
0 
 

 

 

 

 

 

 

 

Lectures in 

MATHEMATICS  

 

For 2nd class students 

 

 

 

 

 

 

 

 



1 
 

Chapter One 

Vector 

 

Vector components: 

Quantities can be divided into: 

1) scalar: which is defined by magnitude only, for example mass, time... 

2) vector: the quantity which needs magnitude and direction, for example force,     

velocity, acceleration.... 

 

 We shall denote the vector from (0,0) to (1,0) by (i) and the vector from 

(0,0) to (0,1) by (j) as shown in figure below: 

 

 

 

 

 

 

 

 

 

 

 

 

Then any vector in the x - y plane can be divided in the terms of i and j. 
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Ex. Sketch the following vectors: 

a) 3i 

b)  - 4i 

c) -2i + 3j 

 

Sol.: 

a) 

 

 

 

 

 

 

b)  

 

 

 

 

 

 

c) 
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Note: when we say the vector 𝐴𝐵⃗⃗⃗⃗  ⃗ means: This vector directed from point A to 

point B. 

 

Arithmetic operation on vector: 

1) Addition: 

   Let  𝑣1⃗⃗⃗⃗  = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣2⃗⃗⃗⃗  = 𝑎2𝑖 + 𝑏2𝑗 

 

Then 𝑣1⃗⃗⃗⃗  + 𝑣2⃗⃗⃗⃗  = 𝑎1𝑖 + 𝑏1𝑗 + 𝑎2𝑖 + 𝑏2𝑗 

                    = (𝑎1 + 𝑎2)𝑖 + (𝑏1 + 𝑏2)𝑗 

 

 

 

 

2) Subtraction: 

   Let  𝑣1⃗⃗⃗⃗  = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣2⃗⃗⃗⃗  = 𝑎2𝑖 + 𝑏2𝑗 

Then 𝑣1⃗⃗⃗⃗  - 𝑣2⃗⃗⃗⃗  = (𝑎1𝑖 + 𝑏1𝑗) − (𝑎2𝑖 + 𝑏2𝑗) 

                    = (𝑎1 − 𝑎2)𝑖 + (𝑏1 − 𝑏2)𝑗 

  

 

 

 

 

3) Multiplication of vector by scalar: 

   Let 𝑣  = 𝑎𝑖 +  𝑏𝑗 and c is scalar. 

   then 𝑐𝑣  = 𝑐(𝑎𝑖 + 𝑏𝑗) = 𝑐𝑎𝑖 + 𝑐𝑏𝑗 

  

x 

y 

𝑣1⃗⃗⃗⃗  

𝑣2⃗⃗⃗⃗  
𝑣1⃗⃗⃗⃗ + 𝑣2⃗⃗⃗⃗  

x 

y 

𝑣1⃗⃗⃗⃗  

𝑣2⃗⃗⃗⃗  

𝑣1⃗⃗⃗⃗ − 𝑣2⃗⃗⃗⃗  

−𝑣2⃗⃗⃗⃗  
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Definitions: 

1) Length of vector: 

   The length of vector 𝑣  = 𝑎𝑖 + 𝑏𝑗 is usually denoted by |𝑣 | which may be read as 

"The magnitude of 𝑣 " . 

|𝑣 | is found using Pythagoras theorem and as follows: 

𝑣  = 𝑎𝑖 + 𝑏𝑗 

|𝑣 | = √𝑎2 + 𝑏2 

 

 

 

 

 

 

 

2) Zero vector: 

    Any vector of length zero is called zero vector 0⃗ , 

 𝑎𝑖 + 𝑏𝑗 = 0 

 𝑎𝑖 + 𝑏𝑗 = 0𝑖 + 0𝑗 if and only if a = b = 0. 

 

 

3) Unit vector: 

    It is part from any vector. This part has length equal to unity and it is used to 

describe the direction of the vector. 

 

 𝑢⃗  = 
𝑣⃗ 

|𝑣⃗ |
     where 𝑢⃗  is unit vector of 𝑣 . 

 

y 

a 

b 

x 

𝑣  
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Ex. Find the unit vector of 𝒗⃗⃗  = 𝒂𝒊 + 𝒃𝒋 and prove that unit vector depends on 

the angle between the vector and the x - axis? 

 

Sol.:  

 𝑢⃗  = 
𝑣⃗ 

|𝑣⃗ |
  

 

𝑢⃗  = 
𝑎𝑖+  𝑏𝑗

√𝑎2+𝑏2
 

 

 

𝑢⃗  = 
𝑎

√𝑎2+𝑏2
𝑖 + 

  𝑏

√𝑎2+𝑏2
𝑗 

 

𝑢⃗  = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

 

Ex. Find the unit vector of 𝑨⃗⃗ = 𝟑𝒊 + 𝟒𝒋. 

Sol.: 

  𝑢⃗  = 
𝐴 

|𝐴 |
  

 

|𝐴 | = √32 + 42 = 5 

 

𝑢⃗  = 
3𝑖+4𝑗

5
 = 0.6i + 0.8j 

since  

𝑢⃗  = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

𝑐𝑜𝑠𝜃 = 0.6  

∴   𝜃 = 53o 

a 

b 

x 

𝑣  

y 

𝜃 
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Vector in Space: 

Now we shall consider the vector in three dimensional space as follows: 

(i) as a vector pointing from (0,0,0) to (1,0,0) 

(j) as a vector pointing from (0,0,0) to (0,1,0) 

(k) as a vector pointing from (0,0,0) to (0,0,1) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Any vector 𝐴  for example may be represented as: 

𝐴  = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘 

 and  

|𝐴 | =  √𝑎2 + 𝑏2 + 𝑐2  

 

 

  

x 

y 

z 

i 
j 

k 
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Ex.: Find a unit vector in the direction of vector from p1(1,0,1) and p2(3,2,0). 

Sol.: 

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = (3 - 1 )i + (2 - 0)j  + (0 - 1)k 

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 2i + 2j - k 

|𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| = √4 + 4 + 1 =  √9 = 3 

𝑢⃗  = 
𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

|𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |
 = 

2𝑖+2𝑗−𝑘

3
= 

2

3
𝑖 + 

2

3
𝑗 − 

1

3
𝑘 

 

Scalar product (dot product): 

The scalar or dot product of two vectors 𝐴  and 𝐵⃗ , denoted  by 𝐴 . 𝐵⃗  (read 𝐴  dot 𝐵⃗ ), 

is defined as the product of the magnitudes of  𝐴  and 𝐵⃗  and the cosine of the angle 

𝜃 between them. 

 

𝐴 . 𝐵⃗ =  |𝐴 |. |𝐵⃗ | 𝑐𝑜𝑠𝜃 ,                           0 ≤ 𝜃 ≤ 𝜋 

 

The following laws was valid: 

1. 𝐴 . 𝐵⃗ =  𝐵⃗ . 𝐴  

2. 𝐴 . (𝐵⃗ + 𝐶 ) = 𝐴 . 𝐵⃗ + 𝐴 . 𝐶  

3. i.i = j.j=k.k = 1, i.j = j.k = k.i = 0 

 

The dot product can be used to find: 

1) The angle between two vectors. 

