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The Objective: Knowing the students the main scientific principle in the field of
heat transfer and its application in the Refrigeration, Cooling, and air conditioning

fields.

Week No. The contents
1 Introduction, Basic Concepts of Heat Transfer, Heat Transfer

Mechanisms.

Steady State One Dimensional Heat Conduction in a Large Plane
Wall, and in a Cylinder.

Conduction through Multilayer Plane Wall, and Cylinder.

Over all Heat Transfer Coefficient.

Critical Radius of Insulation. Thermal Contact Resistance.

The Fins

Transient Heat Conduction, (Lumped System Analysis)
Two-Dimensional Steady Heat Conduction
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Introduction to Heat Transfer by Convection, Review to the Fluid
Flow

Non-Dimensional Group Numbers Analysis

Non- Dimensional Convection Method

Analytical Solution for Heat Convection Heat Transfer for Laminar
And Turbulent Flow

One Dimensional Steady State Force Convection Heat Transfer on
Flat Plate

Empirical Equations for Forced Convection Heat Transfer (Laminar
and Turbulent Flow)

Natural Convection Heat Transfer

Empirical Equations for Natural Convection Heat Transfer
Introduction to Heat Exchangers, Kinds of Heat Exchangers

The Overall Heat Transfer Coefficient, Fouling Factor

The Log Mean Temperature Difference Method, The Effectiveness of

the heat Exchangers

The Performances for Difference Kinds of the Heat Exchangers
Heat Radiation, Introduction, Basic Concepts

Characteristics of Radiation, The View Factor

Radiation Heat Transfer Between Two Black Surfaces
Radiation Heat Transfer Between Two Gray Surfaces
Radiation Shields and The Radiation Effect
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First Week

Basic Concepts of Heat Transfer, and Heat Transfer Mechanisms.

The Objective: Knowing the student the main scientific principle in the field of

heat transfer and its mechanisms.

Introduction: Heat can be transferred in three different modes: conduction,

convection, and radiation. All modes of heat transfer require the existence of a
temperature difference, and all modes are from the high-temperature medium to a
lower-temperature one.

Test: How does the energy move from a hotter to a colder object?

Summary:
The basic requirement for heat transfer is the presence of a temperature difference.

There can be no net heat transfer between two mediums that are at the same

temperature. The temperature difference is the driving force for heat transfer, just as

the voltage difference is the driving force for electric current flow and pressure
difference is the driving force for fluid flow. The rate of heat transfer in a certain
direction depends on the magnitude of the temperature gradient (the temperature
difference per unit length or the rate of change of temperature) in that direction. The
larger the temperature gradient, the higher the rate of heat transfer.

Application Areas of Heat Transfer

Heat transfer is commonly encountered in engineering systems and other aspects of
life, and one does not need to go very far to see some application area of heat transfer.

In fact, one does not need to go anywhere. The human body is constantly rejecting
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heat to its surroundings, and human comfort is closely tied to the rate of this heat
rejection. We try to control this heat transfer rate by adjusting our clothing to the
environmental conditions.

Many ordinary household appliances are designed, in whole or in part, by using the
principles of heat transfer. Some examples include the electric or gas range, the
heating and air-conditioning system, the refrigerator and freezer, the water heater,
the iron, and even the computer, the TV, and the VCR. Of course, energy-efficient
homes are designed on the basis of minimizing heat loss in winter and heat gain in
summer. Heat transfer plays a major role in the design of many other devices, such
as car radiators, solar collectors, various components of power plants, and even
spacecraft. The optimal insulation thickness in the walls and roofs of the houses, on
hot water or steam pipes, or on water heaters is again determined on the basis of a
heat transfer analysis with economic consideration

Engineering Heat Transfer

Heat transfer equipment such as heat exchangers, boilers, condensers, radiators,
heaters, furnaces, refrigerators, and solar collectors are designed primarily on the
basis of heat transfer analysis. The heat transfer problems encountered in practice
can be considered in two groups: (1) rating and (2) sizing problems. The rating
problems deal with the determination of the heat transfer rate for an existing system
at a specified temperature difference. The sizing problems deal with the
determination of the size of a system in order to transfer heat at a specified rate for
a specified temperature difference. A heat transfer process or equipment can be
studied either experimentally (testing and taking measurements) or analytically (by

analysis or calculations). The experimental approach has the advantage that we deal

with the actual physical system, and the desired quantity is determined by
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measurement, within the limits of experimental error. However, this approach is
expensive, time-consuming, and often impractical. Besides, the system we are
analyzing may not even exist. For example, the size of a heating system of a building
must usually be determined before the building is actually built on the basis of the
dimensions and specifications given. The analytical approach (including numerical
approach) has the advantage that it is fast and inexpensive, but the results obtained
are subject to the accuracy of the assumptions and idealizations made in the analysis.
In heat transfer studies, often a good compromise is reached by reducing the choices

to just a few by analysis, and then verifying the findings experimentally.

The First Law of Thermodynamics

The first law of thermodynamics, also known as the conservation of energy

principle, states that energy can neither be created nor destroyed; it can only change

forms. Therefore, every bit of energy must be accounted for during a process. The
conservation of energy principle (or the energy balance) for any system undergoing
any process may be expressed as follows: The net change (increase or decrease) in
the total energy of the system during a process is equal to the difference between the
total energy entering and the total energy leaving the system during that process.
That is,

Total energy Total energy Change in the
entering the | — | leaving the | = | total energy of
system [ | system | | thesystem

Noting that energy can be transferred to or from a system by heat, work, and mass
flow, and that the total energy of a simple compressible system consists of internal,

kinetic, and potential energies.
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Enerqgy Balance for Closed Systems (Fixed Mass)

A closed system consists of a fixed mass. The total energy E for most systems
encountered in practice consists of the internal energy U. This is especially the case
for stationary systems since they don’t involve any changes in their velocity or

elevation during a process. The energy balance relation in that case reduces to
Stationary closed system: E,— E,, = AU = mC,AT (J)
where we expressed the internal energy change in terms of mass m, the specific heat

at constant volume Cv, and the temperature change AT of the system.

Energy Balance for Steady-Flow Systems

A large number of engineering devices such as water heaters and car radiators
involve mass flow in and out of a system, and are modeled as control volumes. Most
control volumes are analyzed under steady operating conditions. The term steady
means no change with time at a specified location. The opposite of steady is unsteady
or transient. Also, the term uniform implies no change with position throughout a
surface or region at a specified time.

The amount of mass flowing through a cross section of a flow device per unit time
Is called the mass flow rate, and is denoted by m. A fluid may flow in and out of a
control volume through pipes or ducts. The mass flow rate of a fluid flowing in a

pipe or duct is proportional to the cross-sectional area A; of the pipe or duct, the

density p, and the velocity v. of the fluid, m=pv A (kg/s).

For a steady-flow system with one inlet and one exit, the rate of mass flow into the

control volume must be equal to the rate of mass flow out of it. That is, m, =m_, =m

\When the changes in kinetic and potential energies are negligible, which is usually
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the case, and there is no work interaction, the energy balance for such a steady-flow

~ Control volume
f

system reducesto, Q=mC AT

where C_ is the specific heat (kJ/kg.°C)

Heat Transfer Mechanisms

Heat can be transferred in three different modes: conduction, convection, and

radiation. Conduction is the transfer of energy from the more energetic particles of

a substance to the adjacent less energetic ones as a result of interactions between the

particles, and is expressed by Fourier’s law of heat conduction as,

@mnd = _E‘Aﬂ_

dx
where Kk is the thermal conductivity of the material, A is the area normal to the
direction of heat transfer, and dT/dx is the temperature gradient. The magnitude of
the rate of heat conduction across a plane layer of thickness L is given by

- AT
Ql:und = k""T

where AT is the temperature difference across the layer.

FIGURE 1.1 Association of conduction heat transfer with diffusion of energy due to molecular

activity.




Convection is the mode of heat transfer between a solid surface and the adjacent
liquid or gas that is in motion, and involves the combined effects of conduction and

fluid motion. The rate of convection heat transfer is expressed by Newton'’s law of

COOIing as, Q'-‘t*l'l'-'-_'clinn = J{L"“l_.,- {T_.; —-T.)

where h is the convection heat transfer coefficient in W/m?-°C, A is the surface area
through which convection heat transfer takes place, Ts is the surface temperature,
and T, is the temperature of the fluid sufficiently far from the surface. Convection
is called forced convection if the fluid is forced to flow over the surface by external
means such as a fan, pump, or the wind. In contrast, convection is called natural (or
free) convection if the fluid motion is caused by buoyancy forces that are induced
by density differences due to the variation of temperature in the fluid. Heat transfer
processes that involve change of phase of a fluid are also considered to be convection
because of the fluid motion induced during the process, such as the rise of the vapor

bubbles during boiling or the fall of the liquid droplets during condensation.
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FIGURE 1.2 Convection heat transfer processes. (a) Forced convection. (b) Natural convection.
(c) Boiling. (d) Condensation.




Radiation is the energy emitted by matter in the form of electromagnetic waves (or
photons) as a result of the changes in the electronic configurations of the atoms or
molecules. The maximum rate of radiation that can be emitted from a surface at an
absolute temperature Ts is given by the Stefan—-Boltzmann law as,

O emit. max = AT where o = 5.67 X 10°® W/m? - K*

Is the Stefan Boltzmann constant.

When a surface of emissivity and surface area As at an absolute temperature Ts is

completely enclosed by a much larger (or black) surface at absolute temperature Ty

separated by a gas (such as air) that does not intervene with radiation, the net rate of

radiation heat transfer between these two surfaces is given by,

de = EUA.'.' ET;_ r\'tnr}

Gas

A T h
G E i Surroundings i i
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\

Surface of emissivity Surface of emissivity
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FIGURE 1.3 Radiation exchange: (a) at a surface and (b) between surface and large

surroundings.




Simultaneous Heat Transfer Mechanisms

We mentioned that there are three mechanisms of heat transfer, but not all three can
exist simultaneously in a medium. For example, heat transfer is only by conduction
in opaque solids, but by conduction and radiation in semitransparent solids. Thus, a
solid may involve conduction and radiation but not convection. However, a solid
may involve heat transfer by convection and/or radiation on its surfaces exposed to
a fluid or other surfaces.

Heat transfer is by conduction and possibly by radiation in a still fluid (no bulk fluid
motion) and by convection and radiation in a flowing fluid. In the absence of
radiation, heat transfer through a fluid is either by conduction or convection,
depending on the presence of any bulk fluid motion. Convection can be viewed as

combined conduction and fluid motion, and conduction in a fluid can be viewed as

a special case of convection in the absence of any fluid motion.

Thus, when we deal with heat transfer through a fluid, we have either conduction or
convection, but not both. Also, gases are practically transparent to radiation, except
that some gases are known to absorb radiation strongly at certain wavelengths.
Ozone, for example, strongly absorbs ultraviolet radiation. But in most cases, a gas
between two solid surfaces does not interfere with radiation and acts effectively as
a vacuum. Liquids, on the other hand, are usually strong absorbers of radiation.

Finally, heat transfer through a vacuum is by radiation only since conduction or

convection requires the presence of a material medium

OPAQUE |7 ' — T, | VACUUM

SOLID ‘
Radiation
‘. 2 modes —

: Radiation
Conduction Conduction or

convection




H.W 1: An ideal gas is heated from 50°C to 80°C (a) at constant volume and (b) at
constant pressure. For which case do you think the energy required will be greater?
Why?

EXAMPLE 1.1

The wall of an industrial furnace is constructed from 0.15-m-thick fireclay brick
having a thermal conductivity of 1.7 W/m _ K. Measurements made during steady
state operation reveal temperatures of 1400 and 1150 K at the inner and outer
surfaces, respectively. What is the rate of heat loss through a wall that is 0.5 m by

1.2 mon a side?
SOLUTION

Known: Steady-state conditions with prescribed wall thickness, area, thermal

conductivity, and surface temperatures.

k=17 WimeK
T, = 1400 K~/ |~ T2=1150K

—Wall area, A

Find: Wall heat loss

Assumptions:




1. Steady-state conditions.

2. One-dimensional conduction through the wall.

3. Constant thermal conductivity.

Analysis: Since heat transfer through the wall is by conduction, the heat flux
may be determined from Fourier’s law.

AT 0K

"= — = I/ - == Jf 2
i = k5= 1.7 W/m - K < £55 — 2833 W/m

The heat flux represents the rate of heat transfer through a section of unit area, and
it is uniform (invariant) across the surface of the wall. The heat loss through the wall
of area is then

g, = (HW)g' = (0.5m x 1.2 m) 2833 W/m? = 1700 W

EXAMPLE 1.2

An uninsulated steam pipe passes through a room in which the air and walls are at
25°C. The outside diameter of the pipe is 70 mm, and its surface temperature and
emissivity are 200°C and 0.8, respectively. What is the surface emissive power and
irradiation? If the coefficient associated with free convection heat transfer from the
surface to the air is 15 W/m2 K , what is the rate of heat loss from the surface per
unit length of pipe?

SOLUTION

Known: Uninsulated pipe of prescribed diameter, emissivity, and surface
temperature in a room with fixed wall and air temperatures.

Find:
1. Surface emissive power and irradiation.

2. Pipe heat loss per unit length.




Assumptions:

1. Steady-state conditions.

2. Radiation exchange between the pipe and the room is between a small surface
and a much larger enclosure.

3. The surface emissivity and absorptivity are equal.

Analysis:

1. The surface emissive power may be evaluated from Equation 1.5, while the ir-
radiation corresponds to G =¢ T,. Hence

E=goT!=0.8(5.67 x 107 *W/m*- K*) (473 K)* = 2270 W/m?
G=oTi, =567x108W/m*-K* (298 K)! = 447 W/m®

2. Heat loss from the pipe is by convection to the room air and by radiation ex-

change with the walls. Hence, g = g, + G..q and from Equation 1.10, with
A=wDL,

q= !][:WDL) [Ts -TI.)+ b{'?TﬂL](T[:T‘g_ Ts\i:r}

The heat loss per unit length of pipe is then

g = % = 15 W/m? - K (7 X 0.07 m) (200 — 25)°C

+ 0.8(7 % 0.07 m) 5.67 X 10 *W/m* - K* (473" — 298" K*
g’ = 57T W/m + 421 W/m = 998 W/m




Example 3:

Consider steady heat transfer between two large parallel plates at constant
temperatures of T:= 290K and T>=150K that are L=2cm apart .Assuming the
surfaces to be black (€=1) , determine the rate of heat transfer between the plates
per unit surfaces area assuming the gap between the plates is (a) filled with
atmospheric air k = 0.01979 W/m-°C (b) evacuated (c) filled with fiberglass
insulation k = 0.036 W/m-°C and (d) filled with super insulation having an apparent
thermal conductivity of 0.00015 w/m.k .

Sol:

Assumptions

1 Steady operating conditions exist since the plate temperatures remain constant.

2 Heat transfer is one-dimensional since the plates are large.

3 The surfaces are black and thus e = 1

4 There are no convection currents in the air space between the plates.

Properties The thermal conductivities are k = 0.00015 W/m-°C for super
insulation, k = 0.01979 W/m-°C at -50°C for air, and k = 0.036 W/m-°C for
fiberglass insulation.

Analysis (a) Disregarding any natural convection
currents, the rates of conduction and radiation heat
transfer

(290-150) K
0.02m

T,-Tp
L

=(0.01979W/m2.°C)(1m?) =139 W

Qcond =kA
Qrad = gOAs (Tl4 _T24)
~1(5.67x10°8 W/m?.K*)(Im?)[(290 K)* — (150 K)* |= 372 W
Qtotal = Qcond + Qrad =139+372=511W
(b) When the air space between the plates is evacuated,

there will be radiation heat transfer only. Therefore,

Qtotal = Qrad =372W




(c) In this case there will be conduction heat transfer
through the fiberglass insulation only,

Tl _TZ

Qi = Quons = KA 2 = (0036 W/ m )1 m?) 2V K

0.02m

=252 W

(d) In the case of super insulation, the rate of heat transfer will be

(290 -150) K
0.02m

=1.05W

Qi = Quang = KA = (000015 W/ m.>C)(1 )

HW.?2

Hot air at 80°C is blown over a 2m x 4m flat surface at 30°C. If the average
convection heat transfer coefficient is 55 W/m?-K, determine the rate of heat transfer
from the air to the plate, in kW.




Conduction Heat Transfer Through

Multilayer Plane Walls, Cylinder and Sphere

The Objective: The rate of heat transfer through a multilayer plane walls,

cylinders, and spheres medium under steady conditions and surface

temperatures difference.

Introduction: In heat transfer analysis, we are often interested in the rate of

heat transfer through a medium under steady conditions and surface
temperatures. Such problems can be solved easily without involving any
differential equations by the introduction of thermal resistance concepts in an
analogous manner to electrical circuit problems. In this case, the thermal
resistance corresponds to electrical resistance, temperature difference
corresponds to voltage, and the heat transfer rate corresponds to electric current.
We start with one-dimensional steady heat conduction in a plane wall, a
cylinder, and a sphere, and develop relations for thermal resistances in these
geometries. We also develop thermal resistance relations for convection and
radiation conditions at the boundaries. We apply this concept to heat conduction

problems in multilayer plane walls, cylinders, and spheres.

Test: What does the thermal resistance of a medium represent?

Summary:
Consider a plane wall of thickness L and average thermal conductivity k. The

two surfaces of the wall are maintained at constant temperatures of T, and To.

For one-dimensional steady heat conduction through the wall, we have T(x).

Then Fourier’s law of heat conduction for the wall can be expressed as,




dT

Q cond, wall —

where the rate of conduction heat transfer Q cong wan and the wall area A are

constant. Thus we have dT/dx = constant, which means that the temperature
through the wall varies linearly with x. That is, the temperature distribution in
the wall under steady conditions is a straight line. Separating the variables in
the above equation and integrating from x = 0, where T(0) = Ty, to x = L, where
T(L) =T, we get

]1_5' O cond wan dX = — If kA dT

=0 Jr=T1,
Performing the integrations and rearranging gives

: T,-T
Qcond,wall = %

The Thermal Resistance Concept

W)

Heat conduction through a plane wall can be rearranged as

: T,-T
Qcond,wall = lR—Z

L .
W) where R :@ ( C/W)

wall

is the thermal resistance of the wall against heat

conduction or simply the conduction resistance of

the wall.

The equation above for heat flow is analogous to the relation for electric current

flow I, expressed as

vV, -V,
I=—%—

Ve AMAANN— =V,
R

£

(a) Heat flow (b) Electric current flow




Consider convection heat transfer from a solid surface of
area A; and temperature T to a fluid whose temperature
sufficiently far from the surface is T.,, with a convection
heat transfer coefficient h. Newton’s law of cooling for

convection heat transfer rate,

Q conv=hAs(Ts -T.,) can be rearranged as,

. T, — T, 1,

Qconvl = (W) where Reonvr = H( C/W)
S

RCOTIU

Is the thermal resistance of the surface against heat convection, or simply the
convection resistance of the surface.

