L. Floyd
e Introductory Circuit Analysis-Prentice Hall by Robert L. Boylestad

(el b s ) 2l il

3 HPEIN]] ‘c.a)

Galiadl HLl Hlgs (§ Bloxo Baolxall Olgise

als o) RVl P‘“"

dgae dlb : ddugia]! didl

Clie Ll § Bloe Jglus : Bolomall e plall CBugl!

- gl LS 3195 (3 Blowe Jghuw By O Ul aulaie redasd! Ol yseo gl ASglud! CBluaYl
$-1

Uglome Alialy osddill yo,c dodSinuad]_punid! Cilized! !

Cglixe ;L) § Blowe 86 Sl Slylgall

La3ling (8ol Olowial badiaall Gl 3k

Alal Ay - 4

a5 giaall -5
AC Inductance with a Sinusoidal Supply

This simple circuit above consists of a pure inductance of L Henries ( H ), connected
across a sinusoidal voltage given by the expression: V() = Vi sin ©of. When the switch 15
closed this sinusoidal voltage will cause a current to flow and rise from zero to its
maximum value. This rise or change in the current will induce a magnetic field within the
coil which in turn will oppose or restrict this change in the current.




Sinusoidal Waveforms for AC Inductance

| Viey= Vm sin(c.)t + 900) I

o [Tua= Insin(et) |

o
L]
|5

[
8(et)

This effect can also be represented by a phasor diagram were 1n a purely inductive circuit

the voltage “LEADS” the current by 90°. But by using the voltage as our reference, we can

also say that the current “LAGS™ the voltage by one quarter of a cycle or 90° as shown in

the vector diagram below.

+]
IV- ‘\r_-)
90° I,
o +

Sg for a pure loss less inductor, Vi “leads™ I; by 90°, or we can say that I; “lags™ V; by
90°. We can present the effect of very low and very high frequencies on 3 the reactance of

a pure AC Inductance as follows:
under DC condition

Inductance, L
7=0Hz f==
m-o e — —0 o—
X, = 27l X =0 =w

I = Max I=0



In an AC circuit containing pure inductance the following formula applies:

< L Voltage Y,
Current, I = — . 5 '
Opposition to current flow X,

Then the voltage in the inductor coil 1s given as:

dé. 4
W= -E = —F = - (L)

A1 sin V=L di/dt
L Im fot)

wLl  cos fot)
wLl  sin fot + 1/2)

Xy I, sin fot + W2)

then the voltage across an AC inductance will be defined as:

- . ~O
V, = 0L Iy sin(ot +907)

Where: of the following which 1s the voltage amplitude and 6 =+ 90° which 1s the phase
difference or phase angle between the voltage and current.

In the Phasor Domain

In the phasor domain the voltage across the coil 1s given as:

\.L JoLl1

where: joL = jX, = 2afL. = IMPEDANCE, Z

and 1n Polar Form this would be written as: X; ~90° where:

- )
Ay £0 = — ; —l X Y'Y N1
L [..Z© _
S P + Vv
X, 286 = joL = 0+jX; = oL £+90° = Z.£+90°




AC Inductance Example Nol

In the following circuit, the supply voltage is defined as: V= 230 gip{ ldt - 30°) and L = 2.2H. Determine the
valus of the current flowing through the coil and draw the resulting phasor diagram
I

Vig = 230 sin{314t - 30%) 79 V. L=2.2H
Ny

The voltage across the coil will be the same as the supply voltage. Converting this
time domain value into polar form gives us: V. = 230 2-30° (v). The inductive
reactance of the coil is: X. = gl = 314 x 2.2 = 6800. Then the current flowing

through the coil can be found using Ohms law as:

V, 230 ~-30

e s 690 2907

Laadl A _6

The voltage across a 0.5 H coil is provided below.
What is the sinusoidal expression for the current?

v = 100 sin 201

Solution:

X, = wL = (20 rad/s)(0.5 H) = 10 Q

I —v'"—IOOV—IOA
"X, 100

and we know the 7 lags v by 90°. Therefore,

i = 10 sin(20f — 90°)
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Sinusoidal Waveforms for AC Capacitance
VC{t] = Vm sin ((')t)
'/Ic(t) = I, sin(ot + 90°)
2

B(ot)




Phasor Diagram for AC Capacitance

+]
I
\co
90° Ve
s > +

So for a pure capacitor, V¢ “lags” Ic by 90°, or we can say that Ic “leads” V¢ by 90°.

Capacitive Reactance

.
£ 2nfC

Where: Xc 1s the Capacitive Reactance in Ohms, f is the frequency in Hertz and C is the
AC capacitance in Farads, symbol F.

When dealing with AC capacitance, we can also define capacitive reactance in terms of
radians, where Omega, ® equals 27 f.

under DC condition

f 0Hz , f=00
o—||—o — ) ———

X»—x !

I=0 I=Max

In an AC circuit containing pure capacitance the current (electron flow) flowing into the
capacitor 1s given as:




] L . o
=S4 where: q =C Vo = CV i sin(t)

. B gt
where q is
capacitor )
. — ( ~\ 7 52 7 5 Y ~Y 7 Ry \
charge N T CViax sin(ot) = oCV,, cos(ot)
i - = 1 ]
If: I .. = 2% svhere: X¢= ——— = —
max XC v 271]((? 0)(_"

then: Im:u: — ® C\’!rna:-’.
and therefore, the rms current flowing into an AC capacitance will be defined as:
et | 0] .
Loy = Imax sm[ ot+907| i(t) = C dv/dt
Phasor Domain
In the phasor domain the voltage across the plates of an AC capacitance will be:

y A
& joC

where: — = jX.. = —__ = IMPEDANCE, Z
£ 27 fC

and in Polar Form this would be written as: X¢2-90° where:

1 --q(Q°
vV, £0° joC

XC;@) = L_+Ou ”

Ko lB= =D, = 280 = 220
JoC o)L




AC Capacitance Example Nol
A single-phase sinusoidal AC supply voltage defined as: Vi) = 240 sin(314t - 20°) is

connected to a pure AC capacitance of 200uF. Determine the value of the current flowing

into the capacitor and draw the resulting phasor diagram.

Ic
—

= = 200uF

-

Viy = 240 sin(314t - 20°) @ Ve

The voltage across the capacitor will be the same as the supply voltage. Converting this
time domain value into polar form gives us: V¢ = 240 £-20° (v). The capacitive reactance

will be: Xc = 1/( ©.200uF ). Then the current flowing into the capacitor can be found using

Ohms law as:




v-'T — 1 — 1 — .'; _0 O
%c = joc ~ 314=2005F 10

With the current leading the voltage by 90° in an AC capacitance circuit the phasor
diagram will be.

Laall Al 6




EXAMPLE The voltage across a | uF capacitor is provided be-
low. Whatts the sinusoidal expression for the current? Sketch the v and
i curves.

v = 30 sin 4001

Solution:
1 1 10° Q)
JY(. = = ; 6 = = 2500 ()
wC (400 rad/s)(1 X 10" F) 400
Vi 30V :
Il =—=——=0.0120A = 12 mA

and we know that for a capacitor i leads v by 90°, Therefore,

i= 12 % 1073 sin(400¢ + 90°)

A

l,‘(.‘
NV, =30V

™ ileads v by 90°.
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Series Resistance-Inductance Circuit

R L
‘A ‘-—-V“ ‘ ‘—-V“

v
o/\/c

In the RL series circuit above, we can see that the current is common to both the resistance
and the inductance while the voltage is made wup of the two component
voltages, Vz and V1. The resulting voltage of these two components can be found either
mathematically or by drawing a vector diagram. To be able to produce the vector diagram
a reference or common component must be found and in a series AC circuit the current is
the reference source as the same current flows through the resistance and the inductance.
The individual vector diagrams for a pure resistance and a pure inductance are given as:




Vector Diagrams for the Two Pure Components

Vi
‘\(')
— >
Vr .
e | I
m
® O
R L

Vector Diagram of the Resultant Voltage

C D \ D
A VvV
N
x
V, R
~
()
0 — |
Va A B Vg (L.R)
Vector Diagram Voltage Triangle

From the vector diagram above, we can see that line OB is the horizontal current reference
and line OA is the voltage across the resistive component which is in-phase with the
current. Line OC shows the inductive voltage which is 90° in front of the current therefore
it can still be seen that the current lags the purely inductive voltage by 90°. Line OD gives

us the resulting supply voltage. Then:

« V equals the r.m.s value of the applied voltage.
+ [ equal the rms. value of the series current.

« Vg equals the I.R voltage drop across the resistance which is in-phase with the
current.