2) The projection of vector  𝐵⃗  on  𝐴  = |𝐵⃗ | 𝑐𝑜𝑠𝜃 =  
𝐴 .𝐵⃗ 

|𝐴|
  

3) The projection of 𝐴  on 𝐵⃗ =  |𝐴 | 𝑐𝑜𝑠𝜃 =  
𝐴 .𝐵⃗ 

|𝐵|
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Ex. Find the angle between 𝑨⃗⃗ = 𝒊 − 𝟐𝒋 − 𝟐𝒌 and 𝑩⃗⃗ = 𝟔𝒊 + 𝟑𝒋 + 𝟐𝒌 also find 

the projection of 𝑨⃗⃗  𝒐𝒏 𝑩⃗⃗  and 𝑩⃗⃗  𝒐𝒏 𝑨⃗⃗ . 

Sol.: 

1) 𝐴 . 𝐵⃗ =  |𝐴 |. |𝐵⃗ | 𝑐𝑜𝑠𝜃  

cosθ =  
A⃗⃗ .B⃗⃗ 

|A⃗⃗ |.|B⃗⃗ |
  

𝐴 . 𝐵⃗  = 1*6 + (-2)*3 + (-2)*2 = - 4 

|𝐴 | =  √1 + 4 + 4 = 3  

|𝐵⃗ | =  √36 + 9 + 4 = 7  

cosθ =  
−4

3∗7
= 

−4

21
  

𝜃 =  101𝑜  

2) The projection of 𝐴  on 𝐵⃗ =  |𝐴 | 𝑐𝑜𝑠𝜃 =  
𝐴 .𝐵⃗ 

|𝐵|
=

−4

7
    

3) The projection of vector  𝐵⃗  on  𝐴  = |𝐵⃗ | 𝑐𝑜𝑠𝜃 =  
𝐴 .𝐵⃗ 

|𝐴|
= 

−4

3
  

 

Orthogonal vectors: 

The two vectors 𝐴  and 𝐵⃗  are orthogonal  if and only if: 

𝐴 . 𝐵⃗ = 0  

 

The cross product (vector product): 

The vector product or cross product of vector 𝐴  and 𝐵⃗  is defined as: 

𝐴 × 𝐵⃗ = 𝑛⃗ |𝐴 ||𝐵⃗ |𝑠𝑖𝑛𝜃  

The result of  𝐴 × 𝐵⃗  is vector perpendicular to the plane containing  𝐴  and 𝐵⃗ , and 

the direction determined by right hand rule. 
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The following laws are valid: 

1. 𝐴 × 𝐵⃗ = − 𝐵⃗ × 𝐴  

2. 𝐴 × (𝐵⃗ + 𝐶 ) = 𝐴 × 𝐵⃗ + 𝐴 × 𝐶  

3. i × i =  j × j = k × k = 0 

4. i × k =  −j , k × i =  j ,j × k =  i, k × j =  −i, i × j =  k , j × i =  −k  

 

Ex.: 𝑨⃗⃗ =  𝒂𝟏𝒊 + 𝒂𝟐𝒋 + 𝒂𝟑𝒌  and  𝑩⃗⃗ =  𝒃𝟏𝒊 + 𝒃𝟐𝒋 + 𝒃𝟑𝒌 .   

        Find 𝐀⃗⃗ × 𝐁⃗⃗  

  

     𝐀⃗⃗ × 𝐁⃗⃗     = |
𝑖 𝑗 𝑘
𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

| 

 

Ex.: Find the area of the triangle whose vertices are A(1,-1,0), B(2,1,-1) and 

C(-1, 1,2). 

Sol.: 

|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗|  = area of parallelogram 

 

1

2
|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| = area of triangle 

+ - + 

𝐴  𝐵⃗  

𝐴 × 𝐵⃗ =  𝐶   

𝜃 

𝐴  𝐵⃗  

𝐵⃗ × 𝐴 =   𝐷⃗⃗   

𝜃 
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𝐴𝐵⃗⃗⃗⃗  ⃗ = (2 - 1)i + (-1 - 1)j + (-1 - 0)k = i + 2j - k 

𝐴𝐶⃗⃗⃗⃗  ⃗ = (-1 - 1)i + (1 + 1)j + (2 - 0) = -2i + 2j + 2k 

 

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ =  |
𝑖 𝑗 𝑘
1 2 −1
−2 2 2

| = 6𝑖 + 6𝑘  

|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| =  √36 + 36 = 6√2  

Area of triangle = 
1

2
∗ 6√2 = 3√2 
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Chapter Two 

Complex numbers 

 

 Complex numbers are some of the most general numbers used in algebra. 

Any number that can be expressed in the form a + bi, where a and b are real 

numbers and i = √−𝟏  is a complex number. 

complex number can be thought of as a two dimensional vector (a,b), where a is 

the real part and b is the imaginary part. 

 

Complex number algebra: 

 A number is real when the coefficient of i is zero and is imaginary when real 

part is zero. 

For example 3 + 4i 

3 + 0i = 3 is real,   0  + 4i = 4i is imaginary 

 

Addition and subtraction: 

    

 Addition of complex numbers is defined by separately adding real and 

imaginary parts; so if  

     z = a + bi  , w = c + di 

then 

z + w = (a + bi) + (c + di) = (a + c) + (b + d)i 

 

Similarly for subtraction:  z - w = (a + bi) - (c + di )= (a - c) + (b - d)i 
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Ex.1: Express each of the following in term of x + yi. 

a. (3 + 5i) + (2 - 3i) 

b. (3 + 5i) + 6 

c. 7i - (4 + 5i) 

 

Sol.: 

a. (3 + 5i) + (2 - 3i) = (3 + 2) + (5 - 3)i = 5 + 2i 

b. (3 + 5i) + 6 = (3 + 6) + 5i = 9 + 5i 

c. 7i - (4 + 5i) =  - 4 + (7 - 5)i = - 4 + 2i 

 

Multiplication: 

 Multiplication  is straightforward provided remember that i2 =  - 1. 

So if: z = (a + bi) and w = (c + di) 

then: 

z*w = (a + bi)(c + di) = (ac - bd) + (ad + cb)i 

 

Ex.2: Simply the following in the form x + yi. 

 (2 - 7i)(3  + 4i) 

    

Sol.: 

 (2 - 7i)(3 + 4i) = 6  + 8i - 21i + 28 = 34 - 13i 
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Division: 

 The complex conjugate of a complex number is obtained by changing the 

sign of the imaginary part . So if z = a + bi , its complex conjugate, z̅ , is defined 

by: z̅ = a − bi 

 Any complex number a + bi has a complex conjugate a - bi. 

 

Ex.3: Simplify the following expression in the form x + yi. 

a.   
𝟑

𝟏+𝐢
 

b.  
𝟒+𝟕𝐢

𝟐+𝟓𝐢
 

c. 
𝟓

−𝟑+𝟒𝐢
 

 

Sol.: 

a.   
3

1+i
= 

3

1+i
∗

1−i

1−i
= 

3−3i

1+1
= 

3−3i

2
= 

3

2
− 

3

2
i 

 

b.   
4+7i

2+5i
= 

4+7i

2+5i
∗

2−5i

2−5i
= 

43−6i

4+25
= 

43−6i

29
= 

43

29
− 

6

29
i 

c.
5

−3+4i
=

5

−3+4i
∗

−3−4i

−3−4i
=

5(−3−4i)

(−3+4i)(−3−4i)
= 

−15−20i

9+16
=

 
−15−20i

25
= − 

3

5
− 

4

5
i 
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Argand Diagrams: 

 There are two geometric representation of the  complex number z = x + yi . 

a) as the point P(a,b) in the xy - plane , and 

b) as the vector oP ⃗⃗ ⃗⃗  ⃗ from the origin to P. 