When the wall is surrounded by a gas, the radiation effects, which we have
ignored so far, can be significant and may need to be considered. The rate of
radiation heat transfer between a surface of emissivity ¢ and area A at
temperature Ts and the surrounding surfaces at some average temperature Ty
can be expressed as,

Qrad = €04, (Ts4 - Tsirr) = NragaAs (Ts - Tsurr)
_ Ts - Tsurr

1
(W) whereR,.,q =— (K/W
Rrad rad hradAs ( )

Is the thermal resistance of a surface against radiation, or the radiation

resistance, and

Q rad

= ————— = &0(T7 + T
-""1_-,-[ Ts - T:x'urr} ol

surr

}[T'. + r\'urr} (“'r"'r"l: ' K:'

Is the radiation heat transfer coefficient. Note that both T and Ts,» must be in
K in the evaluation of hng. The definition of the radiation heat transfer
coefficient enables us to express radiation conveniently in an analogous manner
to convection in terms of a temperature difference. But h.,q depends strongly on

temperature while heony usually does not.




A surface exposed to the surrounding air involves
convection and radiation simultaneously, and the total heat
transfer at the surface is determined by adding (or

subtracting, if in the opposite direction) the radiation and

convection components. The convection and

radiation resistances are parallel to each other, as shown in the Fig., and may

cause some complication in the thermal resistance network. When Tg= T, , the
radiation effect can properly be accounted for by replacing h in the convection
resistance relation by,

h + hy (W/m? - K)

combined — jIEIL'nrl v

where heombines 1S the combined heat transfer coefficient. This way all the
complications associated with radiation are avoided.

I

Thermal
network

I R, R, , R_,

fe  — b o Electrical
V) —AAANAAN AN ——e—ANANAN—e T

analogy

The thermal resistance network for heat transfer through a plane wall

subjected to convection on both sides, and the electrical analogy.

Thermal Resistance Network

Now consider steady one-dimensional heat flow through a plane wall of
thickness L, area A, and thermal conductivity k that is exposed to convection on

both sides to fluids at temperatures T..; and T, with heat transfer coefficients h;




and hy, respectively, as shown in the Figure. Assuming T.» < T.1, the variation

of temperature will be as shown in the figure. Note that the temperature varies

linearly in the wall, and asymptotically approaches T.; and T., in the fluids as

we move away from the wall.

Under steady conditions we have,
Rate of

( heat conduction
\through the wall

Rate of

heat convection
\ into the wall |

Rate of

)=

= h, A(T

— T,

. T,
Q :;!|A{T-¢|_TJ}:£[A I

T.3)

T'r.J - TI _
1/hA

I, —T,
L/kA

_Tl_ w3
T 1A

0 =

_ T'r.l B TI _
RL‘(]I‘I‘.. I

-1, T,-T,
Rwall Rr_‘um .2

Adding the numerators and denominators yields,

“Le )

02

._TO01
Q= R

total

1 L
_ 1oL
hA kA hA

Where R =R +R +R

total conv,1 wall conv,2

. AT
Q=

total

We summarize this as the rate of steady heat

heat convection
\ from the wall |

1

transfer between two surfaces is equal to the
temperature difference divided by the total
thermal two

resistance between those

surfaces.

15°C/W




It is sometimes convenient to express heat

transfer through a medium in an analogous

manner to Newton’s law of cooling as,

Q=UAAT (W)

where U is the overall heat transfer coefficient.

UA= = (W)

total

Multilayer Plane Walls

In practice we often encounter
plane walls that consist of
several layers of different

materials. The thermal

resistance concept can still be
used to determine the rate of

steady heat transfer through

such composite walls.

T

- Tool_ w2
Q=" (W)

total

Rt = the total thermal
resistance, expressed as

R :RCOWY1+R +R +R

wall 1 wall, 2 conv,2
I S U PO
hA kA kA hA

total

("C/W)

Once Q is known, an unknown surface temperature T; at any surface or

interface j can be determined from,




T — ;r

Rt i} \where Ti is a known temperature at location i and Riotai,i;j IS the

total thermal resistance between locations i and j.

T -T,
R

. T, — Th
Tofind T,; Q=—"L "2
ofind 15 R IR,

conv, | cony,

Tofind T): Q=

. T,-T.,
TofindT5: Q=——"=

conv, 2

Generalized Thermal Resistance Networks

The thermal resistance concept or the electrical analogy can also be used to

solve steady heat transfer problems that involve parallel layers or combined

Insulation

series-parallel arrangements.

Consider the composite wall shown in the

)]

Figure, which consists of two parallel layers.

The thermal resistance network, which consists

of two parallel resistances, can be represented

as shown in the figure. Noting that the total heat

transfer is the sum of the heat transfers through

each layer, we have Ty e—

S 64O _T|_T3+T|_T:_ T _T.Il":L_FiH]I
Q=0,+0,= R, R, 3}'.,.-‘-?] R,

Utilizing electrical analogy, we get

"L here 1 - R Ry = RRlRI;
+

total 2 1 2




Now consider the combined series-parallel arrangement shown, the total rate of

heat transfer through this composite system can again be expressed as,

T,— T

o0

Q B Rtntul

Insulation
'

Rlulu] = RJE + RF + Rt'nnt =

kA

Once the individual thermal resistances are
evaluated, the total resistance and the total rate
of heat transfer can easily be determined from

the relations above.

Ex1: Find heat transfer per unit area through the
composite wall Assume one-dimensional heat

flow.

KA= 150 W/m.°c

KB=30

KC=50 T, 370°C
KD=70

Ac=0.1m?

— <« >

25mm 75mm 50mm
SOL:




R=4x
kA
__0.025
47 (150)0.1)
- 0075
(30)(0.05)
0.05
Re (50)(0.1)
___0.075
(70)(0.05)
1
R=Rj +Rc +——— =2.667x1072
Ry T Rp
AT _ 370-66
R 2.667x1072

=1.667 %1073

=0.05

=0.02143

Rp

=11,400 W

q:

Radial system:
Heat transfer:

q = —kAg A=2nrL

dT

—2nrLk —
nrkdr

To

—2mkL dT
Ti

T =T,

r=r, T = TO
_ 2mkL(T;—T,)

rO
q ln—_ = —-2nkL(T, —T;) q

l




HEAT CONDUCTION IN
CYLINDERS AND SPHERES

In(rs/r)) In(Outer radius/Inner radius)

R., = —
. 2wlk 27 X (Length) > (Thermal conductivity)

K= Outer radius — Inner radius
S 4qr ek 4a(Outer radius)(Inner radius)(Thermal conductivity)

R

A 8

)
[‘lr-l.«l




where

= Reonv.1 + Reyi + Reony, 2

| In(ry/ry) 1

= +
(27 L)h, 2mLk (2mr,L)h,

for a cylindrical layer, and

III[el-ll.l. = III[e{-ll'l'-.. + RFF'. + H{i ny, 2

| n=n I
(dmrph,  dmrink  (dwrdh,

Multilayered Cylinders and Spheres

s T = Ta
Q JF'el: Lal

there R, is the fotal thermal resistance, expressed as

JI[{'I: tal = R w1 T JI[eu_'-'l.l B R{}l.: t R;}l. 3T IRI;-.‘n'-'.:

[ +ln[r3.-";'_3 In(r3/ry)  In(ry/rs)
WA, 2alk,  2alk,  2wlk b,




EX2: A 3-m internal diameter spherical tank made of 2-cm-thick stainless steel (k = 15 W/m.
°C) is used to store iced water at T..; = 0°C. The tank is located in a room whose temperature
IS Tz = 22°C. The walls of the room are also at 22°C. The outer surface of the tank is black
and heat transfer between the outer surface of the tank and the surroundings is by natural
convection and radiation. The convection heat transfer coefficients at the inner and the outer
surfaces of the tank are h1 = 80 W/m?2.°C and h2 = 10 W/m?.°C, respectively. Determine the
rate of heat transfer to the iced water in the tank and

SOL:

Assumptions 1 Heat transfer is steady since the specified thermal conditions at
the boundaries do not change with time. 2 Heat transfer is one-dimensional
since there is thermal symmetry about the midpoint. 3 Thermal conductivity is
constant.

Praperties The thermal conductivity of steel is given to be k = 15 W/m - °C.
The heat of fusion of water at atmospheric pressure is h;; = 333.7 kJikg. The
outer surface of the tank is black and thus its emissivity is e = 1.

Analysis (&) The thermal resistance network for this problem is given in
Fig. 3-28. Noting that the inner diameter of the tank is £y = 3 m and the outer
diameter is D, = 3.04 m, the inner and the outer surface areas of the tank are

A, = aDf = a(3m)* = 283 m’
Ay = wDi = w(3.04m)* = 29.0 m?

Also, the radiation heat transfer coefficient is given by

g = eo (T + TENTh + )

But we do not know the outer surface temperature T, of the tank, and thus we
cannot calculate f.,. Therefore, we need to assume a T, value now and check
the accuracy of this assumption later. We will repeat the calculations if neces-
sary using a revised value for T,.

We note that 7. must be between 0°C and 22°C, but it must be closer
to 0°C, since the heat transfer coefficient inside the tank is much larger. Taking
T, = 5°C = 278 K, the radiation heat transfer coefficient is determined to be

ha = (1)(5.67 % 10-8 W/m? - K9)[(295 K)* + (278 K)][(295 + 278) K]
— 534 W/n? -K = 534 Wm? - °C

Then the individual thermal resistances become

1 1
B = Reom1 = 370 = (80 Win - °C)(283 o)
R_p. -B-h_ (152 — 1.50)m
U P T Anker, 4w (15 Wim - °C)(1.52 m)(1.50 m)
= 0.000047°C/ W
1 1
hd; (10 Wim? - °C)(29.0 m?)
1 1
87 Bpady (534 Wim? - °C)(29.0 m?)

= 0.000442°C/'W

R, = Regm1= = 0.00345°C/'W

= 0.00646°C/ W

Ra

The two parallel resistances R/, and R.; can be replaced by an equivalent resis-
tance Requ, determined from

1 1

1
= 0.00345 T 0.00646

11
R R, R

= 444.7 W/°C

which gives

Ry = 0.00225°C/W




Mow all the resistances are in series, and the total resistance is determined
to be

R = R + Ry + Rogy = 0.000442 + 0.000047 + 0.00225 = 0.00274°C/ W

Then the steady rate of heat transfer to the iced water becomes

Ta—Ta __(22-0)°C

= = S.o0z7aecrw — 020 W (or O = 8.027kJ/s)
tofal it

0 =

To check the validity of our original assumption, we now determine the outer
surface temperature from

Q_Trz_rz
Requn‘

—_ _T] = .T.-] - QR equv
= 22°C — (8029 W)(0.00225°C/ W) = 4°C

which is sufficiently close to the 5°C assumed in the determination of the radi-
ation heat transfer coefficient. Therefore, there is no need to repeat the calcu-
lations using 4°C for T».

Ex3: Steam at T..; = 320°C flows in a cast iron pipe (k= 80 W/m. °C) whose
inner and outer diameters are D;=5 c¢cm and D,= 5.5 cm, respectively. The pipe
Is covered with 3cm-thick glass wool insulation with k= 0.05 W/m. °C. Heat is
lost to the surroundings at T..,= 5°C by natural convection and radiation, with a
combined heat transfer coefficient of h, =18 W/m2.°C. Taking the heat transfer
coefficient inside the pipe to be h;= 60 W/m2°C, determine the rate of heat loss
from the steam per unit length of the pipe. Also determine the temperature drops
across the pipe shell and the insulation.




Inzulation
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SOLUTION A steam pipe covered with glass wool insulation is subjected fo
convection on its surfaces. The rate of heat transfer per unit length and the
temperature drops across the pipe and the insulation are to be determined.
Assumptions 1 Heat transfer is steady since there is no indication of any
change with time. 2 Heat transfer is one-dimensional since there is thermal
symmetry about the centerline and no variation in the axial direction. 3 Thermal
conductivities are constant. 4 The thermal contact resistance at the interface is
negligible.
Properties The thermal conductivities are given to be k = 80 W/m - °C for cast
iron and k = 0.05 W/m - °C for glass wool insulation.
Analysis The thermal resistance network for this problem involves four resis-
tances in series and is given in Fig. 3-29. Taking L = 1 m, the areas of the
surfaces exposed to convection are determined to be

Ay = 2enL = 27(0.025 m)(1 m) = 0.157 m®

Ay = 2L = 2m(0.0575 m)(1 m) = 0.361 m?
Then the individual thermal resistances become

1 _ 1
A (60 Wim? - °C)(0.157 m?)
£ CIn(ry/ry) In(2.75/2.5)
1= Roipe = 5087 = 2mE0Wim - °C)1 m)
B (i) In(5.75/2.75)
Ry = Ruststion = 2nkl  2w(0.05 W/m - °C)(1 m)

Ri = Regm1 = 0.106°C/ W

= 0.0002°C/W

= 2.35°C/W

R, = Reoma hAd; (18 Wm? - °C)(0.361 o)

= 0.154°C/W

Moting that all resistances are in series, the total resistance is determined to be

Rym =R+ Ry + Ry + R, = 0106 + 0.0002 + 235 4+ 0.154 = 2 61°C/W

Then the steady rate of heat loss from the steam becomeas

T.— T, (320 - 5)°C

- —121W
Q=% sereow Y

(per m pipe length)

The heat loss for a given pipe length can be determined by multiplying the
above guantity by the pipe length L

The temperature drops across the pipe and the insulation are determinad
from Eq. 3-17 to be

AT, = OR i, = (121 W)(0.0002°C/ W) = 0.02°C

That is, the temperatures between the inner and the outer surfaces of the pipe
differ by 0.02°C, whereas the temperatures between the inner and the outer
surfaces of the insulation differ by 284°C.




H.W: A 5-m-internal-diameter spherical tank made of 1.5-cm-thick stainless
steel (k=15 W/m.°C) is used to store iced water at 0°C. The tank is located in a
room whose temperature is 30°C. The walls of the room are also at 30°C. The
outer surface of the tank is black (emissivity = 1), and heat transfer between the
outer surface of the tank and the surroundings is by natural convection and
radiation. The convection heat transfer coefficients at the inner and the outer
surfaces of the tank are 80 W/m2. °C and 10 W/m?. °C, respectively. Determine

(a) the rate of heat transfer to the iced water in the tank

H.W: Consider a 0.8-m-high and 1.5-m-wide double-pane window consistingof
two 4-mm-thick layers of glass (k= 0.78 W/m - °C) separated by a 10mm wide
stagnant air space (k = 0.026 W/m - °C). Determine the steady rate of heat

(Glass
"y

}




Critical Radius of Insulation,

The Objective: Investigate the steady state one dimensional heat conduction in
a cylinder and sphere, and estimate the critical radius of insulation for them.

Introduction: Steady heat transfer through a cylinder or sphere, and the
multilayered cylindrical or spherical shells can be handled just like plane walls
by simply adding an additional resistance in series for each additional layer.

The additional insulation increases the conduction resistance of the insulation

layer but decreases the convection resistance of the surface because of the
SRS AEEAONCORVERNEND T he heat transfer from the pipe

may increase or decrease, depending on which effect dominates. Critical radius
of insulation is confirmed the idea of reducing the rate of heat loss from the
cylindrical and spherical shells depending on which effect dominates.

Test: What is the critical radius of insulation? How is it defined for a
cylindrical layer?

Summery:
Heat transfer through a pipe can be modeled as steady and one-dimensional.

The temperature of the pipe in this case will depend on one direction only (the
radial r-direction) and can be expressed as T = T(r). The temperature is
independent of the azimuthal angle or the axial distance. This situation is
approximated in practice in long cylindrical pipes and spherical containers. In
steady operation, there is no change in the temperature of the pipe with time at
any point. Therefore, the rate of heat transfer into the pipe must be equal to the
rate of heat transfer out of it. In other words, heat transfer through the pipe must

be constant, Q. .qne =cONStant.

Consider a long cylindrical layer (such as a circular pipe) of inner radius ry,
outer radius ry, length L, and average thermal conductivity k. The two surfaces
of the cylindrical layer
are maintained at constant temperatures T; and T,. There is
no heat generation in the layer and the thermal conductivity
Is constant. For one-dimensional heat conduction through the =
cylindrical layer, we have T(r). Then Fourier’s law of heat //

L

)
=
|
|

-

conduction for heat transfer through the cylindrical layer can
be expressed as,

/

) IT ) \ \
Qt'und.c}'l = —kA i? (W) \\\
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where A = 2arL is the heat transfer area at location r. Note that A depends on r,
and thus it varies in the direction of heat transfer. Separating the variables in the
above equation and integrating from r = ry, where T(r;) = Ty, to r = rp, where
T(ry) = Ty, gives,
Q cond, cy R
S dr=—|" kdT
. A Jr=1,
Substituting A = 2arL and performing the integrations give,
: T, —

Q-:und.tjr'l = 2mlk In(r>/ry)

sonductionoy. =CONStaNt. This equation can be rearranged as,

. T,-T
Qcond,cyl. = 2 (W)
Rcyl

_In(r,/r) In(Outer radius/Inner radius)
2Lk 2z x(Length) x (Thermal conductivity)

Is the thermal resistance of the cylindrical layer against heat conduction, or
simply the conduction resistance of the cylinder layer.

We can repeat the analysis above for a spherical layer by taking A= 4xnr? and
performing the integrations, the result can be expressed as,

. T,-T
Qcond,sph. = 2 (W)

R
where

L—-nrn _ Outer radius - Inner radius

B Ak - 47 x (outer radius) x (Inner radius) x(Thermal conductivity)

Is the thermal resistance of the spherical layer against heat conduction, or
simply the conduction resistance of the spherical layer.

Now consider steady one-dimensional heat flow through a cylindrical or
spherical layer that is exposed to convection on both sides to fluids at
temperatures T, and T_, with heat transfer coefficients h; and h,, respectively.

The thermal resistance network in this case consists of one conduction and two
convection resistances in series, just like the one for the plane wall, and the rate
of heat transfer under steady conditions can be expressed as,

T

3 Too1_ w2
Q=R— W)

where,

(W)

since Q

where R,

sph.

sph.

total




R =R +R_ +R

conv,l cyl. conv,2
1 N In(r, /1) N 1
(2zrL)h, 22k  (2zr,L)h
for a cylindrical layer, and
Rew = Reons ¥ Rgn + R

total conv,1
1 L hoh 1
(472, 4zrrk  (4zr’L)h,

total

2

conv,2

Rlol;\l = Rmn\.l + R;_\I + Rcun\.l

for a spherical layer. Note that A in the convection resistance relation Reony =
1/hA is the surface area at which convection occurs. It is equal to A = 2arL for a
cylindrical surface and A= 4xnr?for a spherical surface of radius r. Also note that
the thermal resistances are in series, and thus the total thermal resistance is
determined by simply adding the individual resistances, just like the electrical
resistances connected in series.