« Vi equals the 1.X; voltage drop across the inductance which leads the current by 90¢.

As Vg = LR and Vi = LX; the applied voltage will be the vector sum of the two as

follows:




R L
_ Ixs2 2
Vo= Vet V)

V= JIR) + (IX, )

1=__Y
(2 2
JRE+ X3

2 1
The quantity V RI+5 represents the impedance, Z of the circuit.

1 2
The quantity VRS represents the impedance, Z of the circuit.

The RL Impedance Triangle

Impedance, Z = %

Z={R*+X; y X

.:f:$£+xa I

Then: (Impedance )’ = ( Resistance )? + ( j Reactance )’ where j represents the
90° phase shift.

This means that the positive phase angle, 6 between the voltage and current is
given as. |




Phase Angle

7P =R+ X}
cosq):%
sinq):%
anp =

AC Inductance Example No2

A coil has a resistance of 30Q and an inductance of 0.5H. If the current flowing through
the coil 1s 4amps. What will be the value of the supply voltage if its frequency 1s 50Hz.

R=30Q L =0.5H

,WW_IWYL

1=4A
—Q

S50Hz

The 1mpedance of the circuit will be:

X, = ‘—'.-I,/‘L = 2ax50x0.5 = 1572

L= \';‘T( + Xy
Z = 30° +157¢
Z = 159.8Q

Then the voltage drops across each componentl is calculated as:




el ALY 6

- The current in Figure 15-5 is expressed in polar form as I = 0.2£0° mA.
Determine the source voltage expressed in polar form, and draw a phasor diagram
showing the relationship between the source voltage and the current.

R L
W—TIN

10k 100 mH

V, & \
10 kHz [=0240°mA |

A FIGURE 15-5

Solution  The magnitude of the inductive reactance is
X; = 2mfL = 2m(10 kHz)(100 mH) = 6.28 k()
The impedance in rectangular form is
Z =R+ jX; =10kQ + j6.28 k()

Converting to polar form yields

R X
L=VR+ ,\'than"(—L>
R




6.28 k()
10 kQ

= V(10kQ) + (6.28 kQ)lean_‘( ) = 11.8232.1°kQ

Use Ohm’s law to determine the source voltage.
V, =1Z = (0.240° mA)(11.8432.1° k) = 2.36,32.1°V

The magnitude of the source voltage is 2.36 V at an angle of 32.1° with respect to
the current; that is, the voltage leads the current by 32.1°, as shown in the phasor
diagram of Figure 15-6.

» FIGURE 15-6 s Vi=236Y

O
32.1°
[=0.2mA
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AC A Series R + C Circuit

sl (s siaadll -5

the current flowing into the capacitor will still lead the wvoltage, but by an amount less than

90 depending upon the values of B and C giving us a phasor sum with the corresponding

phaze angle between them given by the Greel symbol phi, 3.

Conzider the szeries F.C circuit below where an chmic resistance, F i3 connected in series

with a pure capacitance, C.

H
L& Vi | |._.
W
. o Lo




Vector Diagrams for the Two Pure Components

Both the voltage and current vectors for an AC Resistance are in phase with each other
and therefore the voltage vector Vg 1s drawn superimposed to scale onto the current vector.
Also we know that the current leads the voltage ( ICE ) in a pure AC capacitance circuit,
therefore the voltage vector Ve 1s drawn 90° behind ( lagging ) the current vector and to

the same scale as Vi as shown.

Vector Diagram of the Resultant Voltage
Vector Diagram Voltage Triangle

Ve (I.R)

>

=
-

V{1.2) Ve(l.-Xa)

As Vr = LR and V¢ = 1. Xc the applied voltage will be the vector sum of the two as

follows.
2 2. =5
V=V, + V]




7 : ‘j ¥ ¥ 7 ~.:)':
V= JaR)" +({@X,)

=Y =V
7 Z

The quantity +4e represents the impedance, Z of the circuit.

The Impedance of an AC Capacitance

Impedance, Z which has the units of Ohms, Qs 1s the “TOTAL” opposition to current
flowing in an AC circuit that contains both Resistance, ( the real part ) and Reactance ( the
imaginary part ). A purely resistive impedance will have a phase angle of 0° while a purely

capacitive impedance will have a phase angle of -90°.

The RC Impedance Triangle

Impedance, Z = \T i




Then:( Impedance )? = ( Resistance )* + (j Reactance )* where j represents the
90° phase shift

This means then by using Pythagoras’s theorem the negative phase angle, 6 between the
voltage and current 1s calculated as.

Phase Angle
,
z* = R*+ X2,
R . Xe X
cosd = —~. sm¢dp = _E tan¢p = £
oS¢ = 7. ®= - R

AC Capacitance Example No2
A capacitor which has an internal resistance of 10Q“s and a capacitance value of 100uF is
connected to a supply voltage given as Vi = 100 sin (620¢). Calculate the current flowing

mto the capacitor. Also construct a voltage triangle showing the individual voltage drops.

R=100Q C = 100uF
—\VV 1
I
I A
~—

Vi = 100 sin(314t)
The capacitive reactance and circuit impedance 1s calculated as:

X® o B & BIARD

wC  314x100uF

Z= R +X. = {10’ +31.85° = 33.40




Then the current flowing into the capacitor and the circuit 1s given as:

The phase angle between the current and voltage 1s calculated from the impedance triangle

above as:

W

; X
tan ¢ = ¢ = 11-835 = 72.6°

Then the individual voltage drops around the circuit are calculated as:

V, = IXR = 3X10 = 30V

V., = IxX. = 3x31.85 = 95.6V

V, = V. +\2 = {30°+95.6° = 100V

Then the resultant voltage triangle will be.

Vs = 100V




el ALY 6

- Determine the current in the circuit of Figure 13-21, and draw a phasor diagram
showing the relation between source voltage and current.

» FIGURE 13-21 R C
’ I
" 2.2k 0.022 uF
10£0° V
f=15kHz
Solution The magnitude of the capacitive reactance is
: 1 1
Xec= = 4.82k()

27fC _ 2m(1.5 kHz)(0.022 uF)
The total impedance in rectangular form is

Z =R — jXe =22k — 482k

Converting to polar form yields

Xeo
Z=VFR+ X;.L—tan*'<—‘)
R
. - 482 k() . -
= V(22k0)? + @82k —tan { ——= ) = 5.30.—65.5° kQ)
o s ) kQ
Use Ohm'’s law to determine the current.
Vv 0£0°V
=== l = 1.892.65.5° mA

Z  530,-65.5kQ
The magnitude of the current is 1.89 mA. The positive phase angle of 65.5°
indicates that the current leads the voltage by that amount, as shown in the
phasor diagram of Figure 13-22.

» FIGURE 13-22 [ = 1.89 mA

iall g3 3
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RI.C Series combinations

Now let's put a resistor, capacitor and inductor in series. At any given time, the voltage
across the three components in series, Veees(t), 15 the sum of these:

R L C
— AN\N—YN |
i

W W

- - - - - -

iy = I, sinat)

- Q)
Vs

1II-"'sv.=_'rin35'|{t:| = VR{t] + 1II-"'Ll:tll' + ‘h"c{t:l,

The current 1(t) we shall keep sinusoidal, as before. The voltage across the resistor, ve(t), 1s
in phase with the current. That across the inductor, vi(t), 1s 90° ahead and that across the
capacitor, ve(t), 15 90° behund.

Once again, the time-dependent voltages v(t) add up at any time, but the RMS voltages V do
not simply add up. Once again they can be added by phasors representing the three sinusoidal
voltages. Again, let's 'freeze’ it in time for the purposes of the addition, which we do in the

graphic below. Once more, be careful to distinguish vand V.

- % i W
| et =

R

‘ v =i ,_(((((\_I }_ \-" - Ve- not .lAI resonnnes

\ v
\ \(‘uﬂ

Vi -V

vV current
R direction

S W

- —
\ Xm\r
\

\
\

\

\

\_




Individual Voltage Vectors

Y N, N

>‘<

90°
* > . >
I Vs l A I
Resistance Inductance Capacitance
("in-phase” ) ("ELT") ("ICE")

\
Ve

Look at the phasor diagram: The voltage across the ideal inductor 1s antiparallel to that of

the capacitor, so the total reactive voltage (the voltage which 1s 90° ahead of the current) 1s
VL - V¢, so Pythagoras now gives us:

Viieries = V2R + (V1 - V)?
Now Vr =1IR, VL =IX; = IoL and V¢ = IX¢= I/oC. Substituting and taking the

common factor I gives:

v = 1Y R (oL - ﬁ)z 1 Zamis

where Z:eie: 15 the series impedance: the ratio of the voltage to current in an RLC series

ciruit. Note that, once again, reactances and resistances add accordmng to Pythagoras' law:

.1?—‘:5v:ries2 = Rz + }{{mﬂf
—R2+ (X - Xo)




Remember that the inductive and capacitive phasors are 180° out of phase, so their
reactances tend to cancel. Now let's look at the relative phase. The angle by which the

voltage leads the current 1s
Q= tan’! ((VL - Ve)/Vr).
Substituting Vg = ]:R, Vi =1IX; =1L and Ve=IXc= I'oC gives:

-1 wlL - NwC

b = tan -

The dependence of Z:uies and @ on the angular frequency o 1s shown 1n the next figure.
The angular frequency @ 15 given in terms of a particular value ¢, the resonant frequency

(@ 1= 1/LC), which we meet below.