 In each representation, the x-axis is called the real axis and the y- axis is the 

imaginary axis, as following figure. 

 

 

 

 

 

 

 

 

 

 

 

In terms of the polar coordinates of x and y , we have: 

a = rcosθ,   b = rsinθ,  tanθ =  
b

a
 

z = r(cosθ + isinθ) (polar representation) 

 

The length r of a vector oP ⃗⃗ ⃗⃗  ⃗ from the origin to P(a,b) is: 

r =  |a + bi| =  √a2 + b2  

The polar angle θ is called the argument of z and is written  θ = argz 

 

a 

b 

𝜃 
x 

y 

P(a,b) 

r 
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The identity eiθ = cosθ + isinθ is used for calculating products, quotients, powers, 

and roots of complex numbers. Then  z = reiθ  (exponential representation) 

(Euler’s Formula). 

 

 

a) Product: To multiply two complex numbers (figure below): 

 

 

 

 

 

 

 

 

z1 = r1e
iθ1  and  z2 = r2e

iθ2 so that |z1| =  r1 ,    argz1 = θ1           

                                                      |z2| =  r2 ,    argz2 = θ2      

Then z1z2 =  r1e
iθ1 . r2e

iθ2 = r1r2 e
i(θ1+θ2)       

arg(z1 + z2) =  θ1 + θ2 = argz1 + argz2 

 

b. Quotients: 
𝑧1

𝑧2
= 

r1e
iθ1

r2e
iθ2

 = 
𝑟1

𝑟2
 ei(θ1− θ2)  

hence  |
z1

z2
| =  

r1

r2
= 

|z1|

|z2|
  and   arg (

z1

z2
) =  θ1 − θ2  = argz1 −  argz2 

 

c) Powers: If n is a positive integer, then: 

zn = (reiθ)
n

= rneinθ   hence  |zn| =  rn and arg zn = nθ 
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De Moivre's Theorem : (cosθ + isinθ)n = (cos nθ + isin nθ) 

 

d) Roots: If   𝐳 = 𝐫𝐞𝐢𝛉   is a complex number different from zero and n is a 

positive integer, then there are precisely n different complex numbers wo, w1, 

w2, ......,wn-1 , that are nth roots of z given by: 

√reiθn
  =  √r 

n
 e

i(
θ

n
 +  k

2π

n
)
    , k = 0, 1, 2, 3,.................., n - 1 

Ex.4:  Let z1 = 1 + i and z2 = √𝟑  - i  find: 

1) the exponential representation for z1 and z2 . 

2) the values of z1 z2 and 
𝐳𝟏

𝒛𝟐
 in exponential and polar representations. 

Sol.:  

1) z1 = 1 + i  ,  r1 = √1 + 1 = √2 

    tanθ1 = 
y1

x1
     θ1 = tan−1  

y1

x1
= tan−11   

∴  z1 = r1e
iθ1 = √2ei

π

4   

 

z2 = √3  - i  , r2 = √3 + 1 = √4 = 2 

tanθ2 = 
y2

x2
                θ2 = tan−1  

y2

x2
= tan−1 −1

√3
= − 

π

6
   

∴  z2 = r2e
iθ2 =  2e−i

π

6   

 

2) z1z2 = √2ei
π

4 . 2e−i
π

6   = 2√2ei
π

12   (exponential representation) 

 

  r = 2√2   ,   𝜃 =  
𝜋

12
    

z1z2  = 2√2 (cos
π

12
+  isin

π

12
)   (Polar representation) 
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z1

z2
= 

√2e
i
π
4

2e
−i

π
6
= 

1

√2
 ei

5

12
π
   (exponential representation) 

 

r =  
1

√2
  , θ = 

5

12
π  

 
z1

z2
= 

1

√2
 (cos

5

12
π +  isin

5

12
π)  (Polar representation) 

 

Ex.5:  Find: (√𝟑 −  𝐢)
𝟏𝟎

 

 Sol.:  

√3 −  i r =  √3 + 1 =  √4 = 2  and  θ = tan−1 y

x
  

∴  tan−1 −1

√3
= −

π

6
  

 

√3 −  i =  2 (cos (− 
π

6
) +  isin (− 

π

6
))   

(√3 −  i)
10

= 210 (cos 10 
π

6
  −  isin 10

π

6
) = 512 + 512√3i  

 

Ex.6: Find the four forth roots of (-16). 

Sol.: 

z = -16  r =  √(−16)2 + 02 =  16  

tanθ =  
y

x
   θ = tan−1 0

−16
=  π  

√−16
4

= √16
4

 e
i(

π

4
 +k

2π

4
)
= 2e

i(
π

4
 +k

π

2
)
 , k = 0,1,2,3 

 

at k = 0  first root  wo = 2ei
π

4 = 2(cos
π

4
  +    i sin

π

4
) =  √2 + √2i 

at k = 1  second root w1 = 2ei
3π

4  = − √2 + √2i 
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at k = 2       third root  w2  = 2ei
5π

4   = − √2 − √2i 

at k = 3      fourth root w3 = 2ei
7π

4  = √2  − √2i 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



19 
 

Chapter Three 

Partial Derivatives 

 

Functions of Two or More Variables: 

 Functions which have more than one variable arise very commonly. Simple 

example: 

 Formula for the area of a triangle A = 1/2(bh) is a function of the two 

variables, base b and height h. 

 You should be used to the notation y = f(x) for a function of one variable, 

and that the graph of y = f(x) is a curve. 

For functions of two variables the notation simply becomes: z = f(x,y) 

 Where the two independent variables are x and y, while z is the dependent 

variable. 

 Since z = f(x, y) is a function of two variables, if we want to differentiate we 

have to decide whether we are differentiating with respect to x or with respect to y 

(the answers are different). A special notation is used. We use the symbol 𝜕 instead 

of d  and introduce the partial derivatives of z, which are: 

 
∂z

∂x
   is read as partial derivative of z  with respect to x , holding y constant. 

 
∂z

∂y
   means differentiate with respect to y holding x constant. 

Ex.: Calculate 
𝛛𝐳

𝛛𝐱
 and  

𝛛𝐳

𝛛𝐲
  of the following functions: 

a.  z = x2 + 3xy + y - 1 

b.  z = ln(x2 -y) 

c.  z = xcos(y) + yex 

d.  z = ysin(xy) 
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Sol.:   

a. To find 
∂z

∂x
 treat y as a constant and differentiate with respect to x. We 

have z = x2 + 3xy + y - 1 so: 

∂z

∂x
 = 2x + 3y 

Similarly 

∂z

∂y
 = 3x + 1 

b. z = ln(x2 -y) 

    
∂z

∂x
= 

1

(x2−y)
2x =  

2x

(x2−y)
   ,   

∂z

∂y
= 

−1

(x2−y)
  

c. z = xcos(y) + yex 

    
∂z

∂x
 = cos(y) + yex   ,  

∂z

∂y
 = - xsin(y) + ex 

d.  z = ysin(xy) 

  
∂z

∂x
  = ycos(xy)y  = y2cos(xy)  

  
∂z

∂y
 = xycos(xy) + sin(xy) 

        

Functions of Three or More Variables: 

The general notation would be something like: 

 w = f(x, y, z)  

where x, y and z are the independent variables. 