Multilayered Cylinders and Spheres
Steady heat transfer through
multilayered  cylindrical or
spherical shells can be handled
just like multilayered plane
walls discussed earlier by
simply adding an additional
resistance in series for each
additional layer. For example,
the steady heat transfer rate
through  the  three-layered
composite cylinder of length L




with convection on both sides
can be expressed as,
T

§=l2"le )

Rtotal
=R

R +R . +R

total conv,1 + RcyI.1 cyl.2 + R

— l + In(rz/rl) + In(rS/rZ) + In(r4/r3) + 1 (OC/W)
hA 27k 27K, 27Lk,  h,A,

where A; = 27mr,L and A; = 2mr,L.
This equation can also be used for a three-layered spherical shell by replacing

the thermal resistances of cylindrical layers by the corresponding spherical
ones.

Once Q has been calculated, the interface temperature T, between the first and
second cylindrical layers can be determined from,
. T —-T, I — T,
Q= Reonv.1 T Reyi B 1 In(ry/ry)
h(2mr,L) 2mLk,
We could also calculate T, from
. Ty — Ty T, — Tun
Q= R, + Ry + R, - In(rs/ry)  In(ry/rs) I
dnlk, | 2ulk;, T hy2mrd)

cyl.3 conv,2




Critical Radius of Insulation

Adding more insulation to a wall always decreases heat transfer. The thicker the
insulation produced the lower the heat transfer rate. This is expected, since the
heat transfer area A is constant, and adding insulation always increases the
thermal resistance of the wall without increasing the convection resistance.
Adding insulation to a cylindrical pipe or a spherical
shell, however, is a different matter. The additional
insulation increases the conduction resistance of the
insulation layer but decreases the convection resistance
of the surface because of the increase in the outer
surface area for convection. The heat transfer from the
pipe may increase or decrease, depending on which
effect dominates.

Consider a cylindrical pipe of outer radius r; whose
outer surface temperature T; is maintained constant.
The pipe is now insulated with a material whose
thermal conductivity is k and outer radius is r,. Heat

Is lost from the pipe to the surrounding medium at
temperature T., with a convection heat transfer
coefficient h. The rate of heat transfer from the
insulated pipe to the surrounding air can be
expressed as,

Tl_'.-!r-,- T|—T,,.

Q= Rins + Reomy N In(ry /ry) + 1
2alk h(2tr,L)

The variation of Q with the outer radius of the insulation r, is plotted in the
Figure. The value of r, at which Q reaches a maximum is determined from the

requirement that dQ /dr,=0 (zero slope). Performing the differentiation and

solving for r, yields the critical radius of insulation for a cylindrical body to
be,

k
r-cr,cylinder = E (m)

The value of the critical radius re will be the largest when k is large and h is
small. Noting that the lowest value of h encountered in practice is about 5
W/m?2.°C for the case of natural convection of gases, and that the thermal
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conductivity of common insulating materials is about 0.05 W/m? - °C, the
largest value of the critical radius we are likely to encounter is

r _ kmax,insulation " 005W /m-OC
™ h 5W/m.°C

This value would be even smaller when the radiation effects are considered. The
critical radius would be much less in forced convection, often less than 1 mm,
because of much larger h values associated with forced convection. Therefore,
we can insulate hot water or steam pipes freely without worrying about the
possibility of increasing the heat transfer by insulating the pipes.

The discussions above can be repeated for a sphere, and it can be shown in a
similar manner that the critical radius of insulation for a spherical shell is,

2k

r =
cr,csphere h

=0.0Im=1cm

min

where k is the thermal conductivity of the insulation and h is the convection heat
transfer coefficient on the outer surface.

Question: A pipe is insulated such that the outer radius of the insulation is
less than the critical radius. Now the insulation is taken off. Will the rate of
heat transfer from the pipe increase or decrease for the same pipe surface
temperature?

Ex.1: A 3mm diameter and 5m long electric wire is tightly wrapped with a
2mm thick plastic cover whose thermal conductivity is k = 0.15 W/m°C.
Electrical measurements indicate that a current of 10A passes through the wire
and there is a voltage drop of 8 V along the wire. If the insulated wire is
exposed to a medium at T.,=30°C with a heat transfer coefficient of h=12
W/m2.°C, determine the temperature at the interface of the wire and the plastic
cover in steady operation. Also determine whether doubling the thickness of the

plastic cover will increase or decrease this interface temperature.
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Analysis Heat s generated in the wire and its temperature rises as a result of
resistance heating. We assume heat is generated uniformly throughout the wire
and is transferred to the surrounding medium in the radial direction. In steady
operation, the rate of heat transfer becomes equal to the heat generated within
the wire, which is determined to be

Q=M ="=(8V)104)=80W

The thermal resistance network for this problem involves a conduction resis-
tance for the plastic cover and a convection resistance for the outer surface in
series, as shown in Fig. 3-32. The values of these two resistances are deter-
mined fo be

4, = (2L = 27(0.0035 m)(5 m) = 0.110 o
R =7 - 1
™ ", (12Win? - °C)(0.110 m)

: In(ry /ry) .
R =07

= 0.76°C/'W

In(3.5/1.5)
~ 24(0.15 W/m - °C)(5m)

= 0.18°C/W

and therefore

Ro = Riic + Reggg = 0.76 + 0.18 = 0.94°C/ W

Then the interface temperature can be determined from

. Tl—f,: .
0= R — T1=T:-‘|'Ql‘i1mm

= 30°C + (80 W)(0.94°C/ W) = 105°C

Note that we did not involve the electrical wire directly in the thermal resistance
network, since the wire involves heat generation.

To answer the second part of the question, we need to know the critical radius
of insulation of the plastic cover. It is determined from Eqg. 3-50 to be

_k_015W-°C

e =3 = Ty o = M0125m =125 m

which is larger than the radius of the plastic cover. Therefore, increasing the
thickness of the plastic cover will enhance heat transfer until the outer radius
of the cover reaches 12.5 mm. As a result, the rate of heat transfer Q will in-
crease when the interface temperature T, is held constant, or T, will decrease
when @ is held constant, which is the case here.

I,

. ] L
Q ‘ L 2 A —e— AN ] T.
Rpl.litit R:mr:
FIGURE 3-32
Schematic for Example 3-9.




HW.1

A 5-mm-diameter spherical ball at 50°C is covered by a 1-mm-thick plastic
insulation (k =0.13 W/m.°C). The ball is exposed to a medium at 15°C, with a
combined convection and radiation heat transfer coefficient of 20 W/m2.°C.
Determine if the plastic insulation on the ball will help or hurt heat transfer from
the ball.

Plastic
insulation

I mm

H.W.2

A 2-mm-diameter and 10 m long electric wire is tightly wrapped with a 1-
mm-thick plastic cover whose thermal conductivity is k=0.15W/m.°C.

Electrical measurements indicate that a current of 10 A passes through the wire
and there is a voltage drop of 8 V along the wire. If the insulated wire is
exposed to a medium at T, =30°C with a heat transfer coefficient of h=24
W/m?2.°C, determine the temperature at the interface of the wire and the plastic
cover in steady operation. Also determine if doubling the thickness of the
plastic cover will increase or decrease this interface temperature.

Electrical
wire
' ~Insulation




Steady State One Dimensional Heat Conduction in a Large Plane Wall,
and in a Cylinder

The Obijective: Study the heat conduction through a large plane wall and
cylinder as one-dimension steady state case. This chapter deals with the
theoretical and mathematical aspects of heat conduction.

Introduction: Heat conduction through a large plane wall such as the wall of a
house, the glass of a single pane window, the metal plate at the bottom of a
pressing iron, a cast iron steam pipe, a cylindrical nuclear fuel element, an
electrical resistance wire, the wall of a spherical container, or a spherical metal
ball that is being quenched or tempered. Heat conduction in these and much
other geometry can be approximated as being one-dimensional since heat
conduction through these geometries will be dominant in one direction and
negligible in other directions.

Test: Why does metal feel colder than wood, if they are both at the same
temperature?

Summary:
General Concepts in Conduction Heat Transfer

1- Heat conduction in a medium is three-dimensional and time dependent,
T=T(x,y,z,1).
Heat conduction in a medium is said to be steady when the temperature
does not very with time, and unsteady or transient when it does very with
time.
Heat conduction in a medium is said to be one-dimensional when
conduction is significant in one dimension only and negligible in the other
dimensions, two-dimensional when conduction in the third dimension is
negligible and three-dimensional when conduction in all dimensions is
significant.
Conduction can take place in liquids and gases as well as solids provided
that there is no bulk motion involved in the liquid or gas.
Heat transfer has direction as well as magnitude, and thus it is a vector
quantity.
In coordinate system, a positive quantity indicates heat transfer in the
positive direction and a negative quantity indicates heat transfer in the
negative direction.




The driving force for any form of heat transfer is the temperature
difference. The larger the temperature difference, the larger the rate of heat
transfer.

The specification of the temperature at a point in a medium first requires
the specification of the location of that point, by choosing a suitable
coordinate system such as rectangular, cylindrical or spherical coordinates.

The location of a point is specified as (x,y,z) in rectangular coordinates, or
as (1,9,z) in cylindrical coordinates, and or (r,p,0) in spherical coordinates.

The best coordinate system for a given geometry is the one that describes
the surfaces of the geometry best.

Thermal conductivity of the material is a measure of the ability of a
material to conduct heat. It is in general, varies with temperature, but
sufficiently accurate results can be obtained by using a constant value for
thermal conductivity at the average temperature.

Fourier’ Law

The rate of heat conduction through a medium in a specified direction (say, in
the x-direction) is proportional to the temperature difference across the medium
and the area normal to the direction of heat transfer, but is inversely

proportional to the distance in that direction. This was expressed in the
differential form by Fourier’s law of heat conduction for one-dimensional
heat conduction as, r

sloj ﬂﬂ)
me = —R‘A% (W) /- slope
where Kk is the thermal conductivity of the material, which is
a measure of the ability of a material to conduct heat, and
dT/dx is the temperature gradient, which is the slope of the

\ 1t

>0

Heat flow

temperature curve on a T-x diagram.
Heat is conducted in the direction of decreasing temperature, and thus the
temperature gradient is negative when heat is conducted in the positive x-
direction. The negative sign in the equation ensures that heat transfer in the
positive x-direction is a positive quantity.

General Relation for Fourier’s Law

To obtain a general relation for Fourier’s law of heat conduction, consider a
medium in which the temperature distribution is three-dimensional. The heat
flux vector at a point P on this surface must be perpendicular to the surface, and
It must point in the direction of decreasing temperature. If n is the normal of the




isothermal surface at point P, the rate of heat conduction at that point can be
expressed by Fourier’s law as,

3, :"‘AZ_; W)

In a rectangular coordinates system,
Q:.' = Q1 f_} + Q‘LJ'_} + Q R_'

+ 3 e .
where i, j, and k are the unit vectors,

Q.. Oy and Q. are the magnitudes of the
heat transfer rates in the x-, y-, and z-
directions, which again can be determined

from Fourier’s law as

: oT : oT :

= — —_—, =— —, and ;= N
Q="KAZ~ Q=-KA Y Q. =—KA—
Here A, A, and A, are heat conduction areas normal to the x-, y-, and z-
directions, respectively. Most engineering materials are isotropic in nature, and

thus they have the same properties in all directions.

Heat Generation

A medium through which heat is conducted may involve the conversion of
electrical, nuclear, or chemical energy into heat (or thermal) energy. In heat
conduction analysis, such conversion processes are characterized as heat

generation.
The rate of heat generation in a medium is usually specified per unit volume and

is denoted by ¢, whose unit is W/m®.
In the special case of uniform heat generation, as in the case of electric
resistance heating throughout a homogeneous material,
G = gV,
where ¢ : the constant rate of heat generation per unit volume.
V: total volume (m®)
G : total heat generation (Watt)

One-Dimensional Heat Conduction Equation
Consider a thin element of thickness x in a large plane wall. Assume the
density of the wall is p, the specific heat is C, and the area of the wall normal to
the direction of heat transfer is A. An energy balance on this thin element
during a small time interval At can be expressed as,




' ' Rate of heat ' Rate of change

Rate of heat Rate of heat o o
conduction | — | conduction | + | &eneration | _ of the energy
inside the content of the

, at x L atx + Ax
or | / \ / H element H clement

!
: . ' i'LE"u.*I._'nwnl
O — Oy ar T Gutemenm = T
But the change in the energy content of the element and the rate of heat

generation within the element can be expressed as
AFEgement = Ey o — Ey=mC(T 5 5, — T)) = PC-"liUi'iT.- v — 1)
G-_'Ienwnl = e':.wiv-_'lenwnl = gﬂ Ax

Substitute to get,

Volume

: : A Tiin— T,
0, = Oy a0 + §AAY = pCAAY - —
Dividing by AAx gives,

1 Oxsar— Oy . Tivar— T,
A Ax te=eC At

Taking the limit as Ax — 0 and Ar — 0 yields

P B A S A

o b

A dx kA H

1 a ( (,}T) aT

+=pCL
g PCGF

g(k gj +0= ng [Variable thermal conductivity]
OX\_ OX ot

The thermal conductivity in most practical applications can be assumed to

remain constant at some average value, so that,

T ¢ 10T
+ ==——

x> k aot

where the property « = k/C is the thermal diffusivity of the material and

represents how fast heat propagates through a material.

This equation represents one dimensional heat conduction equation. It reduces

to the following forms under specified conditions:

In the same way the one-dimensional heat conduction equation in cylindrical

and spherical coordinate systems can be found. The rectangular, cylindrical,

and spherical coordinate systems for the case of constant thermal conductivities

are expressed as,

[Constant thermal conductivity]
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For steady state with heat
generation case the above
equation be,

8T+g:0

or? k

lé(rﬁj&:o

ror\_ or k
%g(rza—Tj+g:O
r<or or k
and for steady state without heat
generation case the above equation
be,

o°T

oT?

lg(r ﬂ) =0 | Spherical coordinate system
ror\ or

LorT)s

reor or

Solving these equations with the boundary conditions give the temperature
distribution and heat transfer for any problems.

General Heat Conduction Equation ...... Rectangular Coordinates
Consider a small rectangular element of length Ax, width Ay, and height Az.
Assume the density of the body is p and the specific heat is C. An energy

balance on this element during a small time interval At can be expressed as,
Q:—-‘-:

| [ Volume element ~
Rate of change Py I"H-.ﬂ

conduction generation | _ | of the energy 0
atx + Ax, inside the content of '
y+ Ay, and z + Az ,  element ,  the element

N -

Rate of heat
conduction at
\ X y,andz |

/ ) ( Rate of heat ' / Rate of heat

— Volume

element




ﬁEaJu meqnt
At

Q.: + Q'. + Q: - Q1 FAY T Q\ + Ay Q: + Az + GI-:J-_'m-_'m =

Noting that the volume of the element is Vejemene=AXAYAz, the
change in the energy content of the element and the rate of

heat generation within the element can be expressed as,

AEoment = Ey o ar — E; = mO(T, 4 o — T)) = pCAXAYAZ(T, , o, — T)
Gelement = £ Velement = ﬁi’iﬁ}‘ﬂ:

Substituting, we get
0, +0,+ 0.~ 0, ae— Oy s ay — O st GAXAVAZ = pCAXAVAZ
Dividing by AXAyAz gives,

1 Q.1'+J.¥_QJ.'_ 1 G}.'hi}'_'@j.-_ 1 Q:_J:—Q:_i_ . _ (_.Tr-_".g_?_.-
AyAz Ax AxAz Ay AxAy Az 8§ P

Tu.l.' - Tr
Ar

Noting that the heat transfer areas of the element for heat conduction in the x, y,
and z directions are, A =AyAz, A =AxAz, A =AxAy respectively, and

taking the limit as Ax, Ay, Az and t — Ovyields

OX\ OX oy\ oy oz\ oz ot

In the case of constant thermal conductivity, it reduces to
oO°T oT oT g_10T

oy’ ozt K e ot

This is the general transient three-dimension heat conduction with heat
generation.

In the case of transient three-dimension heat conduction without heat

generation,

o’T o°T o°T 10T
+ + = —

ox>  oy? o0z «a ot

(Called the diffusion equation)

For Steady, three dimension heat conduction with heat generation.

2 2 2 2
OT 0T 0T . 9 _ ¢ (Called the Poisson equation)
ox? oy®* oz? k




And for Steady state, three-dimension heat conduction without heat generation,
o’T o°T o7T

+ + =
ox* oy®* oz*

0 (Called the Laplace equation)

Question: What is heat generation in a solid? Give examples. Is heat transfer a
scalar or vector quantity? Explain. Same question for “temperature”.

General solution of one dimensional heat conduction

1- Plane wall
d*T
d’x
By integration

at x=0 T=T; subinequ?2
~ G =T
At x=L T=T, subinequ?2

_T;-T;

T 4T
X
L 1

2-Plane wall with heat generation

d’T g

T q_
d’x k
By integration
ar iIx+C
dx k

-2

T - _% + Clx + C2

at x=0 T=T; subinequ?2
v C=T

at x=L T=T, subinequ?2

qL?
_E + C]_L + T2




T,-T, qL*
270 4%

L 2k
Ty— T1 qL

oGy =

T = "" + ()X + Ty
General solutlon of equatlon of cylinder with heat generation

d*T 1dT
— + —_——
dzg” rdr
dT  dT d’T dT
—t = nota that rdT"__r_E(
_( _) = -1
By mtegratlon

T

qr
T —_— _E‘F Cllnr + CZ ses man mes omEn

atr=0 ar _ 0
dr

S Cl =0
atr=r, T=T, subinequ 2

Final sol for temp dist. for solid cylinder
And for r=r; Tienter = qr" +T,

And for hollow cylinder

q(ro ) r
T-T, "y +Cllnr0

2 - roz)
4k

T,— T, + 4

C1=




General solution of equation of sphere without heat generation

Ex.1:- A 2-kW resistance heater wire with thermal conductivity of k = 20 W/m
.°C, a diameter of D=5 mm, and a length of L =0.7 m is used to boil water. If
the outer surface temperature of the resistance wire is T; = 110°C, determine the
temperature at the center of the wire.

Assumptions 1 Heat transfer is steady since there is no change
with time. 2 Heat transfer is one dimensional since there is
thermal symmetry about the center line and no change in the
axial direction. 3 Thermal conductivity is constant. 4 Heat
generation in the heater is uniform.