RS (T l e

\/ At/

-
2 3 7/
0, 2w, w e

The next graph shows us the special case where the frequency 1s such that VL = Ve.

—:l—(((((\—{ I— at resonance VI_-_ Ve

,
e NS

currenl
direction




Because viL(t) and vc are 180° out of phase, this means that vi(t) = - ve(t), so the two
reactive voltages cancel out, and the series voltage 1s just equal to that across the resistor.

This case 1s called series resonance, which 1s our next topic.

Element Impedance

Circuit Element | Resistance, (R) | Reactance, (X) Impedance, (£)
Z =R
Resistor R 0 0
=RZ0
£ = Jol
Inductor 0 MLQJV_“
=wl. +90
Z = L
1 " joC
Capacitor 0 'E i |
= Z-90
o

Instantaneous Voltages for a Series RLC Circuit

KVL: V-V -V -V.=0

V.-IR-L9_-Q -9
f dt  C

5Ed 5 di, Q
s Vg |R+Ldt+C




Phasor Diagram for a Series RLC Circuit

Vi
A
Vs el 4 »
\ -
g 6) 8
- o -

?ﬁ] Vr I

\J

Ve

Voltage Triangle for a Series RLC Circuit
Vg = Vg +(V -Vo)

Vo= VI T

V, = iRsin(wt+0°) = i.R
V, = iRsin(wt+0°) = iR
V = iX sin(wt+90") = i.jwl
. 1
V. =iX_sin(wt-90") = i.—
IX. sin(w ) lij

By substituting these values into Pythagoras's equation above for the voltage
triangle will give us:




V, = (LR +(1.X_-1X.)

V, = LR +(X_-X_)

The Impedance of a Series RLC Circuit

The Impedance Triangle for a Series RLC Circuit

Z =R + (X -X.)

impedance can be re-written as:

2 1
Impedance, Z = R + { wh-—
P \/ wC |
The phase angle, 6 between the source voltage, Vs and the current, i , can be
calculated from the ohmic values of the impedance triangle as:

X -X
tang = —‘ﬁ—

(

CosSh = — sing =

R -
Z




Series RLC Circuit Example Nol

A serites RLC circuit containing a resistance of 12Q, an inductance of 0.15H and a
capacitor of 100uFare connected in series across a 100V, 50Hz supply. Calculate the total
circuit impedance, the circuits current, power factor and draw the voltage phasor diagram.

R =120 L=0.15H C = 100uF
— AANA—YNM [
1l
l Vz ‘ ‘ V., ‘ Ve
1 A\
e QY

Vs = 100V, 50Hz

Inductive Reactance, Xi.

X =2nfL = 2nx50x0.15 = 47.13Q
Capacitive Reactance, Xc.

X - 1 1 =~ = 31.83Q
© 2nfC 27450%100x10

Circuit Impedance, Z.

Z = JR‘” +(X %)

Z= ,j123+147 13-31.83)°

Z= ,/144+234 = 19.4Q)

Circuits Current, 1.

[ = = _—_—— =5.15Amps

19.4

Vs _ 100
Z




Voltages across the Series RLC Circuit, Vg, Vi, Vc.

Vo = IxR = 5.14x12 = 61.7 volts
V =1IxX = 514x47.13 = 242 2 volts

V. = IxX. = 514x31.8 = 163.5 volts
Circuits Power factor and Phase Angle, 6.

cose = R = 12 - g6i9

Z 194

. cos 0.619 = 51.8" lagging

Phasor Diagram.

=AY
— V=V. -V
V =242 -163.5
e 3;.:51 & V = 78.5V
Va = 62V

) ALY 6




Find the current and the voltages across each component in Figure 17-11. Express
each quantity in polar form, and draw a complete voltage phasor diagram.

Vs X
10£0°V @ g 25 kQ)

A FIGURE 17-11

Solution  First, find the total impedance.
Z =R+ jX; — jXc=T75kQ + j25kQ — j60kQ = 75kQ — j35kQ)

Convert to polar form for convenience in applying Ohm’s law.

” B} z) o -\'o
Z = R? + Xi,/—tan ‘(%)
- — 5 435k -
= V(75kQ)? + (35k0Q)*~ —tan ‘(7§ kQ) = 82.8/4—-25°k(2
where X, = |[XL. — Xd-
Apply Ohm’s law to find the current.
vV 0/.0° ,
=2 0L0°V __ _ 121,250° A

Z 828/-25°kQ
Now, apply Ohm’s law to find the voltages across R, L, and C.
Ve = IR = (121£25.0° pAN7520°k{)) = 9.06L25.0°V
Vi = IXp = (121£25.0° pAN25290° k) = 3.02£115°V
Ve = IXe = (121£25.0° pA)60L—90° k) = 7.254 —65.0°V
The phasor diagram is shown in Figure 17-12. The magnitudes represent rms

values. Notice that ¥ is leading Vi by 907, and V- is lagging Vi by 90°. Also, there
is a 180" phase difference between I and V. If the current phasor were shown,

» FIGURE 17-12 302V Vi

O 1 .
\\ 115° ///' A"
\ 90° N\ _~
. 25
= |
\
\

\ —65°

iall g3 3
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a basic parallel RL circuit connected to an ac voltage source.

AT I 7




The expression for the total impedance of a two-component parallel RL circuit is
developed as follows, using the product-over-sum rule.

_(RLOPNXp290°  RXpZ(0° + 90°)
N R+ jX - X
JoL R + X3 /tan™! (?L)

= (%‘LXL)/_(QD" - tan_l(%))

Equivalently, this equation can be expressed as

2=(aresg) o (5)

For each circuit in Figure 15-21, determine the magnitude and phase angle of the
total impedance.

V, R X, V, X, R
1V 100 500 5V 2k 1.0 kO

(a) (b)
4 FIGURE 15-21

For the circuit in Figure 15-21(a), the total impedance is

Z = (—RXL )Llan“’(i)
100 2)(50 ) 00
=( ( a)( : ,>Alan”'( l Q) = 44.7,63.4°Q
V(100 )° + (50 ) 50 ()

Thus,Z = 44.7 () and # = 63.4°,
For the circuit in Figure 15-21(b), the total impedance is

(1.0kD)2kD) 1.0k
Z :( - ’ ,)Atan"( == ) = 894/26.6° Q
AV(LOKQY + (2k0)? 2k}

Thus, Z = 894 () and # = 26.6".
Notice that the positive angle indicates that the voltage leads the current, in
contrast to the RC case where the voltage lags the current.




Conductance, Susceptance, and Admittance

As you know from the Chapter 13, conductance (G) is the reciprocal of resistance,
susceplance (B) is the reciprocal of reactance, and admittance ( Y) is the reciprocal of
impedance.
For parallel RL circuits, the phasor expression for inductive susceptance (By) is
B = B 90° ‘B,
L= 3% ; = DL~ = —JBL
."[_L()Oo

and the phasor expression for admittance is

. |
Y=——"-—
Z/ +8
For the basic parallel RL circuit shown in Figure 15-22(a), the total admittance is
the phasor sum of the conductance and the inductive susceptance, as shown in part (b).

=Y/+6

Y=G-JjB

As with the RC circuit, the unit for conductance (G), inductive susceptance (B5;), and
admittance (Y) is the siemens (S).




Determine the total admittance and then convert it to total impedance in
Figure 15-23. Draw the admittance phasor diagram.

*

» FIGURE 15-23

v, § R L
f=1kHz 330 2 100 mH

Solution  First. determine the conductance magnitude. R = 330 (): thus.