Ex.: Calculate 
𝛛

𝛛𝐱
 ,  

𝛛

𝛛𝐲
   and 

𝛛

𝛛𝐳
 of the following functions: 

a. w = xsin(y + 3z) 

b. u (x,y, t) = 75 + 300e-0.2t cos (x) cosh (y) 

c. 𝐰 = 𝐭𝐚𝐧(𝐱𝟐𝐲𝟒 + 𝐞𝐳𝟑
) 
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Sol.: 

a. w = xsin(y + 3z) 

    
∂w

∂x
 = sin(y + 3z),    

∂w

∂y
 = xcos(y + 3z),   

∂w

∂z
  = 3xcos(y + 3z) 

b. u (x,y, t) = 75 + 300e-0.2t cos (x) cosh (y) 

     
∂u

∂x
 = - 300e-0.2t sin (x) cosh (y) 

     
∂u

∂y
  = 300e-0.2t cos(x) sinh (y) 

     
∂u

∂t
  = - 60 e-0.2t cos(x) cosh(y) 

c. w = tan(x2y4 + ez3) 

   
∂w

∂x
 = 2xy4sec2(x2y4 + ez3

) 

   
∂w

∂y
 = 4x2y3sec2(x2y4 + ez3

) 

   
∂w

∂z
 = 3z2ez3

sec2(x2y4 + ez3
) 

 

Second order partial derivatives: 

Again, let z = f(x,y) be a function of x and y. 

 
∂2z

∂x2
     means the second derivative with respect to x holding y constant. 

 
∂2z

∂y2
     means the second derivative with respect to y holding x constant. 

  
∂2z

∂x∂y
     means differentiate  first with respect to y and then with respect to x.                                                                           

The "mixed" partial derivative 
∂2z

∂x ∂y
 is as important in applications as the 

others. 

It is a general result that:  
∂2z

∂x∂y
= 

∂2z

∂y∂x
  

i.e. you get the same answer whichever order the differentiation is done. 
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Ex.: a.  Let z = 4x2 - 8xy4 + 7y5 -  3. Find all the first and second order partial                    

           derivatives of z. 

        b. Find all the first and second order partial derivatives of the function 

            z = sin(xy). 

Sol.: 

a.  z = 4x2 - 8xy4 + 7y5 -  3 

     First partial derivative:   
∂z

∂x
 = 8x - 8y4 ,       

∂z

∂y
 =  - 32xy3 + 35y4 

    Second partial derivative:  
∂2z

∂x2
 = 8,              

∂2z

∂y2
 = - 96xy2 + 140y3 

    
∂2z

∂x∂y
 = 

∂

∂x
(
∂z

∂y
) = 

∂

∂x
 (- 32xy3 + 35y4) = - 32y3 

∂2z

∂y∂x
 = 

∂

∂y
(
∂z

∂x
) = 

∂

∂y
(8x - 8y4) = - 32y3 

 

b.  z = sin(xy) 

 First partial derivative:   
∂z

∂x
 = ycos(xy) ,       

∂z

∂y
 =  xcos(xy) 

 Second partial derivative:  
∂2z

∂x2
 = - y2 sin(xy),     

∂2z

∂y2
 = - x2 sin(xy) 

∂2z

∂x∂y
 = 

∂

∂x
(
∂z

∂y
) = 

∂

∂x
 (xcos(xy)) =  - xysin(xy) + cos(xy) 

∂2z

∂y∂x
 = 

∂

∂y
(
∂z

∂x
) = 

∂

∂y
 (ycos(xy)) = y(- xsin(xy) + cos(xy) = - xy sin(xy) + cos(xy) 

Subscript notation for second order partial derivatives: 

If z = f(x, y) then: 

 zxx means  
∂2z

∂x2
 

 zyy  means  
∂2z

∂y2
 

 zxy means  
∂2z

∂x ∂y
 or  

∂2z

∂y∂x
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Compute partial derivatives with Chain Rule: 

Formula: If w = f(x,y) and x = x(t) and y = y(t) such that f, x, y are all 

differentiable. Then: 

𝐝𝐰

𝐝𝐭
= 

𝛛𝐰

𝛛𝐱

𝐝𝐱

𝐝𝐭
+ 

𝛛𝐰

𝛛𝐲

𝐝𝐲

𝐝𝐭
 =  𝐟𝐱

𝐝𝐱

𝐝𝐭
+ 𝐟𝐲

𝐝𝐲

𝐝𝐭
  

Where:  

fx = 
∂w

∂x
 

fy = 
∂w

∂y
 

 

Also If w = f(x,y,z) and x = x(t) , y = y(t) and z = z(t) such that f, x, y, z  are all 

differentiable. Then: 

𝐝𝐰

𝐝𝐭
= 

𝛛𝐰

𝛛𝐱

𝐝𝐱

𝐝𝐭
+ 

𝛛𝐰

𝛛𝐲

𝐝𝐲

𝐝𝐭
+ 

𝛛𝐰

𝛛𝐳

𝐝𝐳

𝐝𝐭
= 𝐟𝐱

𝐝𝐱

𝐝𝐭
+ 𝐟𝐲

𝐝𝐲

𝐝𝐭
+ 𝐟𝐳

𝐝𝐳

𝐝𝐭
  

Where: 

fx = 
∂w

∂x
 

fy = 
∂w

∂y
 

fz = 
∂w

∂z
 

 

Ex.: a. If w = xy + z and x  = cost, y = sint, z = t. Find 
𝐝𝐰

𝐝𝐭
 by using chain rule. 

        b. Given w = ln(u + v + z), with u = cos2t, v = sin2t and z = t2, find      

            dw/dt  both by using the chain rule and by expressing w explicitly as a                   

           function of t before differentiating. 

Sol.: 

a. 
dw

dt
= 

∂w

∂x
 
dx

dt
 +

∂w

∂y
 
dy

dt
 +  

∂w

∂z
 
dz

dt
 

    
∂w

∂x
= y ,  

∂w

∂y
= x ,  

∂w

∂z
= 1 
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dx

dt
= −sint ,  

dy

dt
= cost ,  

dz

dt
= 1 

   
dw

dt
= −ysint + xcost + 1 

   
dw

dt
= −sintsint + costcost + 1  

 

b. 
dw

dt
= 

∂w

∂u
 
du

dt
 +

∂w

∂v
 
dv

dt
 +  

∂w

∂z
 
dz

dt
  

   

∂w

∂u
 =  

1

(u+v+z)
  , 

du

dt
= −2costsint 

∂w

∂v
= 

1

(u+v+z)
 , 

dv

dt
= 2costsint  

∂w

∂z
= 

1

(u+v+z)
  ,  

dz

dt
= 2t 

dw

dt
= 

1

(u+v+z)
  (-2costsint + 2costsint + 2t)  

dw

dt
= 

2t

(u+v+z)
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Gradient derivative: 

 The position vector of a point P(x, y) in two dimensions is xi + yj . We will 

often denote this important vector by r. (In three dimensions the position vector is  

r = xi + yj + zk ). 