Properties The thermal conductivity is given to be k = 20 _— Resistance
W/m-°C heater

Sol.

The resistance heater converts electric energy into heat at a rate of 2 kW. The
rate of heat generation per unit volume of the wire is

. ‘Q Q 2000W
gt TE —— =1.455x10° W/m®
Ve @, L  m(0.0025m)~ (0.7 m)

The center temperature of the wire 1s then determined from Eq. 2-71 to be

.3 . B ayri 3 - 2
o7 1.455x10® W/m?)(0.002:

T, =T, +£o _q110ec 4+ LA m”)(0.0025 m)
ak (20 W/m °C)

=121.4°C




Ex.2:- Consider a homogeneous spherical piece of radioactive material of
radius ro = 0.04 m that is generating heat at a constant rate of g- =4 x 107 W/m®,
The heat generated is dissipated to the environment steadily. The outer surface
of the sphere is maintained at a uniform temperature of 80°C and the thermal
conductivity of the sphere is k =15 W/m - °C. Assuming steady one-
dimensional heat transfer, (a) express the differential equation and the boundary
conditions for heat conduction through the sphere, (b) obtain a relation for the
variation of temperature in the sphere by solving the differential equation, and
(c) determine the temperature at the center of the sphere.

Assumptions 1 Heat transfer is steady since there is no indication of any
changes with time. 2 Heat transfer is one-dimensional since there is thermal
symmetry about the midpoint. 3 Thermal conductivity is constant. 4 Heat
generation is uniform.

Properties The thermal conductivity is given to be k = 15 W/m-°C.

Iy N4 TI=80°C
11 a - ar ).z =0 with g = constant P
[ ar \, dar A k

and T(m) =T, = 80°C (specified surface temperature)

dT(0)
dr
(5) Multiplying both sides of the differential equation by »* and rearranging gives
d{ 2dT) g »
4l £,
arl dr )
Integrating with respect to » gives

=0 (thermal symmetry about the mid point)

k

(a)

Applying the boundary condition at the mud point,
ym=—£>¢0+{] —- =0
ar 3k
Dividing both sides of Eq. (a) by * to bring it to a readily integrable form and integrating.
ar g .
ar 3k

and (r) =—6L1_r: +CY (b)

B.C.at r=10: 0

Applying the other boundary condition at » =7y
g 1 g 1
B.C.at r=n: L =——0y +C; = G =T +—r
o T ek 0 ST

Substituting this €, relation mto Eq. (5) and rearranging give

£ .3 2
T(?')=E+§(f‘u -r)

which 1s the desired solution for the temperature distribution in the wire as a function of r.




(¢) The temperature at the center of the sphere (= 0) 15 determined by substituting the known quantities to
be

_ (4x107 W/m*)(0.04 m)*

Gx (15 W/ m.2C)
Thus the temperature at center will be about 711°C above the temperature of the outer surface of the
sphere.

=T791°C

g 1 12 0y o
T()=T. + 2 (2 -01)=T + =2 _goeC
(0)=T, ﬁk(n )=T, s

W.H.1:- Consider a large 5-cm-thick brass plate (k =111W/m.°C) in which heat
is generated uniformly at a rate of 2= 105 W/m°. One side of the plate is
insulated while the other side is exposed to an environment at 25°C with a heat
transfer coefficient of 44 W/m?-°C. Explain where in the plate the highest and

the lowest temperatures will occur, and determine their values.

W.H.2:- In a nuclear reactor, 1-cm-diameter cylindrical uranium rods cooled by
water from outside serve as the fuel. Heat is generated uniformly in the rods (k=
29.5 W/m-°C) at a rate of 7x107 W/m°. If the outer surface temperature of rods
Is 175°C, determine the temperature at their center.

175°C
Il/,

Uranim rod
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HEAT TRANSFER FROM FINNED SURFACES

The rate of heat transfer from a surface at a temperature T to the surrounding
medium at 7, is given by Newton’s law of cooling as

q conv 'IJAT{TT - Tx]

where A, is the heat transfer surface area and / is the convection heat transfer
coefficient. When the temperatures T, and 7., are fixed by design considera-
tions, as is often the case, there are two ways to increase the rate of heat trans-
fer: to increase the convection heat transfer coefficient h or to increase the
surface area A,. Increasing h may require the installation of a pump or fan, or
replacing the existing one with a larger one, but this approach may or may not
be practical. Besides, it may not be adequate. The alternative is to increase the
surface area by attaching to the surface extended surfaces called fins made of
highly conductive materials such as aluminum. Finned surfaces are manu-
factured by extruding, welding, or wrapping a thin metal sheet on a surface.
Fins enhance heat transfer from a surface by exposing a larger surface area to
convection and radiation.

Finned surfaces are commonly used in practice to enhance heat transfer, and
they often increase the rate of heat transfer from a surface severalfold. The car
radiator shown in Fig. 44 is an example of a finned surface. The closely
packed thin metal sheets anached to the hot water tubes increase the surface
area for convection and thus the rate of convection heat transfer from the tubes
to the air many times. There are a variety of innovative fin designs available
in the market, and they seem to be limited only by imagination

In the analysis of fins, we consider sfeady operation with no heat generation
in the fin, and we assume the thermal conductivity k of the material to remain
constant. We also assume the convection heat transfer coefficient & to be con-
stant and uniform over the entire surface of the fin for convenience in the
analysis. We recognize that the convection heat transfer coefficient A, in gen-
eral, varies along the fin as well as its circumference, and its value at a point
is a strong function of the fluid motion at that point. The value of & is usually
much lower at the fin base than it is at the fin tip because the fluid is sur-
rounded by solid surfaces near the base, which seriously disrupt its motion to
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Volume
element

FIGURE 10

the point of “suffocating™ it, while the fluid near the fin tip has little contact
with a solid surface and thus encounters little resistance to flow. Therefore,
adding too many fins on a surface may actually decrease the overall heat
transfer when the decrease in & offsets any gain resulting from the increase in
the surface area.

Consider a volume element of a fin at location x having a length of Ax, cross-
sectional area of A_, and a perimeter of p, . Under steady
conditions, the energy balance on this volume element can be expressed as

Rate of heat Rate of heat Rate of heat
conduction into | = | conduction from the | + | convection from
the element at x element at x + Ax the element

dx = 9x+px T Deonv where Qconv = hpr(T —Ty)




Ax+rx — 9x
Ax

+hp(T—-T,)=0
Taking the limitas Ax - 0

ddx 4 hp(T-T,)=0 where q, = —kA a

E € dx

Where A, is the cross- sectional Area at x

d(kA dT) hp(T —T,,) = 0
dx “dx p s

Divide by kA,

d*T _hp (T —T.)
d2x kA *

Let Z—fl =m? and O=(T-T,)and=0, = (T, — Ts,)

Therefore, the general solution of the differential equation |

(T - Too) - Clemx + Cze_mx
B.C atx=0 T=T,

(Tb - TOO) == Clemo + Cze_mo

1L
I~

T Specified /
temperature /
Ca) Specified temperature
(b)) Negligible heat loss
() Convection
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1 Infinitely Long Fin (Tg, 4, = T..)

For a sufficiently long fin of uniform cross section (A, = constant), the tem-
perature of the fin at the fin tip will approach the environment temperature T,
and thus 6 will approach zero. That is,

Boundary condition at fin tip:  ®(L)=T(L) — T, =0 as L —

This condition will be satisfied by the function e, but not by the other
prospective solution function e** since it tends to infinity as x gets larger.
Therefore, the general solution in this case will consist of a constant multiple
of €™ The value of the constant multiple is determined from the require-
ment that at the fin base where x = 0 the value of 6 will be 8;,. Noting that

0= Clemoo + Cze—moo
~C;=0 fromequ(l) T — T = C,

~tempdistequ T =Ty = (Tp) —Tw)e™*

Heat transfer

= —kA ar 0
1= dx

T =T = (Tp — Tor)e ™™

= -m(T, — w)e_mx

—=-m(T,—-T,) atx=0

q = —kA(=m(Tp — Te))

q = hpkA(T, — Ts)
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2=The fin is finite length and loses heat by convection from
its end

(Tb _Too) = Cl + CZ

atx=1L q=-kAS =hA(T,, —To)

(T — To) = Cre™ + Cye™™

ar

atx =L —= mCe™ — mC,e ™k

After simplification and find values C1 and C2

T(xX)-Teo _ cosh m(L=)+("/p 1 sinhm(L-x)

Tpr—Two COSth+(h/mk)sinth

coshm(L—x)+(h . _
Q — hpkA (Tb — Ty /mk)smhm(L X)

h
coshml+( /mk)sinth

Negligible Heat Loss from the Fin Tip
(Insulated fin tip, @, , = 0)

Negligible Heat Loss From the Fin Tip (Insulated fin tip Qsintip=0)

Fins are not likely to be so long that their temperature approaches the sur-
rounding temperature at the tip. A more realistic situation is for heat transfer
from the fin tip to be negligible since the heat transfer from the fin is propor-
tional to its surface area, and the surface area of the fin tip is usually a negli-
gible fraction of the total fin area. Then the fin tip can be assumed to be
insulated, and the condition at the fin tip can be expressed as

df

dul,_; !

Boundary condition at fin tip:

(T —To) = Cre™ + Cye™™
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d—T= 0 = mC,e™ —mC,e ™
I 1 2

CZ = Clesz

From equ (1)

(Tb - Too) = Cl + CZ

(T, — Ty) = C; + Cre?™

(Tb - Too)
1+ e2mL

. (Tb - Too)
14 e2mL

(Ty—Tw) . (Tp—To)
——¢ ———¢
1+ e2mL 1+ e2mL

(T-T,) = e™ e~ mx

(Tp-Too)  1+e2ML = 14e—2mL

Clz

C;

-mx

(T_ Too) =

(T-T,) coshm(L-x)
(T, —Ts)  coshmlL

Heat transfer

- k4%l arx=o0
q = dx at x =

coshm(L — x)

T-T,) = (T, —T,
( )= (T ) coshmlL

dTr (T, —T.) sinhm(L — x)
dx_ b )M

coshmlL

sinhmlL
coshmlL

tx=0 T _ (T, — T.,)
at x = T b )M
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dT
dx
q=—kAx—m(T, —T,)tanhmlL

= -m(T, — T,)tanhmlL

q =  hpkA(T, — Ts,) tanh mL

Fin Efficiency

Consider the surface of a plane wall at temperature T}, exposed to a medium at
temperature T... Heat is lost from the surface to the surrounding medium by

q=hAy(Tp — Tw)

(a) Surface without fins

Afinmax = hAfin(Tb —Tw)

actual heat transfer rate from the fin

ideal heat transfer from the fin if the entire fin
were at base temperature

Nfin =

dfin = Nfin Afinmax = NrinhAsrin(Tp — Too)
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where Ay, is the total surface area of the fin. This relation enables us to deter-
mine the heat transfer from a fin when its efficiency is known. For the cases
of constant cross section of very long fins and fins with insulated tips, the fin
efficiency can be expressed as

q=+hpkA(T, - To) 1 [KA 1

Tong fin = "p 4 (T, —T,) L |hp mL

q = +/ hpkA(T, — T, )tanhml _ tanhml

Ninsulated.tip = hAfin(Ty — Too) mlL

coshm(L-x)+(" i -
q=+y/ hpkA(Tp~Teo) h/mk)smhm(L -
coshmL+( /mk)sinth

N finite length — hAfin(Th—Teo)

cosh m(L—x)+(h/mk)sinhm(L—x)
coshmLt (/1o cimhaml,

mL

since Ay, = pL for fins with constant cross section. Equation can also be

used for fins subjected to convection provided that the fin length L is replaced
by the corrected length L.
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A

Fin efficiency g . percent

4

-

n

I+ Imrd

&=(L+1i0Vh/k

Fin efficiency relations are developed for fins of various profiles and are
plotted in Fig. for fins on a plain surface and in Fig. for circular
fins of constant thickness. The fin surface area associated with each profile is
also given on each figure. For most fins of constant thickness encountered in
practice. the fin thickness f is too small relative to the fin length L, and thus
the fin tip area is negligible.

Ly

=
b T,

Ll—
T -

Ag =mD(L+ (I
&= (L+ JDW2hikD

J /
-
1
=
Aga=2w(L+10
E=(L+1nh/k

Fin efficiency ng,, percent
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Fin Effectiveness

The performance of the fins is judged on the basis of the enhancement in
heat transfer relative to the no-fin case. The performance of fins

expressed in terms of the fin effectiveness ( gfin)

heat transfer from fin
 heat transfer from surface area A,

&

.= 4fin _ Afin
no fin hAb(Tb - TOO)

"q'm.\ fin

=w x H
F - = P -3 ( d
A e =W -3 (t=xw)
A, =2 x Lxw+{xw(one fin)
= _-_:' )(f_)('u.'
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Ex1: A very long fin copper rod (k=372 w/m.°c) 25 mm in diameter has
one end maintained at 90 °C .The rod is exposed to a fluid whose
temperature is 40 °C .The heat — transfer coefficient is 3.5 w/m2.°c .How
much heat is lost by the rod

Sol:

512
o = JEPEAS, = |:(3.5)7:(0.025)("‘372)71'(0.025) } (00-40)=112 W

Ex2: Steam in a heating system flows through tubes whose outer diameter
iIs D1= 3 cm and whose walls are maintained at a temperature of 120°C.
Circular aluminum fins (k =180 W/m - °C) of outer diameter D2 = 6 cm
and constant thickness t= 2 mm are attached to the tube, as shown in Fig
.The space between the fins is 3 mm, and thus there are 200 fins per
meter length of the tube. Heat is transferred to the surrounding air at T=
25°C, with a combined heat transfer coefficient of h =60 W/m?- °C.
Determine the increase in heat transfer from the tube per meter of its
length as a result of adding fins.

r,=3cm r=15cm
<
- T,
o h

<
(Iji] §=3mm
o
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Aosin = DL = w(0.03 m)(1 m) = 0.0942 m?
Qno fin — hAno fin(Tb - T.)
= (60 W/m?2 - °C)(0.0942 m?)(120 — 25)°C

=537TW

The efficiency of the circular fins attached to a circular tube is plotted in Fig.
3-43. Noting that L = %(D2 - D)) = %{0.06 — 0.03) = 0.015 m in this case,
we have

r,+1r (003 +1x0002)m
— = : = 2.07
0.015m =

% Nfin —
' ( 2.0
.'I% = (0.015 + % X 0.002) m X 60 W/m-": °C

= 0.207

\ (180 W/m - °C)(0.002 m)

Aﬁl‘l = 2’”{(22 - r12J == Zﬂ-rzt
= 27[(0.03 m)? — (0.015 m)?] + 2mw(0.03 m)(0.002 m)
= (0.00462 m?

Qﬁn = T]ﬁﬂinﬂ,JﬂilX = nﬁnhAﬁn {Tb - T.)
= 0.95(60 W/m? - °C)(0.00462 m?)(120 — 25)°C

=250W

Heat transfer from the unfinned portion of the tube is

Aunsin = DS = (0.03 m)(0.003 m) = 0.000283 m>
O untin = hAuwaiinl Ty — T2
= (60 W/m? - °C)(0.000283 m2)(120 — 25)°C
= 1.60 W

Noting that there are 200 fins and thus 200 interfin spacings per meter length
of the tube, the total heat transfer from the finned tube becomes

O ota.fin = MQgin + Ouutin) = 200(25.0 + 1.6) W = 5320 W

Therefore, the increase in heat transfer from the tube per meter of its length as
a result of the addition of fins is

Qincrease = Qrota in — Pnonin = 3320 — 537 = 4783 W (per m tube length)
Discussion The overall effectiveness of the finned tube is

Qtota].ﬁn _ 5320 W _
- S53TW

9.9

Efin, overall —

Q total, no fin
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EX: 3The thermal conductivity of a metal plate measuring (Im*1m) is
(20 w/m.°c) . The plate is at a uniform temperature of 80°C and losses
heat to surrounding air which is at 40°C .The convection coefficient is 40
w/m2.°c .it was intended to double . the heat loss by adding rectangular
fins to the surface .Each fin is (Im) width (5mm) thick . the fins are
spaced (45 mm) center to center . Neglect heat transfer from fin tips and
calculate the required length of fins

Sol:  gi=h A(4T) =40*1*(80-40)=1600 W

Qo= 2* ¢ =3200 W

(2= q fins +  space

no of fins = 1/0.045 =22 fin

Qspace =N A space (AT) = 40( (1*1)- ((0.005*1)*22)) (80-40)= 1424 W
g fins = 02 - Qspace = 3200 -1424 =1776 W

g one fin =1776/22 =80.727 W
q = \/hpkA(T, — T,) tanh mL

80.727= \/40 % ((0.005 4 1) % 2) * 20 = (0.005 = 1)(80 —

40) tanh 28.35L L= 2

H.W:A plane wall (7.5 cm) thick generates heat internally at rate of (10°
W/m3) .one side of the wall is insulated and the temperature middle of the
wall 115°C . In order to dissipate heat from other side of wall (10 fins )
are mounted at wall . the fin are of (1m) width and (1cm) thick and
(4cm)) length. Consider that all the heat is dissipated through the fin only
. the fins are to be considered insulated at the tip and the thermal
conductivity of material of the fins and the wall is (17.3 w/m.°c)
.Determine the heat transfer coefficient between the fin and the
environment if the temperature of the air is 25 °C . Take the surface area
of the wall is to be (1 m?).
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Highlight


Two-Dimensional Steady Heat Conduction

The Objective:  Studying numerically the two-dimensional steady heat
conduction.

Introduction: _Many problems encountered in practice involve complicated
geometries with complex boundary conditions or variable properties and cannot
be solved analytically. In such cases, sufficiently accurate approximate
solutions can be obtained by computers using a numerical method.

Test: What are the limitations of the analytical solution methods?

Summary:

Now consider a volume element of size Ax X Ay X 1 centered about a gen-
eral interior node (m, n) in a region in which heat is generated at a rate of g and
the thermal conductivity k is constant, as shown in Figure . Again
assuming the direction of heat conduction to be toward the node under
consideration at all surfaces, the energy balance on the volume element can be
expressed as

'Rate of heat conduction | Rate of heat Rate of change Df)

at the left, top, right., | + | generation inside | = | the energy content
and bottom surfaces . theelement  of the element

'lf‘:." ement

o cond, bottom © lt--l'.-cl-_-n:_'n. - T =0

= cond, lefl

o lI:'_:’;l;-.-l'l_l. top + {:J

0

cond, right T

for the steady case. Again assuming the temperatures between the adja-
cent nodes to vary linearly and noting that the heat transfer area is
A, = Ay X 1 = Ay in the x-direction and A, = Ax X 1 = Ax in the y-direction,
the energy balance relation above becomes




Volume

element
I___ T

gm. n

|
—1,nl

-~

1 m,n—1

n—1

— Ay — = AT —+

¥ I n— 1 m m+ 1

v

FIGURE

The volume element of a general
interior node (m, n) for two-
dimensional conduction in
rectangular coordinates.