Then. determine the inductive reactance.
X; = 2afL = 2#(1.000 Hz)(100 mH) = 628 ()
The inductive susceptance magnitude is

1
628 Q)

By = 1.59 mS

E
Xl,
The total admittance is

Y,,, = G—jB, = 303mS — j1.59mS
which can be expressed in polar form as

S B
Y, = VG + BzL—laln_'(?L)

1.59 mS
3.03mS

V(3.03mS)* + (1.59 mS)ZL—tanl< ) = 3.42/-27.7°mS

> FIGURE 15—24 (; 303 mS

Convert total admittance to total impedance as follows:

|
" 342/-277°mS

it = Eo =292,277°Q

toi

The positive phase angle indicates that the voltage leads the current.




Determine I, I;. I, and the phase angle in the circuit of Figure 15-25. Notice
that this is the same circuit given in Example 15-9 but with a source voltage
defined as 10.0 V. Draw a phasor diagram of the currents.

» FIGURE 15-25 *

V,=10V R L
f=1kHz 330 Q 100 mH

Solution  In Example 15-9, the conductance, susceptance, and admittance were found as
G = 3.03ms, By = 1.59mS, and Y;,;, = 3.42mS. Applying Ohm’s law using
conductance, susceptance, and admittance, we find that:

Ig = ;G = (10 V)(3.03 mS) = 30.3 mA
I; = VB = (10 V)(1.59 mS) = 15.9 mA

Lo = VoY = (10V)(3.42 mS) = 342 mS

The phase angle between G and Y, was found in Example 15-9 as —27.7".

The admittance phasor diagram was drawn as Figure 15-24. The current phasor
diagram is proportional to the admittance phasor diagram with the voltage acting
as a scaling factor. For comparison, both the admittance phasor diagram and the
current phasor diagram are shown in Figure 15-26.

G =3.03mS I, = 30.3 mA

-21.7°

B; = 1.59 mS Y=342mS I; = 159 mA Lot = 342 mA

(a) Admittance phasors (b) Current phasors




Determine the total current and the phase angle in the circuit of Figure 15-27.
Draw a phasor diagram showing the relationship of V; and 1,,,.

» FIGURE 15-27 #
o —
o
4
5 : R L
@ 100+ 22k % 15 mH
f=15kHz
w w

Solution  The inductive reactance is
X; = 2#@fL = 2w(15kHz)(15mH) = 1.41 k()

The inductive susceptance magnitude is

1 1
B =—=—"—=—=707uS
L™ X, 141kQ a
The conductance magnitude is
G = e W - 455 uS
R 22kq F

The total admittance is
Yo = G — jB; = 455 uS — j707 uS

Converting to polar form yields

Bl
r— 2 2, _ —ff =%
\“,{ G + BLL tan ( G )

.
= V(455 uS)* + (707 ;LS)EL——lzm_'(/

The phase angle is —57.3°.
Use Ohm’s law to determine the total current.

Lo = VYoo = (1020°V)(841£—57.3° uS) = 8.412£ — 57.3° mA

The magnitude of the total current is 8 41 mA, and it lags the applied voltage
by 57.3°, as indicated by the negative angle associated with it. The phasor diagram
in Figure 15-28 shows these relationships.

» FIGURE 15-28




=

(a) (h)

A FIGURE 15-29

Currents in a parallel RL circuit. The current directions shown in part (a) are instantaneous and, of
course, reverse when the source voltage reverses during each cycle.

This equation can be expressed in polar form as

S T, ]
Lot = VIg + I;__/_—tan"(i)
Iy

where the magnitude of the total current is

hoo = VIg + I3

and the phase angle between the resistor current and the total current is

1
0 = —lan“(;’;)

Since the resistor current and the applied voltage are in phase, 6 also represents the
phase angle between the total current and the applied voltage. Figure 15-30 shows a
complete current and voltage phasor diagram.

» FIGURE 15-30

Current and voltage phasor diagram
for a parallel RL circuit (amplitudes are
arbitrary).

O
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Determine the value of each current in Figure 15-31, and describe the phase rela-
tionship of each with the applied voltage. Draw the current phasor diagram.

» FIGURE 15-31

ks l I Iy l
vV, R X
@ 12£0°V 200

150 Q2

Solution

The resistor current, the inductor current, and the total current are expressed as
follows:

V.  1220°V

ol n s Ve oepmygecn

R=R ~ 22020° 02 -
V. 1220°V

l]_ = =

S TEER V80 <00k
X, 150290° Q "

Lot = Ig — jI; = 545 mA — j80 mA
Converting 1, to polar form yields

s = f 1
Loy = VI + I7Z—tan l(i)

R

80 mA ,
- 15 2 4 Zrph gecely ISREREN — —AS 7o R
V(545mA)* + (80 mA )~ —tan ( T ) 96.8/ —55.7° mA

As the results show, the resistor current is 54.5 mA and is in phase with
the applied voltage. The inductor current is 80 mA and lags the applied voltage

by 90°. The total current is 96.8 mA and lags the voltage by 55.7°. The phasor
diagram in Figure 15-32 shows these relationships.

» FIGURE 15-32

Ip=545mA
O
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Figure 13-38 shows a basic parallel RC circuit connected to an ac voltage source.

» FIGURE 13-38

Basic parallel RC circuit.

The expression for the total impedance is developed as follows, using complex
numbers. Since there are only two circuit components, R and C, the total impedance
can be found from the product-over-sum rule.

(RLOP)( XL —90°)
R — jXc

By multiplying the magnitudes, adding the angles in the numerator, and converting
the denominator to polar form, you get




RXc/(0° — 90°
. _ L )

- X
R+ X@L—tan_l(—c)
R
you get

Now, by dividing the magnitude expression in the numerator by that in the denomi-
nator, and by subtracting the angle in the denominator from that in the numerator,

RX¢ _f Xc
zZ- (—)L(_goc + tan (_))
VR + X% R

Equivalently, this expression can be written as

. RX

= —F—————=~4—"lan | —
\/R- + JYZ" "\(‘

Notice that Equation 13-18 is simply the complex version of the product-over-sum rule.

For each circuit in Figure 13-39, determine the magnitude and phase angle of the
total impedance.

\
4 l |
y, R 1 X v, 6 X; > R
1V e o500 5V I 2k 10k
fa) (b)
A FIGURE 13-39
0
For the circuit in Figure 13-39(a), the total impedance is

RXc 'R
1= (,—(’>/_—tan_l<—.>
VR + X¢
= ( (100 €2)(50 £2)
Vv

) : ‘,<|00 0
= =~ /L —lan =
(100 2)° + (50 Q)

Thus, Z =44.7Q and 8 = —63.4°.

= 44.7L-634°Q
50 Q) )

For the circuit in Figure 13-39(b), the total impedance is




Conductance, Susceptance, and Admittance

Recall that conductance, G, is the reciprocal of resistance. The phasor expression for
conductance is expressed as

1

= = GLO°
RZ0°

Two new terms are now introduced for use in parallel RC circuits. Capacitive
susceptance (B,) is the reciprocal of capacitive reactance. The phasor expression for
capacitive susceptance is

|

Be = ———— = Bos90° = +jB¢
™ Kol - F e

Admittance (}') is the reciprocal of impedance. The phasor expression for admittance is

. | s
\-—ZL:O— Y.LF6

The unit of each of these terms is the siemens (S), which 1s the reciprocal of the ohm.

In working with parallel circuits, it is often easier to use conductance (), capaci-
tive susceptance (B), and admittance ( Y) rather than resistance (R), capacitive reac-
tance (X¢), and impedance (Z). In a parallel RC circuit, as shown in Figure 13-40,
the total admittance is simply the phasor sum of the conductance and the capacitive
susceptance.

Y=G+jB; Equation 13-19

-------------- y < FIGURE 13-40

0
Admittance in a parallel RC circuit.

o %

B.
% Bc

(a) (b)




- Determine the total admittance (Y) and then convert it to total impedance (Z)
in Figure 13-41. Draw the admittance phasor diagram.

» FIGURE 13-41

0

16
6 - | kHz imn T 022 puF

Solution From Figure 1341, R = 330 (); thus G = /R = 1/330 ) = 3.03 mS. The
capacitive reactance is

| 1
(= = — ‘7}
e 2ofC  2w(1,000 Hz)(0.22 uF) Ba

The capacitive susceptance magnitude is

The total admittance is

Yoy = G + jBe = 3.03mS + j1.38mS

which can be expressed in polar form as

B.
Yo = G* + BZ/tz '(—“)
tot c4tan G

. s _f138mS
= V(3.03mS)> + (1.38 mS)°Z tan '(—m) =
3.03mS

The admittance phasor diagram is shown in Figure 13-42.