 The vector differential operator ∇, called “del” or “nabla”, is defined in two 

and three dimensions to be: 

 gradf(x,y) = ∇ f(x,y) = 
∂f

∂x
i + 

∂f

∂y
j 

 gradf(x,y,z) = ∇ f(x,y,z) = 
𝜕𝑓

𝜕𝑥
𝑖 + 

𝜕𝑓

𝜕𝑦
𝑗 + 

𝜕𝑓

𝜕𝑧
𝑘  

 The gradient of a function is a vector field. It is obtained by applying the 

vector operator ∇ to the scalar function f(x,y) . Such a vector field is called a 

gradient (or conservative) vector field. 

Ex.: The gradient of the function f(x, y) = x+y2 is given by: 

∇ f(x,y) = 
∂f

∂x
i + 

∂f

∂y
j  

            = 
∂

∂x
(x + y2)i + 

∂

∂y
(x + y2)j 

           = (1 + 0)i  +  (0  +  2y)j 

           = i + 2yj 

 

Ex. Calculate the gradient of the following functions. 

a. f(x, y) = √𝐱𝟐 + 𝐲𝟐 

b. f(x, y, z) = 𝟑𝐱𝟐√𝐲 +  𝐜𝐨𝐬 (𝟑𝐳) 

Sol.: 

a. f(x, y) = √𝐱𝟐 + 𝐲𝟐 

   𝛁 f(x,y) = 
𝛛𝐟

𝛛𝐱
𝐢 + 

𝛛𝐟

𝛛𝐲
𝐣  
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                = 
𝛛

𝛛𝐱
(√𝐱𝟐 + 𝐲𝟐) 𝐢 +  

𝛛

𝛛𝐲
(√𝐱𝟐 + 𝐲𝟐) 𝐣 

               = (
𝟐𝐱

𝟐√𝐱𝟐+ 𝐲𝟐
) 𝐢  + (

𝟐𝐲

𝟐√𝐱𝟐+ 𝐲𝟐
) 𝐣 

 

b. f(x, y, z) = 𝟑𝐱𝟐√𝐲 +  𝐜𝐨𝐬 (𝟑𝐳) 

    𝛁 f(x,y,z) = 
𝝏𝒇

𝝏𝒙
𝒊 + 

𝝏𝒇

𝝏𝒚
𝒋 + 

𝝏𝒇

𝝏𝒛
𝒌 

                    = 
𝝏

 𝝏𝒙
(𝟑𝐱𝟐√𝐲 + 𝐜𝐨 𝐬(𝟑𝐳))𝒊 + 

𝝏

𝝏𝒚
(𝟑𝐱𝟐√𝐲 + 𝐜𝐨 𝐬(𝟑𝐳))𝒋 

+  
𝝏

𝝏𝒛
(𝟑𝐱𝟐√𝐲 +  𝐜𝐨𝐬 (𝟑𝐳))𝒌 

                    = (𝟔𝐱√𝐲)𝒊 + (
𝟑𝒙𝟐

𝟐√𝐲
)j - (3sin(3z))k 

Ex.) The surface is defined by the equation x2yz =0. Find the normal to the      

        surface at point (1,1,1).(note: use gradient method). 

Sol.: f(x,y,z) = x2yz 

        𝛁 f(x,y,z) = 
𝛛𝐟

𝛛𝐱
𝐢 + 

𝛛𝐟

𝛛𝐲
𝐣 + 

𝛛𝐟

𝛛𝐳
𝐤 

        𝛁 f(x,y,z) = 2xyzi + x2zj + x2yk 

       At the point (1, 1, 1) this is: 

        𝛁 f(x,y,z) = 2i + j + k 

 

Directional Derivatives: 

Definition: if   𝑢 ⃗⃗  ⃗  is a unit vector, then 𝑢⃗  . ∇𝑓 is called the directional derivative of 

f in the direction  𝑢 ⃗⃗  ⃗. The directional derivative is the rate of change of f in the 

direction  𝑢 ⃗⃗  ⃗. 
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Ex.: Find the directional derivative of the function f(x, y) = x3y4 + x4y3 at the      

       point (1,1) in the direction of the vector (4,3). 

Sol.: 

   𝛁 f(x,y) = 
𝛛𝐟

𝛛𝐱
𝐢 + 

𝛛𝐟

𝛛𝐲
𝐣  =  

𝛛

𝛛𝐱
(𝐱3𝐲4 + x4y3)𝐢 + 

𝛛

𝛛𝐲
(x3y4 + x4y3)𝐣 

               = (3x2y4 + 4x3y3)i + (4x3y3 + 3x4y2)j 

               = (3 + 4)i + (4 + 3)j = 7i + 7j 

             𝐯⃗ = 𝟒𝐢 + 𝟑𝐣  

           |𝐯⃗ | = √𝟒𝟐 + 𝟑𝟐 = √𝟐𝟓 = 𝟓  

             u⃗ =  
𝐯⃗ 

|𝐯⃗ |
= 

𝟒

𝟓
𝐢 + 

𝟑

𝟓
𝐣 

 

Directional derivative: 

𝒖⃗⃗  . 𝛁𝒇 = (
𝟒

𝟓
𝐢 + 

𝟑

𝟓
𝐣) . (7i + 7j) =   

𝟐𝟖

𝟓
+ 

𝟐𝟏

𝟓
= 

𝟒𝟗

𝟓
 

 

Ex.: Find the directional derivative of f (x, y, z) = x cos y sin z at (1, π, 
𝛑

𝟒
) in the       

        direction of 𝒖⃗⃗  = (2, -1 , 4). 

Sol.: 

∇ f(x,y,z) = 
∂f

∂x
i + 

∂f

∂y
j + 

∂f

∂z
k  =  

∂

∂x
(x cos y sin z )i + 

∂

∂y
(x cos y sin z )j + 

                                                                                       +   
∂

∂z
(x cos y sin z )k   

 

              = (cosysinz)i  + (-xsinysinz)j + (xcosycosz)k 

              = cos(π)sin(π/4)i -  sin(π)sin(π/4)j + cos(π)cos(π/4)k 

              = -  0.7071i  - 0 - 0.7071k = - 0.7071i - 0.7071k 

           𝑣 =   2𝑖 − 𝑗 + 4𝑘 

          |v⃗ | = √22 + (−1)2 + 42 = √21 
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            u⃗ =  
v⃗⃗ 

|v⃗⃗ |
= 

2i−j+4k

√21
  

     𝑢⃗  . ∇𝑓 = ( 
2i−j+4k

√21
) . (- 0.7071i - 0.7071k) 

                = 
−1.4142

√21
− 

2.8284

√21
=

− 4.2426

√21
= −  0.9258  

 

Ex.: Find the directional derivative of f(x,y) = x2 - y2  at the point (4, 2) in     

         the direction of a unit vector that makes an angle of 
𝝅

𝟑
 with the positive      

        x-axis. 