- Tm.u T:'u+ l.a

kA —L
+ - -
Ay Y Ax

Tm.n—] - 'Tfr.'. f

+ AMT + Bm, n "i"'-x —1"" =0

Dividing each term by Ax X Ay and simplifying gives
TI.'; lm ET + T_._u; Fl,m T 1 sz_.-a - _'Ir:'.‘i.."-

J.‘i': _'\.13

,2,3,....M—landn=1,2,3,..., N — 1. This equation is iden-
tical to Eq. 5—12 obtained earlier by replacing the derivatives in the differen-
tial equation by differences for an interior node (m, n). Again a rectangular
region M equally spaced nodes in the x-direction and N equally spaced nodes
in the y-direction has a total of (M + 1)(N + 1) nodes, and Eq. 5-33 can be
used to obtain the finite difference equations at all interior nodes.

In finite difference analysis, usually a square mesh is used for sim-
plicity (except when the magnitudes of temperature gradients in the x- and
y-directions are very different), and thus Ax and Ay are taken to be the same.
Then Ax = Ay = [, and the relation above simplifies to

q‘é’fr_'_ fl"2

+ :r:'u_r.'—} + Tm.rl—i’ _4Tm.r.'+—: 0

Tm —Ln + Tm k

+1,n




g ]2
& node

Tleﬂ + Tlup + 'Trigm + Thcvtmm - 4Tnc:d-: + k =0

When there is no heat generation in the medium, the finite difference equa-
tion for an interior node further simplifies to Tog. = (Tiep + Tiop T Trigne +
Ty onom )4, which has the interesting interpretation that the temperature of each
interior node is the arithmetic average of the temperatures of the four neigh-
boring nodes. This statement is also true for the three-dimensional problems

except that the interior nodes in that case will have six neighboring nodes in-
stead of four.

Solution Techniques

The nodal equation may be written as

allTl + alsz + -
a21T1 + a22T2 + -
az Ty + azp Ty + -

aanl + ansz + -

aqo
Az
as»

a1
[A] = a2
asq

Can be expressed as

[A][T] = [C]

And the problem is to find the inverse of [A] such that
[T] = [A]7*[C]

b12
b22
b32

+ a1, T, = C;
+a, T, = G,
+ a1, T, = C3
+ap, T, = Cy,

A1n Cy
A2n [C] = C,
azn C3

bin
bZn
b3n




The final solution for unknown temperature are written in expanded
form

T1 = b11C1 + b12C2 + -4 blnCn
TZ - b21C1 + bzzCz + -+ bZTlCTl

Tn == b11C1 + bn2C2 + -4 bnnCn

Example: Heat Loss through Chimneys
Hot combustion gases of a furnace are flowing through a square chimney made
of concrete (k = 1.4 W/m - °C). The flow section of the chimney is 20 cm x 20
cm, and the thickness of the wall is 20 cm. The average temperature of the hot
gases in the chimney is Ti = 300°C, and the average h T,
convection heat transfer coefficient inside the chimney

h

is hi= 70 W/m?.°C. The chimney is losing heat from its #
outer surface to the ambient air at T, = 20°C by ‘
convection with a heat transfer coefficient of h, = 21

W/m?.°C and to the sky by radiation. The emissivity of , ..., ) Node 2

the outer surface of the wall is &= 0.9, and the Symmetry lines
effective sky temperature is estimated to be 260 (Equivalent to insulation)

e

K. Using the finite difference method with Ax _ - T

=Ay = 10 cm and taking full advantage of -
symmetry, determine the temperatures at the
nodal points of a cross section and the rate of
heat loss for a 1-m-long section of the chimney.

Solution:

The most striking aspect of this problem is the
apparent symmetry about the horizontal and
vertical lines passing through the midpoint of the
chimney as well as the diagonal axes, as 3
indicated on the figure. Therefore, we need to

B

consider only one-eighth of the geometry in the 6
solution whose nodal network consists of nine e Ty ' Representative
equally spaced nodes. No heat can cross a Tty section of chimney
symmetry line, and thus symmetry lines can be treated as insulated surfaces and




thus “mirrors” in the finite difference formulation. Then the
nodes in the middle of the symmetry lines can be treated as ~ Insulation
interior nodes by using mirror images. Six of the nodes are
boundary nodes, so we will have to write energy balances to
obtain their finite difference formulations. First we partition
the region among the nodes equitably by drawing dashed lines
between the nodes through the middle. Then the region around
a node surrounded by the boundary or the dashed lines
represents the volume element of the node. Considering a unit depth and using
the energy balance approach for the boundary nodes (again assuming all heat
transfer into the volume element for convenience) and the formula for the
interior nodes, the finite difference equations for the nine nodes are determined
as follows:

(2) Node 1. On the inner boundary, subjected to convection, Figure 5-33a

Ax AyT, - T, AxT:— T,
ﬂ'-—h_.-T{T,-—TQ—kT A —kT Ay

Taking Ax = Ay = |, it simplifies to

h;l

(248 5 41y = -y
_.__. k I 2 3T k i

(b) Node 2. On the inner boundary, subjected to convection, Figure 5-33b

DLl A ot
2 A_T ?f 2 l: ] 3) X _‘lJ' -
Taking Ax = Ay = |/, it simplifies to

1= (320 o = Ny
\ R

(c) Nodes 3, 4, and 5. (Interior nodes, Fig. 5-34)

?‘:OdCSIT4*T4*T§+Tﬁ_4T5:ﬂ

(d) Node 6. (On the outer boundary, subjected to convection and radiation)

+ 1, SR, - T + eo SETL, - TH =0




(e) NMode 7. (On the outer boundary, subjected to convection and radiatic
Fig. b-3b)

i}' T{, - Tjr T, — T:,- 3}' Tg - Tjr
T Ax + kAx Ay - T Ax Temperature, °C

+ AT, — T;) + ecAx(T3, — T#) = 0 SN

152 89
- - -

Taking Ax = Ay = |/, it simplifies to

2h, 1 2h,1 2eal

256 138
JT?+TS=— T == :

AT, + T, — (4 =

(Tﬁiy - T’F4}

273 #1152

(f) Node 8. Same as Node 7, except shift the node numbers up by 1 (replace
4byb 6by 7,7 by8, and 8 by 9 in the last relation)

[ m 2,1
A+ T, — 4+ JTS+TQ=— o7, - 2890 (14— 1)

() Node 9. (On the outer boundary, subjected to convection and radiation,
Fig. 5-35)

AyTg — T /
RSY3 94 g4 p, X

\ Ax 4 4 —
2 Ax a9 (T(J_T9J+807(Rk)'_ 9)_0

Taking Ax = Ay = [, it simplifies to

A h,l ]
T, (142 )= —=-1,— S 78, - 1)

This prablem invalves radiation, which requires the use of absolute tempera-
ture, and thus all temperatures should be expressed in Kelvin. Alternately, we
could use °C for all temperatures provided that the four temperatures in the ra-
diation terms are expressed in the form (7 + 273)%. Substituting the given
quantities, the system of nine equations for the determination of nine unknown
nodal temperatures in a form suitable for use with the Gauss-Seidel iteration
method becomes

) |
Mirraor

images:

I

T, = (T, + Ty + 2865)/7 \\;
5 _#3}

T, = (T, + 2T, + 2865)/8 -
Ty = (T, + 2T, + Tol4 -
T,=(T,+ T, + Ts + T,)/4 -5 3/ J
T = (2T, + 2T3)/4 Mirror

To = (Ty + T3 + 456.2 — 0.3645 X 1072 T$)/3.5

T, = (2T, + Ts + Ty + 912.4 — 0.729 X 1077 T5)/7

Ty = (2T + Ty + Ty + 912.4 — 0.720 X 107 T4)/7

T, = (Tg + 456.2 — 0.3645 X 107° T;H/2.5

———— — — —




which is a system of nonfinear equations. Using an equation solver, its solution
is determined to be

Ty =545TK = 272.6°C T,=5292K =256.1°C T;=4252K =152.1°C
T,=4112K = 138.0°C T;=362.1K= 89.0°C T,=3329K = 59.7°C
I7=3281K= 549°C Ty;=313.1K= 399°C T,=2965K= 234°C

The variation of temperature in the chimney is shown in Figure 5-36.

Mote that the temperatures are highest at the inner wall (but less than
300°C) and lowest at the outer wall (but more that 260 K), as expected.

The average temperature at the outer surface of the chimney weighed by the
surface area is

r _ ST+ T, + T, +05Ty)
wall, out — (OS +14+1+ 05)

_ 0.5 X 332.9 +328.1 + 313.1 + 0.5 X 296.5
- 3

=318.6K

Then the rate of heat loss through the 1-m-long section of the chimney can be
determined approximately from

O chirmney = Mo Ag (Tt om — To) + 80A, (T ow — Tidy)
= (21 W/m? - K)[4 X (0.6 m)(1 m)](318.6 — 293)K
+ 0.9(5.67 X 1078 W/m? . K%
[4 X (0.6 m)(1 m)](318.6 K)* — (260 K)*]
= 1291 + 702 = 1993 W

We could also determine the heat transfer by finding the average temperature of
the inner wall, which is (272.6 + 256.1)/2 = 264.4°C, and applying Newton's
law of cooling at that surface:

Qchimncy = ht'Aa'(Tr' - T“il"_, :_n)

= (70 W/m? - K)[4 X (0.2 m)(1 m)](300 — 264.4)°C = 1994 W

The difference between the two resulis 1s due to the approximate nature of the
numerical analysis.

Discussion We used a relatively crude numerical model to solve this problem
to keep the complexities at a manageable level. The accuracy of the solution ob-
tained can be improved by using a finer mesh and thus a greater number of
nodes. Also, when radiation is involved, it is more accurate (but more laborious)
to determine the heat losses for each node and add them up instead of using
the average temperature.




: EXAMPLE . Steady Two-Dimensional Heat Conduction
= in L-Bars

: Consider steady heat transfer in an L-shaped solid body whose cross section is
m given in Figure b-26. Heat transfer in the direction normal to the plane of the
m paper is negligible, and thus heat transfer in the body is two-dimensional. The
® thermal conductivity of the body is k = 15 W/m . °C, and heat is generated in
: the body at a rate of g = 2 x 10% W/m?. The left surface of the body is insu-
a lated, and the bottom surface is maintained at a uniform temperature of 90°C.
m The entire top surface is subjected to convection to ambient air at T, = 25°C
m With a convection coefficient of h = 80 W/m? . °C, and the right surface is sub-
m jected to heat flux at a uniform rate of g, = 5000 W/m?. The nodal network of
B the problem consists of 15 equally spaced nodes with Ax = Ay = 1.2 cm, as
®™ shown in the figure. Five of the nodes are at the bottom surface, and thus their
: temperatures are known. Obtain the finite difference equations at the remain-
@ ing nine nodes and determine the nodal temperatures by solving them.

(a) Node 1. The volume element of this corner node is insulated on the left and
subjected to convection at the top and to conduction at the right and bottom
surfaces. An energy balance on this element gives [Fig. 5-27a]

Convection
h, T,

"

4

|
]

10}

b A X X X X Ax—
FIGURE

Schematic for Example 5-3 and
the nodal network (the boundaries

of volume elements of the nodes are
indicated by dashed lines).




(@) Node 1 () Node 2
FIGURE

Schematics for energy balances on the
volume elements of nodes 1 and 2.

Ax

Ay T, —
ST —T) +k>

0+ h 3

Taking Ax = Ay = |, it simplifies to

(2+M)TJ+'33+T4

k

(b) Node 2. The volume element of this boundary node is subjected to con-
vection at the top and to conduction at the right, bottom, and left surfaces. An
energy balance on this element gives [Fig. 5-275]

ﬂ.\-’ T T‘J Tq —_ T—a ﬂ.‘l,.' Tl = T—, ﬁy
hAx(T, — T,) + k -+ kAx— = 4F : =+ g =
i ) 2 Ax Ay 2 Ax

Taking Ax = Ay = [, it simplifies to

2hl _ 2, &l*

(c) Node 3. The volume element of this corner node is subjected to convection
at the top and right surfaces and to conduction at the bottom and left surfaces.
An energy balance on this element gives [Fig. 5-28al

Ay T,—T, AyT,—T A
h(&; )(T—T1)+k£ﬁ L Ax 2y

2 Ay "2 As g 5 =0

Taking Ax = Ay = [, it simplifies to




) ]
Mirror

N
(5)

-—————

g’

2k

(d) Node 4. This node is on the insulated boundary and can be treated as an
interior node by replacing the insulation by a mirror. This puts a reflected image
of node b5 to the left of node 4. Noting that Ax = Ay = /, the general interior
node relation for the steady two-dimensional case (Eq. 5-35) gives [Fig. 5-28b]

NE

or, noting that T;; = 90° C,

g’
Tl_4T4+2Ti:_gﬂ_T

(e) Node 5. This is an interior node, and noting that Ax = Ay = [, the finite

difference formulation of this node is obtained directly from Eq. 5-35 to be
[Fig. 5-29al

|£2
T4-|-TJ+T5-|-T“—4T5+‘@5T={}




{a) Node 5 (b)) Node 6
FIGURE
Schematics for energy balances on the
volume elements of nodes 5 and 6.

or, noting that T,; = 90°C,

Ak
T}‘I‘ T4_4T_§+T&= _gD_gk
(f) Node 6. The volume element of this inner corner node is subjected to con-

vection at the L-shaped exposed surface and to conduction at other surfaces.
An energy balance on this element gives [Fig. 52951

Ax Ay AyT, — T T, —Ts
h(2 + 2)(1‘ o + kot R

I — T AxTs—Tg | 3AxAy 0

+ kAy + k— + g,

Ax 2 Ay 4

Taking Ax = Ay = [ and noting that T,, = 90°C, it simplifies to

2hl 3gql*

2hi
k L. 2k

(g) Node 7. The volume element of this boundary node is subjected to convec-
tion at the top and to conduction at the right, bottom, and left surfaces. An en-
ergy balance on this element gives [Fig. 5-30a]

Ay — T I, — T

T—ﬂx == k:ir a‘:‘L}-‘
ﬁ}'Tﬁ_T]_i_ . .‘1_}‘_
2 Ax T T

hAX(T, — T;) + k

0




() Node 8. This node is identical to Node 7, and the finite difference formu-
lation of this node can be obtained from that of Node 7 by shifting the node
numbers by 1 (i.e., replacing subscript m by m + 1). It gives

2hi 2hi 8sl?
T?_(4+—k )T8+Tg:_180_—k T. — 2

(r)y Node 9. The volume element of this corner node is subjected to convection
at the top surface, to heat flux at the right surface, and to conduction at the
bottom and left surfaces. An energy balance on this element gives [Fig. 5—-305&]

Ax . Ay AxTis — Ty Ay Ty — Ty . Ax Ay
}jT(Tx_TgJ_'_.?RT_'_k_ k—

2 Ay k2 aAax ‘t& 3 3 =0

Taking Ax = Ay = [ and noting that T:5 = 90°C, it simplifies to

el Rl Bol?

k K 2k

This completes the development of finite difference formulation for this prob-
lem. Substituting the given quantities, the system of nine equations for the
determination of nine unknown nodal temperatures becomes

hli

Ts—(2+?)Tg=—90————Tx—

—2.064T, + T» + Ty = —11.2
T, —4.128T, + T3 + 2Ts = —22.4
T, — 2.128T; + T = —12.8
T, — 4T, + 2T = —109.2
T, + T, — 4T, + T, = —109.2
Ts + 2Ts — 6.128T5 + T, = —212.0
Ts — 4.1287; + Ty = —202.4
T, — 4.128T, + T, = —202.4
T, — 2.064T, = —105.2

which is a system of nine algebraic equations with nine unknowns. Using an
equation solver, its solution is determined to be
T, =112.1°C T, = 110.8°C T, = 106.6°C

T, = 109.4°C Ts = 108.1°C Ts = 103.2°C
T, = 97.3°C Ty = 96.3°C To = 97.6°C

Mote that the temperature is the highest at node 1 and the lowest at node 3.
This is consistent with our expectations since node 1 is the farthest away from
the bottom surface, which is maintained at 90°C and has one side insulated,
and node & has the largest exposed area relative to its volume while being close
to the surface at 90°C.




Transient Heat conduction

1. Class : third Year

2. Subject : Transient Heat conduction
3. Number of weeks: Two weeks

4. Central idea : Study the Transient Heat conduction
5. The Test:




TRANSIENT HEAT
CONDUCTION

he temperature of a body, in general, varies with time as well
as position. In rectangular coordinates, this variation is expressed as
T(x,y, z, 1), where (x, y, z) indicates variation in the x, y, and z directions,
respectively, and # indicates variation with time. In the preceding Lecture we
considered heat conduction under sfeady conditions, for which the tempera-
ture of a body at any point does not change with time. This certainly simpli-
fied the analysis, especially when the temperature varied in one direction only,
and we were able to obtain analytical solutions. In this Lecture We consider

the variation of temperature with fime as well as position

LUMPED SYSTEM ANALYSIS

In heat transfer analysis, some bodies are observed to behave like a “lump”
whose interior temperature remains essentially uniform at all times during a
heat transfer process. The temperature of such bodies can be taken to be a
function of time only, 7{(f). Heat transfer analysis that utilizes this idealization
is known as lumped system analysis, which provides great simplification
in certain classes of heat transfer problems without much sacrifice from
accuracy.

(a) Copper ball




Consider a body of arbitrary shape of mass m, volume V, surface area A,
density p, and specific heat C, initially at a uniform temperature T; (Fig. ).
At time f = 0, the body is placed into a medium at temperature T.., and heat
transfer takes place between the body and its environment, with a heat trans-
fer coefficient h. For the sake of discussion, we will assume that T, = T, but
the analysis is equally valid for the opposite case. We assume lumped system
analysis to be applicable, so that the temperature remains uniform within the
body at all times and changes with time only, T = T(f).

During a differential time interval dtf, the temperature of the body rises by a
differential amount d7. An energy balance of the solid for the time interval dt
can be expressed as

The increase in the
energy of the body

(I—Ieat transfer into the bod}*) _
during dt

during dt

or

hA(T., — T) dt = mC, dT
Noting that m = pV and dT = d(T — T..) since T.. = constant, Eq. can be
rearranged as

dT—T.,)  hA,
T—-T.  pVG,'

it

Integrating from ¢ = 0, at which T = T;, to any time #, at which T = T{(1), gives

T — T hA,
7. = "o’
i — T pVC,
A,
¢
h
SOLID BODY T,
M = mass
V = volume
p = density

T; = initial temperature

, T=T

O =hAJT,. - T(D)]
FIGURE
The geometry and parameters
involved in the lumped
system analysis.