» FIGURE 13-42 B = 138 mS
O 3.33 mS
.03 mS
Convert total admittance to total impedance as follows:
. 1 1 -
Ly = = - =300, -245Q

Y, (3.33224.5°mS)




For convenience in the analysis of parallel circuits, the Ohm’s law formulas using
impedance, previously stated, can be rewritten for admittance using the relation
Y = 1/Z. Remember, the use of boldface nonitalic letters indicates phasor quantities.

" |
\ —_
)
I=VY
|
Y = =
\

- Determine the total current and phase angle in Figure 13-43. Draw a phasor dia-

gram showing the relationship of V; and 1,,,.

@l(mr* if’ =C
f=15kHz l-- i

A FIGURE 13-43

Solution  The capacitive reactance is

| 1
X-= = 4.82k0
€T 242/C ~ 2m(1.5 kHz)(0.022 uF)

The capacitive susceptance magnitude is

1
= ———— =207uS

|
Be =¥ = amkn

The conductance magnitude is




The total admittance is

Yyt = G + jBe = 455 uS + j207 uS

Converting to polar form yields

Bl > i B
Y\or = VG + Bgitan l(?()

207 uS
455 uS

V(455 uS)? + (207 #S)luan-‘( ) = 500£24.5° uS

The phase angle 1s 24.5°,
Use Ohm'’s law to determine the total current.
Lot = ViYor = (10£0° VI(500£24.5° uS) = 5.00£24.5° mA

The magnitude of the total current is 5.00 mA, and it leads the applied voltage
by 24.5°, as the phasor diagram in Figure 13-44 indicates.

» FIGURE 13-44 B

where the magnitude of the total current is
by = VIR + I

and the phase angle between the resistor current and the total current is

) A
0= lan”'(i)

Since the resistor current and the applied voltage are in phase, 6 also represents the
phase angle between the total current and the applied voltage. Figure 13-46 shows a
complete current and voltage phasor diagram.

L

i

A FIGURE 13-46

Current and voltage phasor diagram for a parallel RC circuit (amplitudes depend on the particular
circuit).




el ALY 6

Determine the value of each current in Figure 13-47, and describe the phase

- relationship of each with the applied voltage. Draw the current phasor diagram.
I l

» FIGURE 13-47 -
° hio Iy l
\ry R XC
@ 12£0°V 2200 T 1500

The resistor current, the capacitor current. and the total current are expressed as

Solution

follows:
V, 12£0°V .
- = 54.620° mA

(O o M A

R™R ~ 220s0°0
vV 2/ 0°

: Y 80/.90° mA

le=3Xc~ TSoz—orr o

Lot = Ip + jlc = 54.6 mA + j80 mA

As the results show, the resistor current is 54.6 mA and is in phase with
the voltage. The capacitor current is 80 mA and leads the voltage by 90°. The
total current 1s 96.8 mA and leads the voltage by 55.7°. The phasor diagram in

Figure 13-48 illustrates these relationships.
I = 80 mA
o — 96.8 mA

» FIGURE 13-48
O

Ip= 546 mA
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Figure 17-23 shows a parallel RLC circuit. The total impedance can be calculated
using the reciprocal of the sum-of-reciprocals method, just as was done for circuits
with resistors in parallel.

1 1 1 1

= + +
Z  RLO° ' X 290° ' XoZ—90°

or
|
5=
1 N | N 1
RAOP Xp290°  XpoZ—90°
= FIGURE 17-23 o
Parallel RLC circuit. J_
V R L c




' Find Z in polar form for the parallel RLC circuit in Figure 17-24.

L

! 100 02 100 02 :I: 50 00

Solution  Use the sum-of-reciprocals formula.

1 1 1 l : | |

+ i = 2 B +
RZO° | X, 290°  XoZ—90° 10020°Q  100290°Q = 502—90° Q

1
Z
Apply the rule for division of polar numbers.

|
Z = 10£0°mS + 102—-90°mS + 20290° mS

Recall that the sign of the denominator angle changes when dividing.
Next, convert each term to its rectangular equivalent and combine.

1
7 = 10mS — j10mS + ;20 mS = 10 mS + ;10 mS
Take the reciprocal to obtain Z and then convert to polar form.

1 I

/‘ —— —
10mS + ;710 mS 5 - 10 mS
2 V(10 mS)? + (10 mS)>Ztan '( )
10 mS

1
" 14.14445° mS

= 70.74L—45° Q

The negative angle shows that the circuit is capacitive. This may surprise you
because X; > X However, in a parallel circuit, the smaller quantity has the
greater effect on the total current because its current is the greatest. Similar to
the case of resistances in parallel, the smaller reactance draws more current and
has the greater effect on the total Z.

In this circuit, the total current leads the total voltage by a phase angle of 45°




Conductance, Susceptance, and Admittance

The concepts of conductance (), capacitive susceptance (By), inductive susceptance
(B;), and admittance ( ¥) were discussed in Chapters 13 and 13, The phasor formulas
are restated here.

| :
G= e GLI Equation 17-6
Be= - B-£90° = jB Equation 17-7
= Yol = b = J5¢ que -
B = ] = B;/-%° = —jB Equation 17-8
LI R e ek q'
Y= : =Y/+0=G+ jB-— jB
7/ +8 - JBc — 1By

Equation 17-9 in polar form is

5 3 B“ T B
Y = VG- + (Bc — B~ /_lan"'((TI'>

As you know, the unit of each of these quantities is the siemens (S).




For the RLC circuit in Figure 17-25 determine the conductance, capacitive suscep-
tance, inductive susceptance, and total admittance at 20 kHz. Draw the admittance
phasor diagram at 20 kHz and show a diagram of the frequency response of the
circuit to 80 kHz.

» FIGURE 17-25

) |
i R x | %
s 20k0 20mH ~T 10nF
10 Ve T J_

Solution The response of the circut at 20 kHz is solved by showing the explicit steps. Then the
TI-84 Plus CE is then used to show the frequency response by a graphing calculator.

At 20 kHz:
1
.‘(“ o 27{/C
Be =~ = 2mfC = 2w (20 kHz)(10 nF) = 126 mS
AC
X; = 2=fL
B—L— = : = 3.98 mS
L7 X, 2mfL 2w(20kHz)(2.0mH)
G—L— ! = (.50 mS
R 20kQ

: = ‘B — B
Y= VG + (B — Bp) Ltan '((T]>

1.26 mS — 3.98 mS)

= \/0.50 mS- + (1.26 mS — 3.88 mS)3 Llan_'( -
0.50 mS

= 2.77mS~2—79.6°

From the calculated values at 20 kHz, the admittance phasor diagram can be
drawn as Figure 17-26.




1'»',: 1.26 mS

- ',.{“”‘\ O 0.50 mS

o 79.8

¥ =277 mS




Recall that capacitive reactance varies inversely with frequency and that inductive
reactance varies directly with frequency. In a parallel RLC circuit at low frequencies,
the inductive reactance is less than the capacitive reactance; therefore, the circuit is
inductive. As the frequency is increased, X; increases and X decreases until a value
is reached where X; = X. This is the point of parallel resonance. As the frequency
is increased further, X~ becomes smaller than X, and the circuit becomes capacitive.

Current Relationships

In a parallel RLC circuit, the current in the capacitive branch and the current in the
inductive branch are a/ways 180° out of phase with each other (neglecting any coil
resistance). Because /- and /; add algebraically, the total current is actually the differ-
ence in their magnitudes. Thus, the total current into the parallel branches of L and C
1s always less than the largest individual branch current, as illustrated in Figure 17-28
and in the waveform diagram of Figure 17-29. Of course, the current in the resistive
branch is always 90° out of phase with both reactive currents, as shown in the current
phasor diagram of Figure 17-30. Notice that /- is plotted on the positive y-axis and I
1s plotted on the negative y-axis.

W ]
\\\\\\\\\ ICII//, Y \\\\\\\\ Il ]

—c %

A FIGURE 17-28




< FIGURE 17-29

Ic and Iy effectively subtract.

0—4 v, » oo

I < FIGURE 17-30
: QO
Typical current phasor diagram for a
parallel RLC circuit.
907
Iy
—90°

I

The total current can be expressed as

— ; I
Lot = \/['R + (Ic — 11_)‘Al2m*l((—">
Ir

) ALY 6




- For the circuit in Figure 17-31 find each branch current and the total current.
Draw a diagram of their relationship.

» FIGURE 17-31 * *

v'\_ R — XC XI.
5400V 22k0 S5k) 10kO

Solution Use Ohm’s law to find each branch current in phasor form.