        Sol.: 

        ∇ f(x,y) = 
∂f

∂x
i + 

∂f

∂y
j  =  

∂

∂x
(x2− y2)i + 

∂

∂y
(x2 -  y2)j = 2xi - 2yj 

        ∇ f(4,2) = 8i - 4j  

                  v⃗ =  cos (
π

3
) i + sin (

π

3
) j 

                |v⃗ | = √(cos (
π

3
))

2
+ (sin (

π

3
))

2
   =  √0.25 +  0.75 = 1  

                                

               u⃗ =  
v⃗⃗ 

|v⃗⃗ |
= 

cos(
π

3
)i+sin(

π

3
)j

1
  

            u⃗  . ∇f = ( 
cos(

π

3
)i+sin(

π

3
)j

1
 ) . ( 8i - 4j) =   4 -  3.4641 =  0.54 
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Chapter Four 

Double Integral 

Introduction: 

 The integral ∬𝑓(𝑥, 𝑦)𝑑𝐴 is used to denote the double integral of the 

function f(x,y) over the region of integration A. 

dA = dxdy or dA = dydx 

 The integral ∬𝑓(𝑥, 𝑦)𝑑𝐴 is evaluated either by ∬𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦 or 

∬𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥. 

There exists a theory which state that both integrals are equal. 

Let us consider the figure where region of integration is given by: 

y1 = f1(x), y2 = f2(x), x1 = a and x2 = b 

 

  

 

 

 

 

 

The integral  ∬𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥 is determined by: 

x1 = a x2 = b 

y1 = f1(x) 

y2 = f2(x) 

region 

A 

x 

y 
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1. Integrating ∫𝑓(𝑥, 𝑦)𝑑𝑦  with respect to y (with x is treated as a constant)                        

 and evaluating the resulting integral between y1 = f1(x) to y2 = f2(x). 

2. Integrating the result in (1) with respect to x and evaluating between  

    x1 =  a  to x2 = b. 

∬𝑓(𝑥, 𝑦)𝑑𝐴 =  ∫ [∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝑦2=𝑓2(𝑥)

𝑦1=𝑓1(𝑥)
]𝑑𝑥

𝑥2=𝑏

𝑥1=𝑎
        

Ex.: Find I, where : 

        I = ∫ ∫ 𝒚𝒅𝒚𝒅𝒙
𝒔𝒊𝒏𝒙

𝟎

𝝅

𝟎
 

sol.: 

I = ∫ [∫ 𝑦𝑑𝑦]𝑑𝑥
𝑠𝑖𝑛𝑥

0

𝜋

0
 

   ∫ 𝑦𝑑𝑦 =  [
𝑦2

2
]0
𝑠𝑖𝑛𝑥 =  

1

2
𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛𝑥

0
 

I = ∫
1

2
𝑠𝑖𝑛2𝑥

𝜋

0
 

cos2x  = 1 − 2𝑠𝑖𝑛2𝑥 

𝑠𝑖𝑛2𝑥 =  
1

2
(1 − 𝑐𝑜𝑠2𝑥)  

I = 
1

2
∫

1

2
(1 − 𝑐𝑜𝑠2𝑥)𝑑𝑥 =  

1

4
∫ (1 − 𝑐𝑜𝑠2𝑥)𝑑𝑥

𝜋

0

𝜋

0
 

I = 
1

4
[𝑥 − 

𝑠𝑖𝑛2𝑥

2
 ] 0

𝜋 
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   = 
1

4
[𝜋 − 

𝑠𝑖𝑛2𝜋

2
− (0 − 

𝑠𝑖𝑛0

2
) ] 

I = 
𝜋

4
 

Volume: 

The geometrical meaning of the integral ∫∫𝑓(𝑥, 𝑦)𝑑𝐴 is a volume of a solid 

having a base (region of integration) and altitude f(x,y).  

Region of integration = A 

Altitude, z = f(x,y) 

Ex.: Find the volume of the solid whose base is the region in the xy - plane 

which is bounded by the parabola y = 4 - x2 and the line y = 3x which the low 

top of the solid is bounded by the plane z = 4 + x. 

Sol.: 

V = ∫∫𝐹(𝑥, 𝑦)𝑑𝐴  

y1 = f1(x)  = 3x  

y2 = f2(x) =  4 - x2 

4 - x2 = 3x 

x2 + 3x - 4 = 0 

(x + 4)(x - 1) = 0 

x = 1, a = 1 

x = -4, b = -4 

A 

A 
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V = ∫ ∫ 𝐹(𝑥, 𝑦)𝑑𝑦𝑑𝑥
4− 𝑥2

3𝑥

1

−4
 

z = 4 + x, F(x,y) = 4 + x 

V = ∫ ∫ (4 + 𝑥)𝑑𝑦𝑑𝑥 =   ∫ [∫ (4 + 𝑥)𝑑𝑦]𝑑𝑥 
4− 𝑥2

3𝑥

1

−4

4− 𝑥2

3𝑥

1

−4
 

    = ∫ [4𝑦 + 𝑥𝑦]3𝑥
4− 𝑥2

= ∫ [(16 − 4𝑥2) − (12𝑥 + 3𝑥2]𝑑𝑥
1

−4

1

−4
 

    = ∫ [(16 + 4𝑥 − 4𝑥2 − 𝑥3) − (12𝑥 + 3𝑥2]𝑑𝑥
1

−4
 

    = ∫ [16 − 8𝑥 − 7𝑥2 − 𝑥3]𝑑𝑥
1

−4
 

    = [16𝑥 − 4𝑥2 − 
7𝑥3

3
− 

𝑥4

4
]
−4

1

= [16 − 4 − 
7

3
− 

1

4
] − [−64 − 64 + 

7

3
64 − 64] 

V = 
52

12
 

Physical application: 

     We  shall study some of the physical application of the double integration in the 

mechanical engineering for example the mass, centroide, first moment and moment 

of inertia. 

     Let us consider in the figure below a thin plate in the xy - plane this plate has 

density 𝛿(𝑥, 𝑦). 

 

 

 

 

x 

region 

A 

y 
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1.   𝑀 =  ∬𝛿(𝑥, 𝑦)𝑑𝐴  

dM = mass of dA 

dM = 𝛿(𝑥, 𝑦)𝑑𝐴 

dA = dxdy 

dA = dydx 

2. First moment of the mass with respect to x - axis. 

𝑀𝑥 = ∬𝑦 𝛿(𝑥, 𝑦)𝑑𝐴  

3. First moment of the mass with respect to y - axis. 

𝑀𝑦 = ∬𝑥 𝛿(𝑥, 𝑦)𝑑𝐴  

4. Centroide (𝑥̅, 𝑦̅) 

    𝑥̅ =  
𝑀𝑦

𝑀
 

    𝑦̅ =  
𝑀𝑥

𝑀
  

5. Second moment of the mass with respect to x - axis. 

  𝐼𝑥 = ∫∫𝑦2𝛿(𝑥, 𝑦)𝑑𝐴 

It is also called the moment of inertia with respect to x - axis. 

6. Second moment of the mass with respect to y - axis. 

  𝐼𝑦 = ∫∫ 𝑥2𝛿(𝑥, 𝑦)𝑑𝐴 

A 
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It is also called the moment of inertia with respect to y - axis. 