Taking the exponential of both sides and rearranging, we obtain

hA
T(t) — T, _ TP Cpﬁ,t
T; — Ty
Volume

Y — L Characteristic length

surface Area A

hAt ht 1 t (hL) (k) B, t _ g
* = — .
pC,V ~ pC, L pCL\ k) \L) = “7rp =7t

T(t)—Tw
ST —T,

~Bit  'where (1) is Dimensionless Fourier number

Heat transfer :

h Asg

q = hA(T — Te,)dt = hA(T; — Too)f o PVt

be h4s t
qzhA(Ti_Too)[ — = epcpv}
0

h As

_h4
q=pc,V(T; —Te) ll—e pep¥ ]

Criteria for Lumped System Analysis
The lumped system analysis certainly provides great convenience in heat
transfer analysis, and naturally we would like to know when it is appropriate




to use it. The first step in establishing a criterion for the applicability of the
lumped system analysis is to define a characteristic length as

v
Le=%
and a Biot number Bi as
Bi— hL,
'T Tk

It can also be expressed as

_ h AT _ Convection at the surface of the body
B kiIL.AT B Conduction within the body

Bi

or

o Lok Conduction resistance within the body
i= =

1/h  Convection resistance at the surface of the body

all uncertainty, provided that it is minor. It is generally accepted that lumped
system analysis is applicable if

Bi = 0.1

When this criterion is satisfied, the temperatures within the body relative to
the surroundings (i.e., T — T.) remain within 5 percent of each other even for
well-rounded geometries such as a spherical ball. Thus, when Bi << 0.1, the
variation of temperature with location within the body will be slight and can
reasonably be approximated as being uniform.




TRANSIENT HEAT CONDUCTION IN LARGE
PLANE WALLS, LONG CYLINDERS, AND
SPHERES WITH SPATIAL EFFECTS

In Section, we considered bodies in which the variation of temperature
within the body was negligible; that is, bodies that remain nearly isothermal
during a process. Relatively small bodies of highly conductive materials ap-
proximate this behavior. In general, however, the temperature within a body
will change from point to point as well as with time. In this section, we con-
sider the variation of temperature with time and position in one-dimensional
problems such as those associated with a large plane wall, a long cylinder, and
a sphere.
Consider a plane wall of thickness 2L, a long cylinder of radius r,, and
a sphere of radius r, initially at a uniform temperature T,, as shown in Fig.
At time t = 0, each geometry is placed in a large medium that is at a
constant temperature 7., and kept in that medium for 7 = 0. Heat transfer takes
place between these bodies and their environments by convection with a uni-
Jorm and constant heat transfer coefficient h. Note that all three cases possess
geometric and thermal symmetry: the plane wall is symmetric about its center
plane (x = 0), the cylinder is symmetric about its centerline (r = 0), and the
sphere is symmetric about its center point (r = ). We neglect radiation heat
transfer between these bodies and their surrounding surfaces, or incorporate
the radiation effect into the convection heat transfer coefficient A.




(c) A sphere
Tix. 1) — T,
T.‘ — T,
(Biot number)
(Fourier number)

T, Initially T, T, Initially T,
h U=l h h T=13 h
1 |
C| -
L x
0 —
1 |
1 |
| |
(a) A large plane wall i(5) A long cylinder
Dimensionless temperature: Bix. )=
. . . X
Dimensionless distance from the center: X= E
. . .. . hL
Dimensionless heat transfer coefficient: Bi = m
. . . I
Dimensionless time: T= %
J ma = mCy(T. — T;) = pVC,(T, — T;) (k1)
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Transient temperature and heat transfer charts for a plane wall of thickness 2L initially at a uniform temperature T;
subjected to convection from both sides to an environment at temperature T-.. with a convection coefficient of A.
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(c) Heat transfer (from H. Griber et al.)

where m is the mass, V is the volume, p is the density, and Cp is the specific
heat of the body. Thus, Q,,,, represents the amount of heat transfer for r — .
The amount of heat transfer Q at a finite time # will obviously be less than this
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Transient temperature and heat transfer charts for a long cylinder of radius r, initially at a uniform temperature T;
subjected to convection from all sides to an environment at temperature T, with a convection coefficient of A.
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TRANSIENT HEAT CONDUCTION
IN SEMI-INFINITE SOLIDS

A semi-infinite solid is an idealized body that has a single plane surface and
extends to infinity in all directions, as shown in Fig, This idealized body
is used to indicate that the temperature change in the part of the body in which
we are interested (the region close to the surface) is due to the thermal condi-
tions on a single surface. The earth, for example, can be considered to be a
semi-infinite medium in determining the variation of temperature near its sur-
face. Also, a thick wall can be modeled as a semi-infinite medium if all we are
interested in is the variation of temperature in the region near one of the sur-
faces, and the other surface is too far to have any impact on the region of in-
terest during the time of observation.

&0
surface
T )
x

h |

SN \
*t\j:_fv/
FIGURE -

Schematic of a semi-infinite body.

Case 1:a sudden change in surface te ture Tp # T;
T(x,t) —Tp X
= erf
T; —To 2Vat

To= surface temperature = T (0, t)
Ti = initial temperature of medium = T (x, 0)

At surface the heat flow

qOZKA(To—Ti)
tat




I'able A-1| The emror function

*L erf— _r erf— X orf—
1/t 1ot 1Jar 1ot [T 1/t
0.00 0.00000 0.76 0.71754 152 0.96841
0.02 0.02256 0.78 0.73001 154 0.97059
0.04 0.04511 0.80 0.74210 156 0.97263
0.06 0.06762 0.82 0.75381 158 0.97455
0.08 0.09008 0.84 0.76514 1.60 0.97636
0.10 0.11246 0.86 0.77610 162 0.97804
0.12 0.13476 0.88 0.78669 1.64 0.97962
0.14 0.15695 0.90 0.79691 166 0.98110
0.16 0.17901 0.92 0.80677 168 098249
0.18 0.20094 0.94 0.81627 1.70 0.98379
0.20 0.22270 0.96 0.82542 172 0.98500
0.22 0.24430 0.98 0.83423 174 0.98613
0.24 0.26570 1.00 0.84270 176 0.98719
0.26 0.28690 1.02 0.85084 1.78 0.98817
0.28 0.30788 1.04 0.85865 1.80 0.98909
0.30 0.32863 1.06 0.86614 182 0.98994
0.32 0.34913 1.08 0.87333 184 0.99074
0.34 0.36936 1.10 0.88020 186 099147
0.36 0.38933 112 0.88079 188 0.99216
0.38 0.40901 114 0.89308 1.90 0.99279
0.40 0.42839 116 0.89910 192 0.99338
042 0.44749 118 0.90484 1.94 0.99392
0.44 0.46622 1.20 0.91031 1.96 0.99443
0.46 0.48466 122 0.91553 198 0.99489
0.48 0.50275 124 0.920350 2.00 0.995322
0.50 0.52050 126 0.92524 210 0.997020
0.52 0.53790 128 0.92973 220 0.998137
0.54 0.55494 130 0.93401 230 0.998857
0.56 0.57162 132 0.93806 240 0.999311
0.58 0.58792 134 0.94191 2.50 0.999593
0.60 0.60386 136 0.94536 2.60 0.999764
0.62 0.61941 138 0.94902 270 0999366
0.64 0.634359 1.40 0.95228 2.80 0.999925
0.66 0.64938 142 0.95538 290 0.999959
0.68 0.66278 144 0.95830 3.00 0.999978
0.70 0.67780 146 0.96105 3.20 0.999994
0.72 0.69143 148 0.96365 3.40 0.999998
0.74 0.70468 1.50 0.96610 3.60 1.000000




Q1: Stainless steel ball bearings (p= 8085 kg/m3, k =15.1 W/m - °C, Cp =
0.480 kJ/kg - °C, and 0. =3.91 x107®m?2/s) having a diameter of 1.2 cm
are to be quenched in water. The balls leave the oven at a uniform
temperature of 900°C and are exposed to air at 30°C for a while before
they are dropped into the water. If the temperature of the balls is not to
fall below 850°C prior to quenching and the heat transfer coefficient in
the air is 125 W/m?- °C, determine how long they can stand in the air
before being dropped into the water.

Sol:
3
L oY _A7/6_D_0012m _ 650 Steel balls
¢ A D2 6 6 Furnace
s Air, 30°C
hL 2 5C)(0.
5 _NLe _ @25Wim?0)0002m) _ o

k (15.1W/m.°C)

00000

Therefore, the lumped system
analysis is applicable. Then the
allowable time is determined to be
oo PA _h 125W/m?.°C
pC,V  pCoL. (8085 kg/m *)(480J/kg.°C)(0.002m)
TO-T, _ o _,850-30 _ —oois1sty

T, -T, 900-30
The result indicates that the ball bearing can stay in the air about 4 s
before being dropped into the water.
Ex2: A stainless-steel rod (p = 7817 kg/m3, Cp = 460J/kg - °C) 6.4 mm in
diameter is initially at a uniform temperature of 25-C and is suddenly
immersed in a liquid at 150-C with h= 120 W/m2 = -C. Using the lumped-

capacity method of analysis, calculate the time necessary for the rod
temperature to reach 120-C.

=0.01610s™

——>t=3.68s

Ty = 25°C T.. =150°C h=120 Aud T =120°C
m? -°C

pP=7817 c =460 d =6.4 mm

A 4

v a

hA _ (120)(4)

pcV  (0.0064)(7817)(460)
T—

L. =ex A
120 - 25

150-25
T=13.16 sec

= 0.02086

=0.76 = 640.020861'




Ex3: A large plate of aluminum 5.0 cm thick(k = 215 W/m.-C |,
0=8.4x10-5 m2/s , p=2700 kg/m3, ¢=0.9 kJ/kg = -C) and initially at
200-C is suddenly exposed to the convection environment h= 525
W/mz.C and Teo=70-C Calculate the temperature at a depth of 1.25 cm
from one of the faces 1 min after the plate has been exposed to the
environment. How much energy has been removed per unit area from the
plate in this time?

Sol:

0i = Ti —Too =200—70=130 2L=5.0cm L=2.5cm

7=1 min=60 s

k=215W/m - -C h=525W/m2 - -C

X =2.5-1.25=1.25 cm

Then

at [ L2= (8.4x10-5)*(60)/(0.025)? =8.064

k/hL= 215/(525)(0.025) =16.38

x/L=1.25/2.5=0.5
From Figure
60/6i = 0.61

60 = TO —Too =(0.61)(130)=79.3
From Figure at x/L=0.5,

6/60 =0.98

and

0=T—Too =(0.98)(79.3)=77.7
T=77.7+70=147.7-C

For Figure we need

h2at/k? = (525)3(8.4x10-5)(60) /(215)? =0.03

hL/k = (525)(0.025)/ 215 =0.061

From Figure

Q/Q0 =0.41

For unit area

QO/A =pcVOi IA =pc(2L)0i = (2700)(900)(0.05)(130)
= 15.8x106 J/m?

So that the heat removed per unit surface area is

Q/A = (15.8x106)(0.41)=6.48x106 J/m?




Q4:Estimate the minimum depth x at which one must place a water main
below the surface to avoid freezing .The soil is initially at a uniform
temperature of 20 °C .Assume that under the worst conditions anticipated
it is subjected to surface temperature of -15 °C for a period of 60 days
.Use the following properties for soil(c=1840J/kg.k),(p=2050
kg/m?)(K=0.52w/m.k) (o=k/pc =0.138*107¢ m2/s)

Ts=-15°C

A

soil X

water main Y T(x,60d)=0




Fundamentals of Convection

The Objective: Study the mechanism of heat transfer through a fluid in the
presence of bulk fluid motion.

Introduction: Heat transfer through a solid is always by conduction, since
the molecules of a solid remain at relatively fixed positions. Heat transfer
through a liquid or gas, however, can be by conduction or convection,
depending on the presence of any bulk fluid motion. Heat transfer through a
fluid is by convection in the presence of bulk fluid motion and by
conduction in the absence of it.

Convection heat transfer is complicated by the fact that it involves fluid
motion as well as heat conduction.

The rate of heat transfer through a fluid is much higher by convection
than it is by conduction. In fact, the higher the fluid velocity, the higher the
rate of heat transfers.

Convection

/\.

Forced convection Natural or_ free
convection

AN N

External convection internal convection Free convection Free convection

( Flow Over flat plate (inside pipe and tube) ——| ( From vertical planes ( From horizontal
flow across cylinder and cylinders ) planes and cylinders )
,Sphere )




Summary:

Convection is classified as natural (or free) and forced convection,
depending on how the fluid motion is initiated.

In forced convection, the fluid is forced to flow over a surface or in a
pipe by external means such as a pump or a fan.

In natural convection, any fluid motion is caused by natural means such
as the buoyancy effect, which manifests itself as the rise of warmer fluid and
the fall of the cooler fluid.

Convection is also classified as external and internal, depending on
whether the fluid is forced to flow over a surface or in a channel.
Experience shows that convection heat transfer strongly depends on the fluid
properties dynamic viscosity p, thermal conductivity k, density p, and
specific heat Cp, as well as the fluid velocity 777 It also depends on the
geometry and the roughness of the solid surface, in addition to the type of

fluid flow (such as being laminar “streamlined” or turbulent).

Convection heat transfer is observed to be proportional to the temperature
difference and is conveniently expressed by Newton’s law of cooling as:
0 conv = h(Ts - TOO) (W/mz)

or

Q “conv=hAs(Ts - To) (W)

Where:

h = convection heat transfer coefficient, W/m?.°C

A, = heat transfer surface area, m?

T = temperature of the surface, °C

T,, = temperature of the fluid sufficiently far from the surface, °C

Judging from its units, the convection heat transfer coefficient h can be
defined as the rate of heat transfer between a solid surface and a fluid per
unit surface area per unit temperature difference.
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When a fluid is forced to flow over a solid surface, it is observed that the
fluid in motion comes to a complete stop at the surface and assumes a zero
velocity relative to the surface. That is, the fluid layer in direct contact with
a solid surface “sticks” to the surface and there is no slip. In fluid flow, this
phenomenon is known as the no-slip condition, and it is due to the viscosity
of the fluid.

A fluid and a solid surface will have the same temperature at the point of
contact. This is known as no-temperature-jump condition. An implication
of the no-slip and the no-temperature jump conditions is that heat transfer
from the solid surface to the fluid layer adjacent to the surface is by pure
conduction, since the fluid layer is motionless, and can be expressed as:

dal

.. T2y
Heonv = Heond = _JII‘HHJJ o (W/m=)
al y=0

T : oT| .
where T represents the temperature distribution in the fluid and v is the
Y1,
temperature gradient at the surface. This heat is then convected away from
the surface as a result of fluid motion. Note that convection heat transfer
from a solid surface to a fluid is merely the conduction heat transfer from the




solid surface to the fluid layer adjacent to the surface. Therefore, we can
equate eq.(1) & eq. (4) for the heat flux to obtain:
—kauia(d T dV)y =0 ,
h= T.— T, : (Wim= - °C)
The convection heat transfer coefficient, in general, varies along the flow (or
x-) direction. The average or mean convection heat transfer coefficient for a
surface in such cases is determined by properly averaging the local

convection heat transfer coefficients over the entire surface.

Velocity boundary layer

Consider the parallel flow of a fluid over a flat plate. The x-coordinate is
measured along the plate surface from the leading edge of the plate in the
direction of the flow, and y is measured from the surface in the normal

direction. The fluid approaches the plate in the x-direction with a uniform

upstream velocity of 7 ”which is practically identical to the free-stream
velocity u,, over the plate away from the surface. the x component of the
fluid velocity, u, will vary from 0 at y = 0 to nearly u,, at y = 6.

The region of the flow above the plate bounded by & in which the effects
of the viscous shearing forces caused by fluid viscosity are felt is called the
velocity boundary layer. The boundary layer thickness, 6, is typically
defined as the distance y from the surface at which u = 0.99u,. The
hypothetical line of u = 0.99 u,, divides the flow over a plate into two
regions: the boundary layer region, in which the viscous effects and the
velocity changes are significant, and the in viscid flow region, in which the
frictional effects are negligible and the velocity remains essentially constant.

Relative
velocities
of fluid layers
LT Uy =T
, # )| Turbulent :

S| layer _._‘ Zero
0.991"—f——=/  velocity

Laminar boundary J— Transition __| Turbulent boundary
layer region layer

1 Buffer layer

Laminar sublayer T -l at the

surface




Friction force per unit area is called shear stress, and is denoted by T.
Experimental studies indicate that the shear stress for most fluids is
proportional to the velocity gradient, and the shear stress at the wall surface
IS as

'f."ll'-|l . . ~
Ll (N/m-)
Y

where the constant of proportionality u is called the dynamic viscosity of
the fluid.
Kinematic viscosity is expressed as v=u/p. Two common units of

kinematic viscosity are m%/s and stoke (1 stoke = 1 cm?/s = 0.0001 m?/s).
The determination of the surface shear stress T is not practical since it
requires a knowledge of the flow velocity profile. A more practical approach
in external flow is to relate 1 to the upstream velocity 7"as

IF I - 7
Ty = Cr— (Nfm=)

where C; is the dimensionless friction coefficient, whose value in most
cases is determined experimentally, and p is the density of the fluid. Note
that the friction coefficient, in general, will vary with location along the
surface. Once the average friction coefficient over a given surface is
available, the friction force over the entire surface is determined from

pye

F.= C:A, (N) .
A where A is the surface area.

Nusselt Number

It is common practice to nondimensionalize the heat transfer coefficient h
with the Nusselt number, defined as:
— hLC
ok
where K is the thermal conductivity of the fluid and Lc is the characteristic
length.

Nu




To understand the physical significance of the Nusselt number, consider
a fluid layer of thickness L and temperature difference AT = T, - Ty, as
shown in the figure. Heat transfer through the fluid layer will be by
convection when the fluid involves some motion and by conduction when
the fluid layer is motionless. Heat flux (the rate of heat transfer per unit time
per unit surface area) in either case will be T,
Geomy = HAT _ [
S 1A
-T

Taking their ratio gives AT=T,-T,

1

f.r:conv _ .IriﬁT _ E = Nu
f.r:c-:nnd KATIL k

which is the Nusselt number. Therefore, the Nusselt number represents the
enhancement of heat transfer through a fluid layer as a result of convection
relative to conduction across the same fluid layer. The larger the Nusselt
number, the more effective the convection. A Nusselt number of Nu = 1 for
a fluid layer represents heat transfer across the layer by pure conduction.