N 5£0°V
Igp=—=———-=122720°mA
R™R — 2220°k0

\Y/ 5£0°V

Xe 52-90°kQ

gy i S50 g ey cionfin
LTX, ~ 10290°kQ =

The total current is the phasor sum of the branch currents. By Kirchhoff's law,
Lot =Ig + Ic + 1.
= 2.27/0°mA + 1£490° mA + 0.5£4—90° mA
= 227TmA + jl mA — j0.5mA = 227 mA + ;0.5 mA

Converting to polar form yields

) '1.‘
Lot = \/IR + (Ic — 11_)24lan”’(;_")
R

0.5 mA

— | =2.33/12.4°mA
2.27 mA )

= V(2.27 mA)* + (0.5 111A)3,/_‘lan‘l(

The total current is 2.32 mA leading } by 12.4". Figure 17-32 is the current
phasor diagram for the circuit.

» FIGURE 17-32 [;’t-
I
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The Parallel Resonance Circuit

In many ways a parallel resonance circuit 15 exactly the same as the series resonance
circuit we looked at in the previous tutorial. Both are 3-element networks that contain two
reactive components making them a second-order circuit, both are influenced by variations
in the supply frequency and both have a frequency point where their two reactive
components cancel each other out influencing the characteristics of the circmt. Both

circuits have a resonant frequency point.

Parallel ELC Circuit

@ R L %C

Let us define what we already know
about parallel RLC circuits.

Admittance, Y = % = A ~B

Conductance, G = 1

R

Inductive Susceptance, B, = 1
- 2=k

Capacitive Susceptance, B. = 2r fC

We know from the previous series resonance tutorial that resonance takes place
when V| = -V and this situation occurs when the two reactances are equal, X, =
Xc. The admittance of a parallel circuit is given as:




gl oy L
R 2n/L

Y + 2w fC

Resonance occurs when X, = X¢ and the imaginary parts of Y become zero.
Then:

X =X 7o | I
2nfC
; 1 _ 1
> 2nlx27C  4x°LC
/ —c
1 1
Hz) OFf o — - Ts
2n JLC FEG

So the total impedance of a parallel resonance circuit at resonance becomes just
the value of the resistance in the circuit and Z = R as shown.

tresonance the

s N A
2 LE M idl

current = |- Ig reactve current is zer

IM[N

MRS
:C - /X/, R Xr= o
!

open circuit




At resonance, the impedance of the parallel circuit is at its maximum value and
equal to the resistance of the circuit. Also, the total circuit current, | will be “in-
phase” with the supply voltage, Vs.

Impedance in a Parallel Resonance Circuit

Zy
A

~— Dynamic
impedance

-
-

Frequency, [

Susceptance at Resonance

+Bc *jBe
A A /
Inductive
Susceptance
8 . 7|
£ 0
o
g |
Capacitive 7
Suscaptance /
Susceptance
\j \
-BL -iBL -|BL

Current in a Parallel Resonance Circuit

As the total susceptance is zero at the resonant frequency, the admittance is at its
minimum and is equal to the conductance, G. Therefore at resonance the current
flowing through the circuit must also be at its minimum as the inductive and
capacitive branch currents are equal ( IL =IC ) and are 1800 out of phase.




the total current flowing in a parallel RLC circuit is equal to the vector sum of the
individual branch currents and for a given frequency is calculated as:

-V
. R
N S
L X 2nfl
. ;:’ _ V.21 fC
Therefore, | = vector sum of (I +|L+||:}

. = J!," (1 +1,)

At resonance, currents || and || are equal and cancelling giving a net reactive
current equal to zero. Then at resonance the above equation becomes.

i_t

Il=‘(1|j+0* =

Parallel Circuit Current at Resonance
I

Current

( 7r Frequency. J

Parallel Resonance




The selectivity or Q-factor for a parallel resonance circuit is generally defined as
the ratio of the circulating branch currents to the supply current and is given as:

Quality Factor, Q = ngt = 2nfCR = va'%

Note that the Q-factor of a parallel resonance circuit is the inverse of the
expression for the Q-factor of the senes circuit. Alsg in series resonance circuits
the Q-factor gives the voltage magnification of the circuit, whereas in a parallel
circuit it gives the current magnification.

Bandwidth of a Parallel Resonance Circuit

R(Q)
Vout BW S
A i
10 - .
- 2R (Q)
o707 |_3¢8_ _JJ | '
’ »
| ’ |
' : |
' |
! ’ |
B
' : 1
| : |
: !
i ' ! b
o P  (Hz)
Lowe ppe

Parallel Resonance Example No1

A parallel resonance network consisting of a resistor of 600, a capacitor of 120uF and an
inductor of 200mH is connected across a sinusoidal supply voltage which has a constant
output of 100 volts at all frequencies. Calculate, the resonant frequency, the quality factor

and the bandwidth of the circuit, the circuit current at resonance and current magnification.




R

V: = 100V

= R=60Q L=200mH C = 120uF
Resonant Frequency, [,

1 1
f;' = = = = 32.5Hz
2nyLC  27/0.2.120.10°

Inductive Reactance at Resonance, X,

X =2nflL = 21.325.0.2 = 40.8Q

Quality factor, Q

R R 60
= o = = = 1.47
“ X~ 2njL ~ 408
Bandwidth, BW
. 325 _
BW = & = 25 = 22Hz

The upper and lower -3dB frequency points, f, and
1 1
fo=171 - §BW = 32.5—5(22) = 21.5Hz

1 1
Joy=JF + EE!n"t.-”*u' = 32.5+§(22) = 43.5Hz

Circuit Current at Resonance, |;

At resonance the dynamic impedance of the circuit is equal to R




Current Magnification, Ly,

Lng = Qx1 =1.47x167 = 245A

M8

We can check this value by calculating the current flowing through the inductor (or

capacitor) at resonance.

V V 100

= = = 2.45A

I = - :
- X 2nfL 2m.325.02

L

Resonant Frequency using Impure Components

N
I
B

What is the bandwidth of each circuit in Figure 17-

L

L11N
200 uH
100

=

C ==47pF Vi @ |

L

(a) (b)

A FIGURE 17-55

10 mH

100 ©2

Loawdl ALY -6

€ == 0.0047 uF

For the circuit in Figure 17-55(a), determine the bandwidth as follows:

| 1
20VLC  27V(200 uH)(47 pF)

Jri=

1.64 MHz

X; = 2afL = 27w(1.64MHz)(200H) = 2.06k()

X; 2.06k()

— T — 206
=7 100 2




fr 1.64 MHz :
Bl 0 206 7.96 kHz

For the circuit in Figure 17-55(b),
V1 — (R} C/L) | 1

5= — = = 23.2 kHz
' 27V LC 27VLC  27\V/(10mH)(0.0047 uF)

X, = 2af,L = 2m(23.2 kHz)(10 mH) = 1.46 k()

X; 1.46 k()
= — = = 14.6
Q R 1008) :
fr 23.2 kHz
W= — = = 1.59 kHz
B 0 126 1.59 kHz
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THEVENIN'S THEOREM

Thevenin's theorem, as applied to ac circuits, provides a method for reducing any
circuit to an equivalent form that consists of an equivalent ac voltage source in

series with an equivalent impedance.

The equivalent voltage source is designated ;. the equivalent impedance is
designated . Notice that the impedance is represented by a block in the circuit
diagram. This is because the equivalent impedance can be of several forms:
purely resistive, purely capacitive, purely inductive, or a combination of a

resistance and a reactance.

]
L]

Thevenin’s equivalent circuit,




circuit

[
| ®
|
|

An ac circuit of any complexity can be reduced to a Thevenin equivalent for analysis purposes.

Thevenin's equivalent voltage is defined as the open circuit voltage between two specified terminals in a circuit.

T it A
—
I :
| circuit Vi R
| L .3
| R
(&) Circuit (b) With R removed
How V, is determined.
EXAMPLE Determine V,, for the circuit external to R, in Figure The beige area identines

the portion of the circuit to be thevenized,

Ry A
100 £}
A\l X
! A
25200V 300 ki
B
)

il <

Solution Remove R, and determine the voltage from A to B (V,,). In this case, the
voltage from A to B is the same as the voltage across X;. This is determined using the
voltage-divider method.

X L9007
Ry +jX,

o 50290°Q
v.=( _125.20°V = 11.2£634° V
,} 1122266° Q | b4

\’,:(

V= V=V, = 112634V




EXAMPLE For the circuit in Figure . determine the Thevenin voltage as seen by R;.

Ry

100 .
Xa

B

Solution Thevenin's voltage for the circuit between terminals A and B is the voltage
that appears across A and B with R, removed from the circuit,

There is no voltage drop across R, because the open across terminals A and B
prevents current through it. Thus, Vg is the same as V¢, and can be found by the volt-
age-divider formula.

