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Figure below shows some typical examples of measurement systems. (a) shows a temperature system with a

thermocouple sensing element; this gives a millivolt output. Signal conditioning consists of a circuit to compensate

for changes in reference junction temperature, and an amplifier. The voltage signal is converted into digital form

using an analogue-to-digital converter, the computer corrects for sensor non-linearity, and the measured value is

displayed on a VDU.

(b) the speed of rotation of an engine is sensed by an electromagnetic tachogenerator which gives an A.C. output

signal with frequency proportional to speed. The Schmitt trigger converts the sine wave into sharp-edged pulses

which are then counted over a fixed time interval. The digital count is transferred to a computer which calculates

frequency and speed, and the speed is presented on a digital display.

The flow system of (c) has an orifice plate sensing element; this gives a differential pressure output. The

differential pressure transmitter converts this into a current signal and therefore combines both sensing

and signal conditioning stages. The ADC converts the current into digital form and the computer calculates the

flow rate, which is obtained as a permanent record on a chart recorder.

The weight system of (d) has two sensing elements: the primary element is a cantilever which converts weight into

strain; the strain gauge converts this into a change in electrical resistance and acts as a secondary sensor. There

are two signal conditioning elements: the deflection bridge converts the resistance change into millivolts and the
amplifier converts millivolts into volts. The computer corrects for non-linearity in the cantilever and the weight is
presented on a digital display.

Examples of measurement systems
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3.  Statistical analysis of experimental data 
 
 
Statistical analysis and best estimate from replicate data: 
 
 

 Let a certain quantity X be measured repeatedly to get 

                                 iX , i=1,n                                                            (1) 

 Because of random errors these are all different. 

 How do we find the best estimate Xb for the true value of X?  

 It is reasonable to assume that the best value be such that the 

measurements are as precise as they can be! 

 In other words, the experimenter is confident that he has conducted the 

measurements with the best care and he is like the skilled shooter in the 

target practice example presented earlier! 

 Thus, we minimize the variance with respect to the best estimate Xb of X. 

 Thus we minimize: 

             [ ]
n
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i b
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S X X
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 This requires that: 
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        (3) 

 

 The best estimate is thus nothing but the mean of all the individual 

measurements! 

 

Error distribution: 

When a quantity is measured repeatedly it is expected that it will be 

distributed around the best value according to some distribution.  Many times 

the random errors may be distributed as a normal distribution.  If µ and σ are, 

respectively, the mean and the standard deviation, then, the probability density is 

given by 

−⎡ ⎤− ⎢ ⎥⎣ ⎦=

21 x µ
2 σ1f(x) e

σ 2π
   (4) 

The probability that the error around the mean is (x-µ) is the area under 

the probability density function between (x-µ)+dx and (x-µ) represented by the 

product of the probability density and dx.  The probability that the error is 

anywhere between -∞ and x is thus given by the following integral: 

−⎡ ⎤− ⎢ ⎥⎣ ⎦=
−∞
∫

1 v µx
22 σ1F(x) e dv

σ 2π
  (5) 

This is referred to as the cumulative probability.  It is noted that if x→∞ 

the integral tends to 1.  Thus the probability that the error is of all possible 

magnitudes (between -∞ and +∞) is unity!  The integral is symmetrical with 
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respect to x=µ as may be easily verified.  The above integral is in fact the error 

integral that is a tabulated function.  A plot of f(x) and F(x) is given in Figure 5. 

 

 

Figure 5 Normal distribution and its integral 

 

Many times we are interested in finding out the chances of error lying between 

two values in the form ±pσ.  This is referred to as the “confidence interval” and 

the corresponding cumulative probability specifies the chances of the error 

occurring within the confidence interval.  Table 1 gives the confidence intervals 

that are useful in practice: 
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Table 1 

Confidence intervals according to normal distribution 

 

Cumulative 
Probability 0 0.95 0.99 0.999 

Interval p 0 +1.96 +2.58 +3.29 

 

The table indicates that error of magnitude greater than ±3.29σ is very unlikely to 

occur.  In most applications we specify +1.96σ as the error bounds based on 

95% confidence. 
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Example 1 

 

 Resistance of a certain resistor is measured repeatedly to obtain the 

following data. 

No. 1 2 3 4 5 6 7 8 9 

R, kΩ 1.22 1.23 1.26 1.21 1.22 1.22 1.22 1.24 1.19 

 

 What is the best estimate for the resistance?  What is the error with 95% 

confidence? 

 Best estimate is the mean of the data. 