Reynolds Number

The transition from laminar to turbulent flow depends on the surface
geometry, surface roughness, free-stream velocity, surface temperature, and
type of fluid, among other things. The flow regime depends mainly on the
ratio of the inertia forces to viscous forces in the fluid. This ratio is called
the Reynolds number, which is a dimensionless quantity, and is expressed
for external flow as

_ Inertia forces VL. pVL,

Viscous u &
where 77 is the upstream velocity (equivalent to the free-stream velocity u.,
for a flat plate), L. is the characteristic length of the geometry, and v=u/p
is the kinematic viscosity of the fluid. For a flat plate, the characteristic

Re




length is the distance x from the leading edge. The Reynolds number at
which the flow becomes turbulent is called the critical Reynolds number
which is equal to 5x10° for flat plate. For flow on flat plate Re<5x10° the
flow is laminar, Re>5x10° the flow is turbulent.

Prandtl Number

The relative thickness of the velocity and the thermal boundary layers is
best described by the dimensionless parameter Prandtl number, defined as

Molecular diffusivity of momentum y G,

['=

Molecular diffusivity of heat
The Prandtl numbers of fluids range from less than 0.01 for liquid metals
to more than 100,000 for heavy oils. Note that the Prandtl number is in the
order of 10 for water.

The Grashof Number

The flow regime in forced convection is governed by the dimensionless
Reynolds number, which represents the ratio of inertial forces to viscous
forces acting on the fluid. The flow regime in natural convection is governed
by the dimensionless Grashof number, which represents the ratio of the
buoyancy force to the viscous force acting on the fluid. '_“'“"__ -
Buoyancy forces gApV g BATV :;mm

Viscous forces PV v? " Friction

Since A,O ~ pﬂ AT , force Cold
The Grashof number for a characteristic length L. is, /l\ fluid

Gr, = .,{‘?B[T_, - T:FJ‘L?
where t V2
g = gravitational acceleration, m/s?
S = coefficient of volume expansion, 1/K (g = 1/T for ideal gases)

T, = temperature of the surface, C
T., = temperature of the fluid sufficiently far from the surface, C

Gr =

Buoyancy
force




L. = characteristic length of the geometry, m
v = kinematics viscosity of the fluid, m%/s

Rayleigh number
It is represented the product of the Grashof and Prandtl numbers,

e

Ra; = Gr; Pr =




One Dimensional Steady State Force Convection Heat
Transfer on Flat Plate

External Flow

Surface Shear Stress

i e 1
T (N/m-)

fr‘_"t' y=10

where the constant of proportionality w is called the dynamic viscosity of
the fluid, whose unit is kg/m - s (or equivalently, N - s/m?, or Pa - s, or poise
= 0.1 Pa-s).

The determination of the surface shear stress T, from Eq. is not practical
since it requires a knowledge of the flow velocity profile. A more practical ap-
proach in external flow is to relate T, to the upstream velocity V" as

- [l-i-'lz

7. = C— (N/m-)

where C;is the dimensionless friction coefficient, whose value in most cases
is determined experimentally, and p is the density of the fluid. Note that the
friction coefficient, in general, will vary with location along the surface. Once
the average friction coefficient over a given surface is available, the friction
force over the entire surface is determined from

p V2

-

F,=CA; (N)
where A; is the surface area.

The friction coefficient is an important parameter in heat transfer studies
since it is directly related to the heat transfer coefficient and the power re-
quirements of the pump or fan.

for laminar flow

Uoo




For turbulent flow

1

L (2)7
U o

Heat Transfer

The experimental data for heat transfer is often represented conveniently
with reasonable accuracy by a simple power-law relation of the form

Nu = CRef'Pr"

where m and n are constant exponents, and the value of the constant C de-
pends on geometry and flow.

The fluid temperature in the thermal boundary layer varies from T, at the
surface to about T, at the outer edge of the boundary. The fluid properties also
vary with temperature, and thus with position across the boundary layer. In
order to account for the variation of the properties with temperature, the fluid
properties are usually evaluated at the so-called film temperature, defined as

Parallel Flow over flat plates

Consider the parallel flow of a fluid over a flat plate of length L in the flow di-
rection, as shown in Figure . The x-coordinate is measured along the plate
surface from the leading edge in the direction of the flow. The fluid ap-
proaches the plate in the x-direction with uniform upstream velocity V" and
temperature T,,. The flow in the velocity boundary layer starts out as laminar,
but if the plate is sufficiently long, the flow will become turbulent at a dis-
tance x,, from the leading edge where the Reynolds number reaches its critical v
value for transition.

The transition from laminar to turbulent flow depends on the surface geom-
etry, surface roughness, upstream velocity, surface temperature, and the fype FIGURE 7-6
of fluid, among other things, and is best characterized by the Reynolds num- Laminar and turbulent regions
ber. The Reynolds number at a distance x from the leading edge of a flat plate of the boundary layer during
is expressed as flow over a flat plate.
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Note that the value of the Reynolds number varies for a flat plate along the
flow, reaching Re; = V'L/v at the end of the plate.
For flow over a flat plate, transition from laminar to turbulent is usually
taken to occur at the critical Revnolds number of
pfl;.“‘-ff

Re, =~ =35 X 10°

Friction Coefficient

Based on analysis, the boundary layer thickness and the local friction coeffi-
cient at location x for laminar flow over a flat plate were determined in Chap-
ter 6 to be

5x 0.664

= = 5
= Re.{_.@ Elﬂd CJF x Rellt.'lll £l Rer "-_:. 5 X 10 6_7

Laminar: 8, ;

The corresponding relations for turbulent flow are

 0.382x

0.0592
Turbulent: &, . = Rel’ -

and G =75 5% 109=Re, =107 8-9
X

where x is the distance from the leading edge of the plate and Re, = V'x/v is the
Reynolds number at location x. Note that C . is proportional to Re; ' and thus
to x> for laminar flow. Therefore, C; . 1s supposedly infinife at the leading
edge (x = 0) and decreases by a factor of x~ "2 in the flow direction. The local
friction coefficients are higher in turbulent flow than they are in laminar flow
because of the intense mixing that occurs in the turbulent boundary layer.
Note that C; , reaches its highest values when the flow becomes fully turbu-

lent, and then decreases by a factor of x 3 in the flow direction.




The average friction coefficient over the entire plate is detennined by sub-
stituting the relations above into Eq. and performing the integrations
. We get

Re, <5 % 103 10

L

. 1.328
Laminar: Cr=
" Rey’-

. 0.074
C, = -
" Re}”

11

Turbulent: 5 % 10° = Re, = 107

The first relation gives the average friction coefficient for the entire plate when
the flow is laminar over the entire plate. The second relation gives the average
friction coefficient for the entire plate only when the flow is turbulent over the
entire plate, or when the laminar flow region of the plate is too small relative to
the turbulent flow region (that is, x,, < L where the length of the plate x_, over
which the flow is laminar can be determined from Re_, = 5 X 10° = Vx_/).

For combined flow (laminar & turbulent)

. 0.074 1742
1 RC‘J!: Rclr_

5 % 105 = Re, = 10

Heat Transfer Coefficient

The local Nusselt number at a location x for laminar flow over a flat plate was
determined by solving the differential energy equation to be

h.x

= 0332Re¥Pr'”  Pr> 0.60 13

Laminar: Nu, =

The corresponding relation for turbulent flow is

hx 0.6 = Pr = 60
Turbulent: Nu, = —— = 0.0296 Re!® Pr!/? . 14
Tk ' 5 X 10° = Re, = 107

Note that A, is proportional to Re?> and thus to x~*3 for laminar flow. There-
fore, h, is infinite at the leading edge (x = 0) and decreases by a factor of x~
in the flow direction. The variation of the boundary layer thickness & and the




The average Nusselt number over the entire plate is determined by substitut-
ing the relations above into Eq. and performing the integrations. We get
Laminar: Nu = % = 0.664 Re{” Pr'/? 2, < 8 3 15

; . 0.6 =Pr=60
Turbulent: ~ Nu = & = 0.037 Re}*® Pr'”? ) ) T 16
k 5% 10° =Re;, = 10/

The first relation gives the average heat transfer coefficient for the entire plate
when the flow is laminar over the entire plate. The second relation gives the
average heat transfer coefficient for the entire plate only when the flow is fur-
bulent over the entire plate, or when the laminar flow region of the plate is too
small relative to the turbulent flow region.

For combined flow (laminar & turbulent )

0.6 =Pr=a060

Nu = E = (0.037 Rel® — 871)Pr'” _ - .
k 5 X 105 = Re, = 10’

Uniform Heat Flux

When a flat plate is subjected to uniform heat flux instead of uniform temper-
ature, the local Nusselt number is given by

Laminar: Nu, = 0.453 Re!3 pr'/3 18

Turbuleni: Nu, = 0.0308 Re?* pr'/? 19




Ex1: Engine oil at 60°C flows over the upper surface of a 5-m-
long flat plate whose temperature is 20°C with a velocity of 2
m/s . Determine the total friction force and the rate of heat
transfer per unit width of the entire plate

Froperties The properties of engine oil at the film temperature of 7= (7T + T.)
2 = (20 + 60)2 = 40°C are (Table A—14).

p = 876 kg/m’ Pr = 2870

k= 0.144 W/m - °C v = 242 x 10~ ° m¥s

Analysis MNoting that L = 5 m, the Reynolds number at the end of the plate is

YL (2 m/s)5 m)

Re, — — ' — 4.13 % 10*
°L = v T 0.242 X 10-° m%s

which is less than the critical Reynolds number. Thus we have laminar flow over
the entire plate, and the average friction coefficient is

Cr= 1.328 Re;"° = 1.328 X (4.13 X 109)~%° = 0.0207

Moting that the pressure drag is zero and thus Cp = C;r for a flat plate, the drag
force acting on the plate per unit width becomes

r2 k] 2 \
pl 2 (876 kg/m™"}2 m/s) ( 1N )

Fp=CrA;——

3 = 0.0207 X (5 X 1 m

2 1 kg - m/s?

= 181 N

The total drag force acting on the entire plate can be determined by multiplying
the value obtained above by the width of the plate.

This force per unit width corresponds to the weight of a mass of about 18 kg.
Therefore, a person who applies an equal and opposite force to the plate to keep

it from moving will feel like he or she is using as much force as is necessary to
hold a 18-kg mass from dropping.

Similarly, the Musselt number is determined using the laminar flow relations
for a Tlat plate,

_ L

MNu = 0.664 Ref> Pr'® = 0.664 X (4.13 > 10*)%> x 2870Y* = 1918

- O
ho= KNy = O NIM - TC (1618) — 552 W/m? - °C

and

O = hA(T.. — T.) = (55.2 W/m2 - °CX5 > 1 m2}{(60 — 20)°C = 11.040 W




Ex2:A 0.3-cm-thick, 12-cm-high, and 18-cm-long circuit board
houses 80 closely spaced logic chips on one side, each
dissipating 0.06 W. The board is impregnated with copper
fillings and has an effective thermal conductivity of 16 W/m -
°C. All the heat generated in the chips is conducted across the
circuit board and is dissipated from the back side of the board to
the ambient air at 30°C, which is forced to flow over the surface
by a fan at a free-stream velocity of 400 m/min. Determine the
temperatures on the two sides of the circuit board.

Sol:

Properties Assuming a film temperature of 40°C, the properties of air are (Table A-15)
k =0.02662 W/m.°C
v=1702x10"° m?/s
Pr=0.7255

Analysis The Reynolds number is

_ VoL _[(400/60) misk0.18m) _, oo o e

L 1.702x10°° m?/s =3
which is less than the critical Reynolds number. :;
%

Re,

Therefore, the flow is laminar. Using the proper relation T =30°C

for Nusselt number, heat transfer coefficient is
determined to be

Nu = % = 0.664Re, *° Prt/® = 0.664(7.051x10*)%°(0.7255)"'% =158.4

h= XNy 2 0:02602WIm°C ;50 4y _ 93 a3 wWim?.oC
L 0.18m
The temperatures on the two sides of the circuit board are
Q = hAS(TZ _Too) _>T2 :Toc + Q
hA,
(80x0.06) W B
(23.43W/m?.°C)(0.12m)(0.18 m)
. kA oL
= -T,)>T, =T, +—
Q 3 (M -Ty)>Ty =T, ™

=39.48°C+

(o]

48°C

(80x0.06 W)(0.003m)
(16 W/m.°C)(0.12m)(0.18 m)

=39.52°C




Ex3:Air at a pressure of 1 atm and temperature of 50 °C is
parallel flow over the top surface of a flat plate that is
heated to uniform temperature of 100 °C .the plate has a
length of 0.2 m (in the flow direction ) and a width of
0.1m . the Reynolds number based on the plate length is
40000 .what is the rate of heat transfer from the plate to
the air

Sol:

G _,

Uoo, Re,=4x10% — o f? q 75=100°C
y4

To= 50°C w=0.1m

2 y4
P.—.Iafm I—)x L=0.I2,m

ASSUMPTIONS: (1) Steady-state conditions, (2) Uniform surface temperature, (3) Negligible

radiation, (4) Rexc =5x 105

PROPERTIES: T7abie 4-4. Air (Tf=348K. 1 atm): k = 0.0299 W/mK. Pr =0.70

ANALYSIS: (a) The heat rate 1s
q=hy (wxL) (Tg—T,).
4
Since the flow is laminar over the entire plate for Rep =4 =< 10 , it follows that
P hr L B 1/m ) 2
Nu, =—L—=0.664 Rel'? Pr!’3 =0.664(40.000)!'2 (0.70)}3 =117.9.
0.0299 W/ m-K
0.2m

HL=117.9%=117.9 =176 W/m> ‘K

q=17.6—=
m--K

(0.1lmx0.2m) (100-50)°C=17.6 W.

H.W:

An array of power transistors, dissipating 6 W of power each, are to be
cooled by mounting them on a 25-cm x 25-cm square aluminum plate
and blowing air at 35°C over the plate with a fan at a velocity of 4 m/s.
The average temperature of the plate is not to exceed 65°C. Assuming the
heat transfer from the back side of the plate to be negligible and
disregarding radiation, determine the number of transistors that can be
placed on this plate

Aluminum Power

plate - transistor, 6 W

.
00530,

25¢cm




Properties of air at 1 atm pressure

Specific Thermal Thermal
Temp. Density Heat Conductivity Diffusivity
T,°C p, kg/m3 c,, Jkg-K k, W/m-K a, mé/s

Dynamic Kinematic Prandtl
Viscosity Viscosity Number
1, kg/m-s v, M%/s Pr

-150
—-100
—-50
—-40
-30
-20
-10
0

5

10
15
20
25
30
35
40
45
50
60
70
80
90

2.866
2.038
1.582
1.514
1.451
1.394
1.341
1.292
1.269
1.246
1.225
1.204
1.184
1.164
1.145
1.127
1.109
1.092
1.059
1.028
0.99%4
0.9718
0.9458
0.8977
0.8542
0.8148
0.7788
0.7459
0.6746
0.6158
0.5664
0.5243
0.4880
0.4565
0.4042
0.3627
0.3289
0.3008
0.2772
0.19%0
0.1553

983

966

999
1002
1004
1005
1006
1006
1006
1006
1007
1007
1007
1007
1007
1007
1007
1007
1007
1007
1008
1008
1009
1011
1013
1016
1019
1023
1033
1044
1056
1069
1081
1093
1115
1135
1153
1169
1184
1234
1264

0.01171
0.01582
0.01979
0.02057
0.02134
0.02211
0.02288
0.02364
0.02401
0.02439
0.02476
0.02514
0.02551
0.02588
0.02625
0.02662
0.02699
0.02735
0.02808
0.02881
0.02953
0.03024
0.03095
0.03235
0.03374
0.03511
0.03646
0.03779
0.04104
0.04418
0.04721
0.05015
0.05298
0.05572
0.06093
0.06581
0.07037
0.07465
0.07868
0.09599
0.11113

4.158 x 10°®
8.036 x 1078
1.252 x 10°°
1.356 X 10°°
1.465 x 10°°
1.578 x 1075
1.696 x 10-°
1.818 X 10°°
1.880 x 1075
1.944 x 10°°
2.009 x 10°°
2.074 X 10°°
2.141 x 10°°
2.208 x 10°°
2.277 x 1075
2.346 X 10°°
2416 x 10°°
2.487 x 1075
2.632 X 10°°
2.780 x 1075
2.931 x 10°°
3.086 x 103
3.243 x10°°
3.565 x 107°
3.898 X 10°°
4241 x 10°°
4593 x 1075
4.954 x 10°°
5.890 x 103
6.871 x 10°°
7.892 x 1075
8.951 x 10°°
1.004 x 10°*
1.117 x 10*
1.352 x 10
1.598 x 10°*
1.855 x 10
2.122 x 10°*
2.398 x 10
3.908 x 10°*
5.664 x 1074

8.636 x 10°°
1.189 % 10-°
1.474 x 107°
1.527 x 1075
1.579 x 10-°
1.630 x 1075
1.680 x 10-°
1.729 x 10°°
1.754 % 10°5
1.778 x 10°°
1.802 x 1075
1.825 x 107°
1.849 x 1075
1.872 x 10°°
1.895 x 1075
1.918 x 10-°
1.941 x 10°°
1.963 % 10-°
2.008 x 1078
2.052 x 107°
2.096 x 10°®
2.139 x 10-°
2.181 x 10
2.264 x 1075
2.345 x 10°®
2.420 x 10°*°
2.504 x 10-°
2.577 x 1078
2.760 x 10°°
2.934 x 10
3.101 x 105
3.261 x 10°°
3.415 x 10°°
3.563 x 10-°
3.846 x 107°
4111 % 10°°
4.362 x 107°
4,600 x 1075
4.826 x 10°°
5.817 x 107
6.630 x 10°®

3.013 x 107
5.837 x 10-®
9.319 x 10-°
1.008 x 1075
1.087 x 10-3
1.169 x 1075
1.252 x 10-3
1.338 X 10°®
1.382 x 10°°
1.426 x 1073
1.470 X 1075
1.516 x 10°3
1.562 x 1075
1.608 x 10-°
1.655 x 1075
1.702 x 10-3
1.750 x 10°®
1.798 x 1075
1.896 x 10°3
1.995 x 1075
2.097 x 10-°
2.201 x 103
2.306 x 10°
2.522 x 10°%
2.745 x 10°
2.975 x 10°®
3.212 x 1075
3.455 x 1073
4.091 x 1075
4.765 x 1078
5.475 x 10-3
6.219 x 10°°
6.997 x 10°°
7.806 x 10-°
9.515 x 107°
1.133 x 10*
1.326 x 10
1.529 x 10*
1.741 x 10*
2.922 x 10°*
4.270 x 10*

0.7246
0.7263
0.7440
0.7436
0.7425
0.7408
0.7387
0.7362
0.7350
0.7336
0.7323
0.7309
0.7296
0.7282
0.7268
0.7255
0.7241
0.7228
0.7202
0.7177
0.7154
0.7132
0.7111
0.7073
0.7041
0.7014
0.6992
0.6974
0.6946
0.6935
0.6937
0.6948
0.6965
0.6986
0.7037
0.7092
0.7149
0.7206
0.7260
0.7478
0.7539




FLOW ACROSS CYLINDERS AND SPHERES

Flow across cylinders and spheres is frequently encountered in practice. For
example, the tubes in a shell-and-tube heat exchanger involve both internal
flow through the tubes and external flow over the tubes, and both flows must
be considered in the analysis of the heat exchanger. Also, many sports such as
soccer, tennis, and golf involve flow over spherical balls.