/ Y ) ‘ 5 yag - \ A
\'m=\~'(.~:( 0 AR ( ek 90, KQ V0200V
~R|' jY(| jY(‘l I()k‘2-13k‘1‘|
- (15490 k2 }mzo V=475/-184°V
| 3.162-71.6° kQ |

\',;, = \‘.‘“ = 4.754- ls.““ \'

Related Problem Determine V,, if R, is changed to 2.2 kQ

EXAMPLE For Figure . find V,, for the circuit external to R;.

FIGURE 20-17
\(

lOl.!l

X ;
Sk i,{ﬂ v l" k2 % 10 kf)

+

Solution First remove R, and determine the voltage across the resulting open termi-
nals, which is V,,. Find V,, by applying the voltage-divider formula to X and R.

[ RZ0° \, 10£0° kQ :
Va=Vg= /= 20 1520°V
R (.R—j.n-) {. 10 kQ - j10 m,)
10£0° kQ

‘]540-' V =3.54245°V

=l 14.142-45° kQ




Notice the L has no effect on the result, since the 5 V source appears across C and R
in combination.

Related Problem Find V,, if R is 22 k€2 and R; is 39 k€ in Figure

Thevenin's equivalent impedance is the total impedance appearing between two
specified terminals in a given circuit with all sources replaced by their internal
impedances.

EXAMPLE Find Z,, for the part of the circuit in Figure that is external to R,.

R,

AM o
! 10002
Vi X
234L0° NV 5(’)' 1] 2
B
-
-

Solution First, replace V, with its internal impedance (zero), as shown in Figure

R,

’ MW\

A

-

100 0

i v, Xy Za
< zeroed 500

B ,

. -
=

Looking in between terminals A and B, R and X, are in parallel. Thus,
(R ZO° )X, £90%)  (100£L0° )(50£90° )
R, + jX; 100 € + j50 Q

10020° Q)(50.290°
=4 N L) = si6L634°0

Z,h =

112226.6° Q2
Related Problem Change R, 10 47 € and determine Z,,,.




EXAMPLE

For the circuit in Figure

. determine Z,, for the portion of the circuit external to
R;. This is the same circuit as in Example 20-6.

| mlxl-n 4 '
E X, é} y, R, § K
Sk} S540rV 47k} 10k}
Bl
T ¢

Solution With the voltage source replaced by its internal impedence (zero), X, is
effectively out of the circuit. R and C appear in parallel when viewed from the open
terminals, as indicated in Figure

7., 1s calculated as follows:
z (RZO°NX-£=907)  (10£0° kQ)(10£-90° kQ)
&, =i = - =T7.074£-45° k()
" R-jXc 14.1£-45° kQ ké

L) Al -6
EXAMPLE For the circuit in Figure sketch the Thevenin equivalent circuit external to R;.
Ry
1.0k0)
X1
=T L5k0}
] 2 A
v, 560 (1
- X B
ki)
L B
* O
Solution

From Examples and

respectively, V,, = 4.752-18.4° V and
Z,; = 11382-46.4° Q. In rectangular form, the impedance is

Z,=785Q ;824 Q
The Thevenin equivalent circuit is shown in Figure




Solution From Examples and respectively, V,, = 4.75£-18.4° V and
Z,; = 11382-46.4° Q. In rectangular form, the impedance is

Z,=785Q—j824 Q

The Thevenin equivalent circuit is shown in Figure

47541847V

< B
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NORTON'S THEOREM

The form of Norton's equivalent circuit is shown in Figure . Regardless of how
complex the original circuit is, it can be reduced to this equivalent form. The equivalent

current source is designated I, and the equivalent impedance is Z,. Nortons theorem




shows you how to find  and Z». Once they are known, simply connect them in parallel

to get the complete Norton equivalent circuit.

N

0l

[
Q

Norton equivalent circuit.

is one part of the Norton equivalent circuit ;is the other part. Norton's equivalent

current is defined as the short-circuit current between two specified terminals in a

given circuit.

EXAMPLE

| e ————
ac ac
cireunt cireunt | I
.' r - - "‘ l

—— B

(b} Load is replaced by shoet and
short circuit current is |,

(@) Circuit with load resistor
How 1, is determined.

In Figure » determine I, for the circuit as “seen” by the load resistor, The beig

area identifies the portion of the circuit to be nortonized.

)
f ;

Solution Short the terminals A and B, as shown in Figure

X X
I A
500 1000 )
v, R
00V 56 Q)




Norton's Equivalent Impedance (Zn)
is defined the same as Z: is the total impedance appearing between two specified
terminals of a given circuit viewed from the open terminals with all sources replaced by
their internal impedances.

EXAMPLE Find Z, for the circuit in Figure viewed from the open across terminals A and B.

Solution  First, replace V, with its internal impedance (zero), as indicated in Figure

Xey Xa
I
L 5041 1000

r"} zeroed 56 1)

I
|

1Y, R 7. |
€|

| |
|

I 7




Looking in between terminals A and B, C; is in series with the parallel combi-
nation of R and C,. Thus,

- RX, o (5620° Q)(50£-90° Q)
Z, =X + —=CL_ = 1002-90° Q
QTR+ X "6 0-500

= 100£-90° Q + 37.3/-482° Q
=-j100Q+248 Q- 278 Q=248 Q - j128 Q

The Norton equivalent impedance is a 24.8 Q resistance in series with a 128 Q capac-
itive reactance.

Related Problem Find Z, in Figure ifV,=2520°Vand R=33 Q.

EXAMPLE

Show the complete Norton equivalent circuit for the circuit in Figure

Solution From Examples I, = 344Z121° mA and Z,=248 Q - j128 Q.
The Norton equivalent circuit is shown in Figure

i
| %248“
5 Z,
@ 4 z2°ma L1280

Related Problem Show the Norton equivalent for the circuit in Figure if
V,=25Z0°Vand R=33 Q.

daed) Y 6




Solution  First, replace V, with its internal impedance (zero), as indicated in Figure 19-35.

Find Z,, for the circuit in Figure 19-33 (Example 19-13) viewed from the open
across terminals 4 and B.

» FIGURE 19-35 Xey X2
0O A
— | i
500 100 © |
\ R lel
zeroed 56 Q) :
|
Q  -———
B

Looking in between terminals A4 and B, C, is in series with the parallel
combination of R and C,. Thus,

s oexn s RXa oo (5620°0)(50£-90° )
PETRTR ¥ X | 56 Q — j50 O
= 100£—-90° Q + 37.32-48.2° Q

= —j100 Q2 + 248 Q — 278 Q =248 Q — jl128 O

The Norton equivalent impedance is a 24.8 () resistance in series with a 128 ()
capacitive reactance.
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MAXIMUM POWER TRANSFER THEOREM

When a load is connected to a circuit, maximum power is transferred to the load when

the loud impedance is the complex conjugate of the circuit's output impedance.

The complex conjugate of R — jX¢c is R + jXi:, where the resistances and the
reactance's are equal in magnitude. The output impedance is effectively Thevenin's
equivalent impedance viewed from the output terminals. When Z: is the complex
conjugate of Zou:, maximum power is transferred from the circuit to the load with a
power factor of 1. An equivalent circuit with its output impedance and load is shown in
Figure.

% ——«»—l

Equivalent circuit with load.

Example shows that maximum power occurs when the impedances are conjugate

matched.




EXAMPLE  The circuit to the left of terminals A and B in Figure provides power to the load

Z;. This can be viewed as simulating a power amplifier delivering power to a complex
load. It is the Thevenin equivalent of a more complex circuit. Calculate and plot a
graph of the power delivered to the load for each of the following frequencies:
10 kHz, 30 kHz, 50 kHz, 80 kHz, and 100 kHz.

R, lCi A
W I g
0.01 uF
Ry
10Q
v, L
10V
f=10KkHz : “‘Hé
53 B
Solution For f= 10 kHz,
Xo === : = 1.59 kQ

2nfC ~ 2m(10 kHz)(0.01 uF)
X, = 2nfL = 2n(10 kHz)(1 mH) = 62.8 Q

The magnitude of the total impedance is

Zi =V (R, + R + (X, — X2 = V(20 Q)% + (1.53 kQ)? = 1.53 kQ
The current is
% 10V

o 2 = 6.54 i
= = Tain s

The load power is

P, = I’R; = (6.54 mA)*(10 Q) = 428 uW
For f= 30 kHz,
1
27(30 kHz)(0.01 uF)
X, = 2m(30 kHz)(1 mH) = 189 Q

X(" =

= 531 Q

Zw=V(20QP + (342 Q)P =343 Q

ra Vi, 10V

=29.2 mA

Zwe 343 Q
P, = I°R, = (29.2 mA)*(10 Q) = 8.53 mW




For f = 50 kHz,

1
Xc= =318 Q
©7 21(50 kHz)(0.01 pF)
X; =2rn(50 kHz)(1 mH) = 314 Q
Note that X~ and X, are very close to being equal which makes the impedances
approximately complex conjugates. The exact frequency at which X; = X is 50.3 kHz.