1.22 4 1.23 1.26 1.21 1.24 1.19R
9

    = 1.223  1.22 k

× + + + + +
=

≈ Ω
 

 Standard deviation of the error σ: 

9 2

1
-4

-4

1Variance  = Ri -R
9

                  =3.33 10
Hence :

  = 3.33 10
    = 0.183 0.02 k

⎡ ⎤⎣ ⎦

×

σ ×
≈ Ω

∑

 

 

 Error with 95% confidence : 

 

95% Error  = 1.96  = 1.96 0.0183
                     = 0.036  0.04 k

σ ×

≈ Ω
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Example 2 

 

Thickness of a metal sheet (in mm) is measured repeatedly to obtain the 

following replicate data.  What is the best estimate for the sheet thickness?  What 

is the variance of the distribution of errors with respect to the best value?  Specify 

an error estimate to the mean value based on 99% confidence. 

 

Experiment No. 1 2 3 4 5 6 

t, mm 0.202 0.198 0.197 0.215 0.199 0.194 

Experiment No. 7 8 9 10 11 12 

t, mm 0.204 0.198 0.194 0.195 0.201 0.202 

 

 The best estimate for the metal sheet thickness is the mean of the 12 

measured values.  This is given by 

12

i
1

b

0.202 0.198 0.197 0.215 0.199 0.194 0.204
t

0.198 0.194 0.195 0.201 0.202
t t  = 0.2 mm

12 12

+ + + + + +⎡ ⎤
⎢ ⎥+ + + + +⎣ ⎦= = =

∑

 

 The variance with respect to the mean or the best value is given by (on 

substituting t  for bt ) as 

 

12 122
i i

2 21 1
b

2 2 2 2 2 2 2

2 2 2 2 2

-5 2

t t t
 = t

12 12
0.202 0.198 0.197 0.215 0.199 0.194 0.204

0.198 0.194 0.195 0.201 0.202
0.2 mm 

12
= 3.04 10 mm

−⎡ ⎤⎣ ⎦
σ = −

⎡ ⎤+ + + + + +
⎢ ⎥
⎢ ⎥+ + + + +⎣ ⎦= −

×

∑ ∑

 

 The corresponding standard deviation is given by 
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5
b 3.04 10  =0.0055  0.006 mm−σ = × ≈  

 

 The corresponding error estimate based on 99% confidence is 

 

bError = 2.58  = 2.58 0.0055  0.014 mm± σ ± × ≈ ±  

Principle of Least Squares 

Earlier we have dealt with the method of obtaining the best estimate from 

replicate data based on minimization of variance.  No mathematical proof was 

given as a basis for this.  We shall now look at the above afresh, in the light of 

the error distribution that has been presented above. 

 

Consider a set of replicate data xi.  Let the best estimate for the measured 

quantity be xb.  The probability for a certain value xi within the interval 

i i ix , x dx+ to occur in the measured data is given by the relation 

               
( )2b i

2
x x

2
i i

1p(x )  e dx
2

−
−

σ=
σ π

                                             (6) 

The probability that the particular values of measured data are obtained in 

replicate measurements must be given by the compound probability given by 

( )

( )

( )

( )22 n
b ib i

22 i 1

x xx xn n
22

i in n
i 1 i 1

1 1p = e dx e dx
2 2

=

−− −−
σσ

= =

∑
=

σ π σ π
∏ ∏          (7) 

The reason the set of data was obtained as replicate data is that it was the 

most probable!  Since the intervals idx  are arbitrary, the above will have to be 

maximized by the proper choice of bx  and σ such that the exponential factor is a 

maximum.  Thus we have to choose bx  and σ such that 
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( )2n

b i
2

i 1

x x
2

n
1p '  e =

−
−

σ
∑

=
σ

     (8) 

has the largest possible value.  As usual we set the derivatives 
b

p ' p ' 0
x
∂ ∂

= =
∂ ∂σ

 to 

get the values of the two parameters xb and σ.  We have: 

( )

( )

2n
i b

2
i 1

x x
n

2
i bn 2

b i 1
This part should go to zero

p ' 1 e 2 x x ( 1) 0
x 2

=

−

σ
+

=

∑∂
= − − − =

∂ σ
∑    (9) 

Or 

     ( )
n n

i b b i
i 1 i n

x x  =0 or x x x
= =

− = =∑ ∑                (10) 

It is clear thus that the best value is nothing but the mean of the values!  We also 

have: 

( )
( )2n

i b
2

i=1

x -x
n 2 2

i bn+1 n+3
i 0

This part should go to Zero

p ' n 1 = - x x  e 0σ

=

∑⎡ ⎤∂
+ − =⎢ ⎥∂σ σ σ⎢ ⎥⎣ ⎦

∑    (11) 

Or 

    
( )

n 2
i b

2 i 1
x x

 =
n

=
−

σ
∑

              (12) 

This last expression indicates that the parameter σ2 is nothing but the 

variance of the data with respect to the mean!  Thus the best values of the 

measured quantity and its spread is based on the minimization of the squares of 

errors with respect to the mean.  This embodies what is referred to as the 

“Principle of Least Squares”. 
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Propagation of errors: 

Replicate data collected by measuring a single quantity repeatedly 

enables us to calculate the best value and characterize the spread by the 

variance with respect to the best value, using the principle of least squares.  Now 

we look at the case of a derived quantity that is estimated from the 

measurement of several primary quantities.  The question that needs to be 

answered is the following: 

“A derived quantity Q is estimated using a formula that involves the 

primary quantities. 1 2 na ,a ,.....a   Each one of these is available in terms of the 

respective best values 1 2 na , a ,.....a and the respective standard deviations 

1 2 n, ....σ σ σ .  What is the best estimate for Q and what is the corresponding 

standard deviation Qσ ?” 