7. Moment of inertia with respect to origion point. 

  𝐼𝑜 = ∫∫(𝑥2 + 𝑦2)𝛿(𝑥, 𝑦)𝑑𝐴 

𝐼𝑜 = 𝐼𝑥 + 𝐼𝑦  

 

Ex.: Find the mass and centroide of the plane lamina Triangle bounded by 

        x = 0,   y = 0 and x + y = 1, 𝜹(x, y) = xy. 

 

Sol.: 

 𝑀 = ∬𝛿(𝑥, 𝑦)𝑑𝐴 =  ∫ ∫ 𝑥𝑦𝑑𝑦𝑑𝑥
1−𝑥

0

1

0
= ∫ [

𝑥𝑦2

2
]0
1−𝑥1

0
 𝑑𝑥    

     = ∫ [
𝑥(1−𝑥)2

2
]0
1−𝑥1

0
 𝑑𝑥 =   ∫ [

𝑥−2𝑥2+ 𝑥3

2
]

1

0
 𝑑𝑥 = [

𝑥2

4
− 

𝑥3

3
+ 

𝑥4

8
]0
1 =

1

4
− 

1

3
 +  

1

8
   

     = 
1

24
 

 𝑥̅ =  
𝑀𝑦

𝑀
  

𝑀𝑦 = ∬𝑥 𝛿(𝑥, 𝑦)𝑑𝐴 =  ∫ ∫ 𝑥2𝑦𝑑𝑦𝑑𝑥 =  ∫ [
𝑥2𝑦2

2
]0
1−𝑥1

0
 𝑑𝑥

1−𝑥

0

1

0
   

      = 
1

2
∫ 𝑥2[𝑦2]0

1−𝑥1

0
 𝑑𝑥 =  

1

2
∫ 𝑥2[1 − 2𝑥 + 𝑥2]

1

0
𝑑𝑥 =

1

2
∫ [𝑥2 − 2𝑥3  +  𝑥4]

1

0
𝑑𝑥  

     = 
1

2
[
𝑥3

3
− 

𝑥4

2
+ 

𝑥5

5
]0
1 = 

1

2
[
1

3
− 

1

2
+ 

1

5
] =  

1

60
  

𝑥̅ =  
𝑀𝑦

𝑀
= 

1

60
1

24

= 
2

5
  

𝑦̅ =  
𝑀𝑥

𝑀
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𝑀𝑥 = ∬𝑦 𝛿(𝑥, 𝑦)𝑑𝐴 =  ∫ ∫ 𝑥𝑦2𝑑𝑥𝑑𝑦
1−𝑦

0

1

0
= ∫ 𝑦2[

𝑥2

2
]0
1−𝑦

𝑑𝑦
1

0
    

      = 
1

2
∫ 𝑦2[(1 − 𝑦)2]𝑑𝑦 =  

1

2
∫ (𝑦2 − 2𝑦3 + 𝑦4)𝑑𝑦

1

0
= 

1

2
[
𝑦3

3
− 

𝑦4

2
+ 

𝑦5

5
]0
11

0
 

      = 
1

2
[
1

3
− 

1

2
+ 

1

5
] =  

1

30
 

𝑦̅ =  
𝑀𝑥

𝑀
= 

2

5
  

The mass of region = 
1

24
 and it is centroide is (

2

5
,
2

5
) 

  𝐼𝑥 = ∫∫𝑦2𝛿(𝑥, 𝑦)𝑑𝐴 =  ∫ ∫ 𝑥𝑦3𝑑𝑥𝑑𝑦 =   ∫ 𝑦3[
𝑥2

2
]0
1−𝑦

𝑑𝑦
1

0

1−𝑦

0

1

0
 

      = 
1

2
∫ 𝑦3[(1 − 𝑦)2]𝑑𝑦 =  

1

2
∫ 𝑦3(1 − 2𝑦 + 𝑦2)𝑑𝑦 =

1

2
∫ (𝑦3 − 2𝑦4 +

1

0

1

0

1

0

 𝑦5)𝑑𝑦   

      = 
1

2
[
𝑦4 

4
− 

2𝑦5

5
+ 

𝑦6

6
]0
1 = 

1

2
 [

1 

4
− 

1

5
+ 

1

6
] =  

13

120
 

𝐼𝑦 = ∫∫𝑥2𝛿(𝑥, 𝑦)𝑑𝐴 =  ∫ ∫ 𝑦𝑥3𝑑𝑦𝑑𝑥 = 
1−𝑥

0

1

0
∫ 𝑥3[

𝑦2

2
]0
1−𝑥𝑑𝑥

1

0
   

     = 
1

2
∫ 𝑥3[(1 − 𝑥)2]𝑑𝑥 =  

1

2
∫ 𝑥3(1 − 2𝑥 + 𝑥2)𝑑𝑥 =

1

2
∫ (𝑥3 − 2𝑥4 +

1

0

1

0

1

0

 𝑥5)𝑑𝑥   

     = 
1

2
[
𝑥4 

4
− 

2𝑥5

5
+ 

𝑥6

6
]0
1 = 

1

2
 [

1 

4
− 

1

5
+ 

1

6
] =  

13

120
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Polar Coordinates 

DEFINITION: The polar coordinate system is a two-dimensional coordinate 

system in which each point P on a plane is determined by a distance r from a fixed 

point O that is called the pole (or origin) and an angle θ from a fixed direction. The 

point P is represented by the ordered pair (r, θ) and r, θ are called polar coordinates. 

 

We extend the meaning of polar coordinates (r, θ) to the case in which r is negative 

by agreeing that the points (- r, θ) and (r, θ) lie in the same line through O and at the 

same distance |𝑟| from O; but on opposite sides of O; If r > 0; the point (r, θ)  

 

 

lies in the same quadrant as θ; if r < 0; it lies in the quadrant on the opposite side of 

the pole. 

 

Ex.: Plot the points whose polar coordinates are given: 

a. (1, 5π/4),  b. (2, 3π),  c. (2, -2π/3) d. (-3, 3π/4) 
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Sol.: 

 

 

Note: In the Cartesian coordinate system every point has only one representation, 

but in the polar coordinate system each point has many representations. For example, 

the point 

 (1,5π/4) in the example above could be written as (1, -3π/4) or (1, 13π/4) or (-1,π/4): 

 

 

The connection between polar and Cartesian coordinates can be seen from the 

figure below and described by the following formulas: 
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         x  = rcosθ,  y = rsinθ 

        r2 = x2 + y2,   r = √𝒙𝟐 + 𝒚𝟐 

       𝐭𝐚𝐧𝛉 =  
𝐲

𝐱
 

 

 

Ex.:  

a. Convert the point (2, π/3) from polar to Cartesian coordinates. 

b.  Represent the point with Cartesian coordinates (1, -1) in terms of polar 

coordinates. 

Sol.: 

a. x = rcosθ 

   x = 2cos(π/3) = 2*1/2 = 1 

   y = rsinθ = 2sin(π/3) = 2*√3/2 = √3 

  Therefore, the point is (1, √3) in Cartesian coordinates. 

 

b. r = √𝑥2 + 𝑦2 , r = √1 + 1 = √2 

   tanθ =  
y

x
 = -1,   θ = - π/4 or θ = 7π/4 

  point (1, -1) can be represented in polar coordinates as (√2, - π/4) or (√2, 7π/4) 
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Ex.: Express the equation x2 = 4y in polar coordinates. 