The characteristic length for a circular cylinder or sphere is taken to be the
external diameter D. Thus, the Reynolds number is defined as Re = V' D/v
where V" is the uniform velocity of the fluid as it approaches the cylinder or
sphere. The critical Reynolds number for flow across a circular cylinder or
sphere is about Re,, = 2 X 10°. That is, the boundary layer remains laminar
for about Re = 2 X 10° and becomes turbulent for Re = 2 X 10°.

bay,
;L‘)' = —
jq Wake —
§ e

\ .
Stagnation —Separation
point point
Boundary layer




Drag coefficient

The nature of the flow across a cylinder or sphere strongly affects the total
drag coefficient Cp. Both the friction drag and the pressure drag can be sig-
nificant. The high pressure in the vicinity of the stagnation point and the low
pressure on the opposite side in the wake produce a net force on the body in
the direction of flow. The drag force is primarily due to friction drag at low
Reynolds numbers (Re < 10) and to pressure drag at high Reynolds numbers
(Re > 5000). Both effects are significant at intermediate Reynolds numbers.

The average drag coefficients Cj, for cross flow over a smooth single circu-
lar cylinder and a sphere are given in Figure . The curves exhibit differ-
ent behaviors in different ranges of Reynolds numbers:

* For Re = 1, we have creeping flow, and the drag coefficient decreases
with increasing Reynolds number. For a sphere, it is Cp = 24/Re. There is

At about Re = 10, separation starts occurring on the rear of the body with
vortex shedding starting at about Re = 90. The region of separation
increases with increasing Reynolds number up to about Re = 10°. At this
point, the drag is mostly (about 95 percent) due to pressure drag. The drag
coefficient continues to decrease with increasing Reynolds number in this
range of 10 << Re << 10°. (A decrease in the drag coefficient does not
necessarily indicate a decrease in drag. The drag force is proportional to
the square of the velocity, and the increase in velocity at higher Reynolds
numbers usually more than offsets the decrease in the drag coefficient.)




* In the moderate range of 10° << Re << 10°, the drag coefficient remains
relatively constant. This behavior is characteristic of blunt bodies. The
flow in the boundary layer is laminar in this range, but the flow in the
separated region past the cylinder or sphere is highly turbulent with a
wide turbulent wake.

* There is a sudden drop in the drag coefficient somewhere in the range of
10° < Re < 10° (usually, at about 2 X 10°). This large reduction in Cj, is
due to the flow in the boundary layer becoming furbulent, which moves
the separation point further on the rear of the body, reducing the size of
the wake and thus the magnitude of the pressure drag. This is in contrast
to streamlined bodies, which experience an increase in the drag
coefficient (mostly due to friction drag) when the boundary layer
becomes turbulent.

Flow separation occurs at about 6 = 80° (measured from the stagnation
point) when the boundary layer is laminar and at about 8 = 140° when it is
turbulent (Fig. 7-18). The delay of separation in turbulent flow is caused by
the rapid fluctuations of the fluid in the transverse direction, which enables the
turbulent boundary layer to travel further along the surface before separation
occurs, resulting in a narrower wake and a smaller pressure drag. In the range
of Reynolds numbers where the flow changes from laminar to turbulent, even
the drag force F), decreases as the velocity (and thus Reynolds number) in-
creases. This results in a sudden decrease in drag of a flying body and insta-
bilities in flight.

Laminar
boundary
laver

—_—

—_—
.;_,-

—_—

_— =

Separation

(@) Laminar flow (Re < 2 = 10%)

Turbulent

Laminar Transition - boundary

boundary
layer

Separation

(h) Turbulence occurs (Re = 2 = 10%)
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Heat Transfer Coefficient

Flows across cylinders and spheres, in general, involve flow separation,
which is difficult to handle analytically. Therefore, such flows must be studied
experimentally or numerically. Indeed, flow across cylinders and spheres has
been studied experimentally by numerous investigators, and several empirical
correlations have been developed for the heat transfer coefficient.

The discussions above on the local heat transfer coefficients are insightful;
however, they are of little value in heat transfer calculations since the
calculation of heat transfer requires the average heat transfer coefficient over
the entire surface. Of the several such relations available in the literature for
the average Nusselt number for cross flow over a cylinder, we present the one
proposed by Churchill and Bernstein:

 5/8_4/5
f RC \

_hD _ |
_ b 1+ (282,000

0.3 + 0.62 Rel2 prli3

: "+ (0.4/PrA]

cyl




This relation is quite comprehensive in that it correlates available data well for
Re Pr > 0.2. The fluid properties are evaluated at the film tempera-
ture T, = %(Tx + T;), which is the average of the free-stream and surface
temperatures.

For flow over a sphere, Whitaker recommends the following comprehen-
sive correlation:

A4

hD =y

Nu,, = ——= 2 + [0.4 Re'? + 0.06 Re?*] Pt {__ ™ __.]

k

which is valid for 3.5 = Re = 80,000 and 0.7 = Pr = 380. The fluid proper-
ties in this case are evaluated at the free-stream temperature T.., except for p;,
which is evaluated at the surface temperature T,. Although the two relations
above are considered to be quite accurate, the results obtained from them can
be off by as much as 30 percent.

The average Nusselt number for flow across cylinders can be expressed
compactly as

hD

NuL}l = T = (_' RC.’.’! Pr.'.'

where n = % and the experimentally determined constants C and m are given
in Table -1 for circular as well as various noncircular cylinders. The charac-
teristic length D for use in the calculation of the Reynolds and the Nusselt
numbers for different geometries is as indicated on the figure. All fluid prop-
erties are evaluated at the film temperature.

The relations for cylinders above are for single cylinders or cylinders ori-
ented such that the flow over them is not affected by the presence of others.
Also, they are applicable to smooth surfaces. Surface roughness and the free-
stream turbulence may affect the drag and heat transfer coefficients signifi-
cantly. Eq. 3 provides a simpler alternative to Eq. 1 for flow over
cylinders. However, Eq. 1 is more accurate, and thus should be preferred
in calculations whenever possible.




Table 1

Empirical correlations for the average MNusselt number for forced convection
ower circular amd noncircular cylinders in cross flow (from Zukauskas,

and Jakob,

Cross-section
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FLOW ACROSS TUBE BANKS

The tubes in a tube bank are usually arranged either in-line or staggered in
the direction of flow, as shown in Figure . The outer tube diameter D is
taken as the characteristic length. The arrangement of the tubes in the tube
bank is characterized by the fransverse pitch Sy, longitudinal pitch §; , and the
diagonal pifch 8, between tube centers. The diagonal pitch is determined from

Sﬂ. = "'n,’ Si + [Slr."lg}l 4

As the fluid enters the tube bank, the flow area decreases from A, = §;L to
A+ = (87 — D)L between the tubes, and thus flow velocity increases. In staggered
arrangement, the velocity may increase further in the diagonal region if the
tube rows are very close to each other. In tube banks, the flow characteristics
are dominated by the maximum velocitiy V', that occurs within the tube
bank rather than the approach velocity V. Therefore, the Reynolds number is
defined on the basis of maximum velocity as

I-"nl'ﬂm:u D _ nl’max D

Rep = m 0

¥,

|

I@*‘*}v
"

A
S

Ist row 2nd row 3rd row

(a) In-line

-
]

T T A A

A] = S}Jl_
Ap=15-DIL (b} Staggered
Ap=(S,—DIL




The maximum velocity is determined from the conservation of mass re-
quirement for steady incompressible flow. For in-line arrangement, the maxi-
mum velocity occurs at the minimum flow area between the tubes, and the
conservation of mass can be expressed as (see Fig. 7-26a) pV' A, = pV A7
or V'8; =V (S — ). Then the maximum velocity becomes

Sy

=5V 5

¥

In sfaggered arrangement, the fluid approaching throug = A, in Fig-
ure 7-260 passes through area A, and then through area 2A, as it wraps
around the pipe in the next row. If 24, > A, maximum velocity will still oc-
cur at A; between the tubes, and thus the V', relation Eq. 7-40 can also be
used for staggered tube banks. But if 24, << Ay Jor, if 2(S, — D) < (§; — D).
maximum velocity will occur at the diagonal cross sections, and the maximum
velocity in this case becomes

SI -:1'-I
28y — D)

Staggered and Sp < (8¢ + DW2: Ve =

since p VA, = pV . (24,) or VS, =2V __(S, — D).

max

Several correlations, all based on experimental data, have been proposed for
the average Nusselt number for cross flow over tube banks. More recently,
Zukauskas has proposed correlations whose general form is

Nup = 2 _ ¢ Rep Pro(Pr/PE,)0 25
e
where the values of the constants C, m, and n depend on value Reynolds num-
ber. Such correlations are given in Table 7-2 explicitly for 0.7 << Pr << 500 and
0 << Rep, < 2 X 10° The uncertainty in the values of Nusselt number obtained
from these relations is =15 percent. Note that all properties except Pr, are to
be evaluated at the arithmetic mean temperature of the fluid determined from
T.+T
Ty =— 5 - 8

where T; and T, are the fluid temperatures at the inlet and the exit of the tube
bank, respectively.




Table 2

Musselt number correlations for cross flow over tube banks for N = 16 and
0.7 = Pr = 500 (from Zukauskas, Ref. 15, 1987)*

Arrangement Range of Reg Correlation
0-100 Nup = 0.9 Ref*Pro-38(Pr/Pr,)0-25
100-1000 Nup = 0.52 Rep5Pro-35(Pr/pr,)0-25
1000-2 x 103 Nup = 0.27 Red3Pr0-38(Pr/Pr,)0-25
2 % 1052 x 108 Nup = 0.033 Ref®Pro-4(Pr/Pr,)0-25
0-500 Nup = 1.04 Re}*Pro38(pr/pr,)%-2
500-1000 Nup = 0.71 Re}5Pro38(pr/pr,)%-2
1000-2 x 10%| Nup= 0.35(5:5,)°? ReZ®Pro3(pPr/Pr, )"
2 % 10°-2 x 10%| Nup = 0.031(5¢/5)°% Ref*PrO2&(Pr/Pr,)22

*All properties except Pr; are to be evaluated at the arithmetic mean of the inlet and outlet temperaturas
of the fluid (Pr, is to be avaluated at T,).

Staggered

The average Musselt number relations in Table 2 ire for tube banks with
16 or more rows. Those relations can also be used for tube banks with N pro-
vided that they are modified as

Mug, », FMNug 9

where F is a correction factor F whose values are given in Table 3 ror
Rep == 1000, the correction factor is independent of Revnolds numbe.

Cmce the Musselt number and thus the average heat transfer coefficient for
the entire tube bank is known, the heat transfer rate can be determined from
Mewton's law of cooling using a suitable temperature difference AT. The first
thought that comes o mind is touse AT =T, — Ty = T, — (T; + T 2. But
this will, in general, over predict the heat transfer rate. We will show in the
next chapter that the proper temperature difference for internal flow (flow
over tube banks is still internal flow through the shell) is the Jogarithmic
mean temperature difference ATy, defined as

(T, —Th— T, —T) AT, — AT, 10

In[(T, — T.M(T, — TY)]  IniAT./AT,)

j.lll.l-

Wi will also show that the exit temperature of the fluid T, can be determined
from

Table 3

Correction factor Fio be wsed im Mug 5., = FMugp for N < 16 and Reg =
{from fukauskas, Ref 15, 1987).

Ny 1 2 3 4 5 ) 10
In-lina 070 | 080 | 086

Staggered | 004 | 075 | 0.84 0.9%




A
) 11

mC,)

T,=T,— (T, ~ Tyexp|—

where A, = NwDL is the heat transfer surface area and s = pV' (NS ,L) is the
mass flow rate of the fluid. Here N is the total number of tubes in the bank, NV;
is the number of tubes in a transverse plane, L is the length of the tubes. and
V" is the velocity of the fluid just before entering the tube bank. Then the heat
transfer rate can be determined from

0 = hAAT,, = C,(T, — T) - 12

The second relation is usually more convenient to use since it does not require
the calculation of AT,,.

Pressure Drop

Another quantity of interest associated with tube banks is the pressure drop
AF, which is the difference between the pressures at the inlet and the exit of
the tube bank. It is a measure of the resistance the tubes offer to flow over
them, and is expressed as

F}.I II:-I'_|'|

- 13
where [ is the friction factor and y is the correction factor, both plotted in Fig-
ures 7—27a and T-278 against the Reynolds number based on the maximum
velocity V.. The friction factor in Figure 7—27a is for a square in-line tube
bank (5 = 5, ). and the correction factor given in the insert is used to account
for the effects of deviation of rectangular in-line arrangements from square
arrangement. Similarly, the friction factor in Figure 7-276 is for an eguilateral
stagpeered tube bank (57 = Sp), and the correction factor is to account for the
effects of deviation from eguilateral arrangement. Note that ¥ = 1 for both
square and equilateral triangle armangements. Also, pressure drop occurs in the
flow direction, and thos we used N (the number of rows) in the AP relation.

The power required to move a fluid through a tube bank is proportional to
the pressure drop, and when the pressure drop is available, the pumping power
required can be determined from

Woamp = VAP "";:‘P 14
where V = V{NySrL) is the volume flow rate and st = pV = pViNySrL) is
the mass flow rate of the fluid through the tube bank. Note that the power re-
quired to keep a fluid flowing through the tube bank (and thus the operating
cost) is proportional to the pressure drop. Therefore, the benefits of enhancing
heat transfer in a tube bank via rearrangement should be weighed against the
cost of additional power requirements.

In this section we limited our consideration to tube banks with base surfaces
(no fing). Tube banks with finned surfaces are also commonly vsed in prac-
tice, especially when the fluid is a pas, and heat transfer and pressure drop cor-
relations can be found in the literature for tube banks with pin fins, plate fins,
strip fins, etc.

AP =Ny fx

1N
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Ex4: In an industrial facility, air is to be preheated before entering a
furnace by geothermal water at 120°C flowing through the tubes of a tube
bank located in a duct. Air enters the duct at 20°C and 1 atm with a mean
velocity of 4.5 m/s, and flows over the tubes in normal direction. The
outer diameter of the tubes is 1.5 cm, and the tubes are arranged in-line
with longitudinal and transverse pitches of SL _ ST _ 5 cm. There are 6
rows in the flow direction with 10 tubes in each row, as shown in Figure .
Determine the rate of heat transfer per unit length of the tubes, and the
pressure drop across the tube bank

AlIR
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Assumptions 1 Steady operating conditions exist. 2 The surface temperature of
the tubes is equal to the temperature of geothermal water.

Properties The exit temperature of air, and thus the mean temperature, is not
known. We evaluate the air properties at the assumed mean temperature of
60°C (will be checked later) and 1 atm are Table A—15):

k= 002808 W/m - K, p = 1.06 kg/m?

Cp, = 1.007 kJ/kg - K, Pr = 0.7202

p=2.008 X 105kg/m-s  Pr, = Prg; = 0.7073

Also, the density of air at the inlet temperature of 20°C (for use in the mass flow
rate calculation at the inlet) is p, = 1.204 kg/m?

Analysis It is given that D = 0.015m, §;, = S = 0.05m, and ¥ = 4.5 m/s.
Then the maximum velocity and the Reynolds number based on the maximum
velocity become

R 0.05
Vinax = S, — .91 ~ 0.05 — 0.015
_ pVD  (1.06 kg/m?)(6.43 m/s)(0.015 m)

Rep="w 2.008 X 10 kg/m-s

(4.5 m/s) = 6.43 m/s

= 5091

The average Musselt number is determined using the proper relation from Table
-2 to be

Nup, = 0.27 Re$® Pro3¢(Pr/Pr,) 025
= 0.27(5091)%63(0.7202)°3¢(0.7202/0.7073)°35 = 52.2

This Nusselt number is applicable to tube banks with N, = 16. In our case, the
number of rows is N, = 6, and the corresponding correction factor from Table
7-3 is F = 0.945. Then the average Nusselt number and heat transfer coeffi-
cient for all the tubes in the tube bank become

Nuy, y, = FNu, = (0.945)(52.2) = 49.3
Nup vk  49.3(0.02808 W/m - °C)
D 0.015 m

= 92.2 W/m? - °C

The total number of tubes is N = N, X N, = 6 X 10 = 60. For a unit tube
length (£ = 1 m), the heat transfer surface area and the mass flow rate of air
(evaluated at the inlet) are

A, = NwDL = 60m(0.015 m)(1 m) = 2.827 m?

5

J”.I - fﬁ' - p]nl-'n(N?S?L]
—(1.204 kg/m*)(4.5 m/s)(10)(0.05 m)(1 m) = 2.709 kg/s

Then the fluid exit temperature, the log mean temperature difference, and the
rate of heat transfer become

TE T:r e (TT — T-e} exXp (_

Ah
;)
(2.827 m2)(92.2 W/m? - °C)
(2.709 kg/s)(1007 J/kg - °C)

120 — (120 — ZDjexp(— ) = 29.11°C




(T,—T.)— (T, —T) _ (120 —29.11) — (120 — 20)
In[(T, — TOAT, — T)] 1n[(120 — 29.11)/(120 — 20)]
O = hAAT,, = (92.2 W/m? - °C)(2.827 m?)(95.4°C) = 2.49 x 10° W

ATy, =

= 95.4°C

The rate of heat transfer can also be determined in a simpler way from

O = hAAT,, = mC/(T, — T)
= (2.709 kg/s)(1007 J/kg - °C)(29. 11 — 20)°C = 2.49 X 17w

For this square in-line tube bank, the friction coefficient corresponding to
Re, = 5088 and S,/D = 5/1.5 = 3.33 is, from Fig. 7/-27a, f = 0.16. Also,

x = 1 for the square arrangements. Then the pressure drop across the tube
bank becomes

PV max

AP = N.fx

3 (1.06 kg/m*)(6.43 m/s)’ ( IN 1 D.
= 6(0.16)(1) 2 1 kg - mfsz) 21 b