We have, by definition 

 1 2 nQ =Q(a ,a ,.......a )       (13) 

It is obvious that the best value of Q should correspond to that obtained by using 

the best values for the a’s.  Thus, the best estimate for Q given by Q  as 

 1 2 nQ =Q(a ,a ,.......a )       (14) 

Again, by definition, we should have: 

 

  ( )
N 22

Q i
i 1

1 = Q Q
N =

σ −∑          (15) 

The subscript i indicates the experiment number and the ith estimate of Q is given 

by 

  ( )i 1i 2i niQ Q a ,a ,....a=        (16) 
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If we assume that the spread in values are small compared to the mean or the 

best values (this is what one would expect from a well conducted experiment), 

the difference between the ith estimate and the best value may be written using a 

Taylor expansion around the best value as 

 
2N

2
Q 1i 2i ni

1 2 2i 2

1 Q Q Qa a ...... a
N a a a=

⎛ ⎞∂ ∂ ∂
σ = ∆ + ∆ + + ∆⎜ ⎟∂ ∂ ∂⎝ ⎠

∑    (17) 

where the partial derivatives are all evaluated at the best values for the a’s.  If the 

a’s are all independent of one another then the errors in these are unrelated to 

one another and hence the cross terms. 
N

mi ki
i 1

a a 0 for m k
=
∆ ∆ = ≠∑  Thus equation 

(17) may be rewritten as 

 
2 2 2N

2
Q 1i 2i ni

1 2 ni 1

1 Q Q Qa a ....... a
N a a a=

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂⎢ ⎥σ = ∆ + ∆ + + ∆⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
∑  (18) 

Noting that ( )
2N

2
ji j

i 1
a  =N

=
∆ σ∑ we may recast the above equation in the form 

  
2 2 2

2 2 2 2
Q 1 2 n

1 2 n

Q Q Q =  + +.......+
a a a

⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂
σ σ σ σ⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

  (19) 

Equation (19) is the error propagation formula.  It may also be recast in the form 

2 2 2
2 2 2

Q 1 2 n
1 2 n

Q Q Q =  + +.......+
a a a

⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂
σ σ σ σ⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

     (20) 
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Example 3 
 

The volume of a sphere is estimated by measuring its diameter by vernier 

calipers.  In a certain case the diameter has been measured as D = 0.0502 ± 

0.00005 m.  Determine the volume and specify a suitable uncertainty for the 

same. 

Nominal volume of sphere:  

3 3
5 3D 0.0502V  =3.14159 6.624 10 m

6 6
−

= π × = ×  

 The error in the measured diameter is specified as: 

D 0.00005m∆ = ±  

 The influence coefficient is defined as  

2 2
-3 2

D
V D 0.0502I  =  = 3.14159  =3.958 10  m
D 2 2
∂

= π × ×
∂

 

 Using the error propagation formula, we have 

-3 7 3
DV=I D=3.958 10 0.00005 1.979 10  m−

∆ ∆ × × = ×  

 Thus  

5 7 3V 6.624 10 1.979 10  m− −= × ± ×  
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Definition & Equations & Examples 

1. Mean 

 Definition: The mean is the average of a set of values, calculated by 

summing all the values and dividing by the number of values. 

2. Standard Deviation 

 Definition: Standard deviation is a measure of the amount of 

variation or dispersion in a set of values. It shows how much the values 

deviate from the mean. 

3. Variance 

 Definition: Variance is the square of the standard deviation. It 

provides a measure of how far the values in a set are from the mean. 

4. Confidence Interval 

 Definition: A confidence interval is a range of values, derived from 

the data, that is likely to contain the true value of the parameter being 

measured, with a certain level of confidence (e.g., 95% confidence). 

5. Normal Distribution 

 Definition: A normal distribution is a probability distribution where 

data is symmetrically distributed around the mean, forming a bell-shaped 

curve. Most of the data points are near the mean, and fewer are found as 

you move away from the mean. 

6. Least Squares 

 Definition: The least squares method is a statistical technique used 

to find the best-fitting curve by minimizing the sum of the squares of the 

differences between observed values and the values predicted by the 

model. 

7. Error Propagation 

 Definition: Error propagation refers to the process of determining 
the uncertainty in a result that comes from the uncertainties in the 

measurements that were used to calculate that result. 
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arithmetic mean
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- The output range will be: from 4 to20 mA
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