Z,=V20Q)P+4dQ)>*=204Q

P, = PR, = (490 mA)*(10 Q) =240 W

For f= 80 kHz,

|
= =199 Q
Xc 2m(80 kHz)(0.01 uF)

X, = 2n(80 kHz)(1 mH) = 503 Q
Z..= V(20 Q) + (304 Q)* = 305 Q

Tz 050
P, =I’R, = (32.8 mA)*(10 Q) = 10.8 mW
For f= 100 kHz,

1
21(100 kHz)(0.01 uF) ~

X; = 2n(100 kHz)(1 mH) = 628 Q

159 Q

X(':-"

Zo = V(20 Q) + (469 Q)* = 469 Q

T Zw  469Q
P, = PR, =(21.3 mA)X(10 Q) = 4.54 mW

As you can see from the results, the power to the load peaks at the frequency(50 kHz) for

which the load impedance is the complex conjugate of the output impedance (when the




reactances are equal in magnitude). A graph of the load power versus frequency is shown

in Figure . Since the maximum power is so much larger than the other values, an

accurate plot is difficult to achieve without intermediate values.

PLW)

L

/
- 't/ 1 ‘}\*—H— ekl f

50 kHz

) ALY 6




The circuit to the left of terminals 4 and B in Figure 19-39 provides power
to the load Z;. This can be viewed as simulating a power amplifier delivering
power to a complex load. It is the Thevenin equivalent of a more complex cir-
cuit. Calculate and plot a graph of the power delivered to the load at 10 kHz
intervals starting at 10 kHz going to 100 kHz.

R, C
MW————=
10 Q)
0.01 uF R,
V. 100
@ 10V Z
f=10kHz L
I mH

|||—o

Solution  For the first frequency (10 kHz), the solution is shown in detail. Then the TI-84
Plus CE calculator is used to solve the other frequencies.
For /= 10 kHz,

Xc = il . iADk
2mfC 2m(10 kHz)(0.01 uF)

X; = 2@fL = 2m(10 kHz)(1 mH) = 62.8 ()

The magnitude of the total impedance is

Zou = V(R + R)?+ (X; — X = V(20 Q)2 + (1.53kQ)? = 1.53kQ
The current is
- K 10V P
T i
The load power is
P = I’R; = (6.54 mA)%(10 Q) = 428 uW
dpaall 4l A
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(a) Y-connected load (b) A-connected load

The Y-Y System

Figure 21-20 shows a Y-connected source driving a Y-connected load. The load can
be a balanced load, such as a three-phase motor where Z, = Z; = Z,, or it can be
three independent single-phase loads where, for example, Z, is a lighting circuit, Z is
a heater, and Z,. is an air-conditioning compressor.

I; < FIGURE 21-20
& o
— A Y-connected source driving a
ks Y-connected load.
ccom—— z g
» {, P \, \./ s
* - > X - 24 a 'bc *
' ~ - \ l 3 P \
) Lag Iz Zg (Y
+ I ¥

An important feature of a Y-connected source is that two different values of
three-phase voltage are available: the phase voltage and the line voltage. For
example, in the standard power distribution system, a three-phase transformer can
be considered a source of three-phase voltage supplying 120 V and 208 V. In order
to utilize a phase voltage of 120 V, the loads are connected in the Y configuration.
A A-connected load is used for the 208 V line voltages.

Notice in the Y-Y system in Figure 21-20 that the phase current, the line current,
and the load current are all equal in each phase. Also, each load voltage equals the
corresponding phase voltage. These relationships are expressed as follows and are
true for either a balanced or an unbalanced load.

=1 =1

b= V4
where V, and I, are the load voltage and current, respectively.




For a balanced load, all the phase currents are equal, and the neutral current is
zero. For an unbalanced load, each phase current is different, and the neutral current
is, therefore, nonzero. Although a small imbalance in loads is common, a large imbal-
ance sacrifices the advantages of a three-phase system,

In the Y-Y system of Figure 21-21, determine the following:
(a) Each load current (b) Each line current (¢) Each phase current
(d) Neutral current (e¢) Each load voltage

e:u. 26.6° 0

A FIGURE 21-21

This system has a balanced load. Z, = Z; = Z, = 22.4/.26.6° ().
(a) The load currents are

Iz; = 7 = 5.364 —26.6°A

22.4/26.6° ()

Voa 120£0°V
“d




The Y-A System

Figure 21-22 shows a Y-connected source driving a A-connected load. An important
feature of this configuration is that each phase of the load has the full line voltage
across it.

V=V
The line currents equal the corresponding phase currents, and each line current

divides into two load currents, as indicated. For a balanced load (Z, = Z; = Z,), the
expression for the current in each load is

11_ — \/3_1/

Y ou might wonder about the \V3in Equation 21-8. It occurs with a balanced load
as a consequence of applying Kirchhoff’s Current Law to any of the three junctions
on the delta.

\
- Determine the load voltages and load currents in Figure 21-23, and show their
relationship in a phasor diagram,

1002.30° £)

1002307 )

30° Q)

\ /" Vi
20207 kV 100,

A FIGURE 21-23




Solution Using ¥, = \/3¥; (Equation 21-2) and the fact that there is 30° between each line
voltage and the nearest phase voltage, the load voltages are
Vza = Vi1 = 2.0V32£150°kV = 3.464150° kV
Vzp = Via = 2.0V32430°kV = 3.46230° kV
Vze = Vi3 = 2.0V324-90°kV = 3.46£ —90°kV
The load currents are
L — Vza  3.46£150°kV
a g 100£30° 0
Vze  3.46430°kV
Iyp=—= = 34.620°A
2 Zy o 100£30° Q
Vze  3.46£4-90°kV

I, = - = 34.62. —120° A
= 1002.30° Q)

= 34.6L120° A

¢

The phasor diagram is shown in Figure 21-24.

» FIGURE 21-24

346 kY




The A-Y System

Figure 21-25 shows a A-connected source driving a Y-connected balanced load. By
examination of the figure, you can see that the line voltages are equal to the corre-
sponding phase voltages of the source. Also, each phase voltage equals the difference
of the corresponding load voltages, as you can see by the polarities.

Each load current equals the corresponding line current. The sum of the load cur-
rents is zero because the load is balanced; thus, there is no need for a neutral return.

The relationship between the load voltages and the corresponding phase voltages
(and line voltages) is

Vo= V3V

The line currents and corresponding load currents are equal, and for a balanced
load, the sum of the load currents is zero.

ll. - lz

As you can see in Figure 21-25, each line current is the difference of two phase
currents.

Iry = lga — lgp

I;2 = lge — gy

l1.3 = lG(" = IO(‘




Determine the currents and voltages in the balanced load and the magnitude of the
line voltages in Figure 21-26.
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A FIGURE 21-26

Solution The load currents equal the specified line currents.
I, =1 = 1.540° A
I, = 11 = 1L.54120° A
I, =1;3=154-120°A
The load voltages are
Vza = Iz4ley
= (1.540°A)(50 Q2 — ;20 Q)
= (1.540° A)539.-218"0Q)) = 80.9L-218°V

Vzo = lznlpy
= (1.5£120° A)53.9-.-21.8°()) = 80.9,98.2°V
\.ZF o l/.(""i‘

= (1.54-120° A}53.9.-218°Q)) = 8092 —-142°V

The magnitude of the line voltages is

Vi ="V = V3l =V3809V)= 140V




The A-A System

Figure 21-27 shows a A-connected source driving a A-connected load. Notice that
the load voltage, line voltage, and source phase voltage are all equal for a given phase.
Voa = Vi1 = Vza
Vob = Via
l(;t' == ”J == th'

Of course, when the load is balanced, all the voltages are equal, and a general expres-
sion can be written

g =V = 1%

For a balanced load and equal source phase voltages, it can be shown that

11_ — \/jlz

Landd) 45y -6




Determine the magnitude of the load currents and the line currents in Figure

/
g

I:Zu — ’:Z[) — IZ( =240V

The magnitude of the load currents is

Vza _ 240V
Iza = Igp = Ize = —,~ = 5555 = 1.20A

The magnitude of the line currents is

I = V3, =V3(1.20A) = 208 A

Ll s 3
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