Sol.: 

x = rcosθ 

y = rsinθ 

(rcosθ)2 = 4rsinθ 

r2cos2θ = 4rsinθ 

r = 
4𝑠𝑖𝑛𝜃

𝑐𝑜𝑠2𝜃
 = 4secθ tanθ 

 

Cylindrical Coordinate System: 

point  P  whose Cartesian coordinate is (x, y, z), is assigned by the ordered triple (r, 

θ, z) where (r, θ) is the polar coordinate of (x, y), the vertical projection along z - 

axis of P onto xy - plane. 
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Thus, we readily have the conversion formula: 

x = r cosθ 

y = r sinθ 

z = z 

r2 = x2 + y2,   r = √𝒙𝟐 + 𝒚𝟐 

       𝐭𝐚𝐧𝛉 =  
𝐲

𝐱
 

Ex.: Convert the point  (2, 4π/3, 8) from cylindrical to rectangular coordinates. 

Sol.: 

x = rcosθ = 2cos(4π/3) = - 1 

y = rsinθ = 2sin(4π/3) = - √3 

z = 8 

Thus, the point is (-1, - √3 , 8) in rectangular coordinates. 

 Ex.: Convert the point  (√𝟑, 1, 4)    from  rectangular to cylindrical coordinates. 

Sol.: 

r = √𝑥2 + 𝑦2 = √3 + 1 = 2 

θ = tan-1 (y/x) = tan-1(1/√3) = π/6 

z = 4 

Thus, the point is (2, π/6, 4) in cylindrical coordinates. 

Ex.: Find an equation in cylindrical coordinates for the ellipsoid 

 4x2 + 4y2 + z2 = 1. 

Sol.: 

Since r2 = x2 + y2 

4x2 + 4y2 + z2 = 1 
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4r2 + z2 = 1 

z2 = 1 - 4r2 

Spherical Coordinate System: 

 Point P in space is represented by the ordered triple (ρ, θ, φ), where ρ> 0 is 

the distance from the origin to P, θ is the same angle as in cylindrical coordinates, 

and 0 ≤ 𝜑 ≤ 𝜋 is the angle between the positive z-axis and the line segment OP, as 

shown in figure below. 

 

 

 

 

 

 

 

 

 The connection between rectangular and spherical coordinates can be seen in 

figure in above figure. If the point P has rectangular coordinates (x, y, z) and 

spherical coordinates (ρ, θ, φ), then: 

 

 

𝐱 =  𝛒𝐬𝐢𝐧𝛗𝐜𝐨𝐬𝛉  

𝐲 = 𝛒𝐬𝐢𝐧𝛗𝐬𝐢𝐧𝛉  

𝐳 =  𝛒𝐜𝐨𝐬𝛗  

𝛒 =  √𝐱𝟐 +  𝐲𝟐 +  𝐳𝟐  
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Ex.: Convert the point (4, 
𝝅

𝟒
,

𝝅

𝟔
) from spherical to rectangular coordinates. 

Sol.: 

ρ = 4  

θ =  
π

4
  

φ =  
π

6
  

𝑥 =  𝜌𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜃 =  √2  

𝑦 = 𝜌𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝜃 =  √2  

𝑧 =  𝜌𝑐𝑜𝑠𝜑 = 2√3  

Thus, the point is (√2,  √2,  2√3 ) in rectangular coordinates. 

Ex.: Convert the point (1, -1, - √𝟐 ) from rectangular to spherical coordinates. 

Sol.: 

x = 1 

y = -1 

z = - √2 

𝜌 =  √𝑥2 +  𝑦2 +  𝑧2 =  √1 + 1 + 2 = 2   

𝜃 =  𝑡𝑎𝑛−1 (
𝑦

𝑥
) =  𝑡𝑎𝑛−1 (

−1

1
) =  

7𝜋

4
  

𝜑 =  𝑐𝑜𝑠−1 (
𝑧

𝜌
) =  𝑐𝑜𝑠−1 (

−√2

2
) =  

3𝜋

4
  

Thus, the point is(2, 
7𝜋

4
,   

3𝜋

4
) in spherical coordinates. 

Ex.: Find an equation in spherical coordinates for the surface 3x2 - x + 3y2 + 3z2 

= 0. 

Sol.: 

Since ρ2 = x2 + y2 + z2 and 𝑥 =  𝜌𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜃  ,it follows that: 

3x2  + 3y2 + 3z2 = x 

3ρ2 = 𝜌𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜃  ; 𝜌 =  
1

3
𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜃  
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Matrices 

Concept: 

 Let us now introduce the concept of a matrix. Consider a set of scalar 

quantities arranged in a rectangular array containing m rows and n columns: 

 

 

 

 

 

 

 

 

 Matrices are conventionally identified by bold uppercase letters such as A, 

B, etc. The entries of matrix A may be denoted as Ai j or ai j , according to the intended 

use. Occasionally we shall use the short-hand component notation: 

 

𝐴 =  [𝑎𝑖𝑗]  

 

Ex.: The following is a 2 × 3 numerical matrix: 

𝑩 =  [
𝟐 𝟔 𝟑
𝟒 𝟗 𝟏

]  

This matrix has 2 rows and 3 columns. The first row is (2, 6, 3), the second row is 

(4, 9, 1), the first column is (2, 4), and so on. 

 

The determinant of matrix: 

 The determinant of a matrix is a scalar value that is used in many matrix 

operations. The matrix must be square (equal number of columns and rows) to have 

a determinant. The notation for absolute value is used to indicate "the determinant 
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of", e.g. |𝑨| means "the determinant of matrix A" and |
𝑎 𝑏
𝑐 𝑑

|  means to take the 

determinant of the enclosed matrix. Methods for finding the determinant vary 

depending on the size of the matrix. 

 

 The determinant of a 2×2 matrix is simply: 

 

where  𝐴 =  [
𝑎 𝑏
𝑐 𝑑

],  det(A) =  |A| = |
a b
c d

| = ad - bc 

 

 The determinant of a 3×3 matrix can be calculated by repeating the first two 

columns as shown below. 

 

 

 

                        

 

 

 

 

|𝐀|  =   a11a22a33 + a12a23a31 + a13a21a32 - a13a22a31 - a11a23a32 - a12a21a33 

 

 The determinant of a 3×3 matrix can be calculated by the following process: 

𝐀 =  [

𝐚𝟏𝟏 𝐚𝟏𝟐 𝐚𝟏𝟑

𝐚𝟐𝟏 𝐚𝟐𝟐 𝐚𝟐𝟑

𝐚𝟑𝟏 𝐚𝟑𝟐 𝐚𝟑𝟑

]  

 

|𝐀| = a11(a22a33 - a23a32) - a12(a21a33 - a23a31) + a13(a21a32 - a22a31) 

 

 

A =  
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Ex.: Find the determinant of the following matrix: 

𝑨 =  [
𝟐 𝟏 𝟔
𝟎 𝟐 𝟑

−𝟏 𝟎 𝟓
]  

 

Solution: 

First method: 

|𝐀| =  |
𝟐 𝟏 𝟔
𝟎 𝟐 𝟑

−𝟏 𝟎 𝟓
|

𝟐 𝟏
𝟎 𝟐

−𝟏 𝟎
  

  

 

|𝐀| = (2*2*5) + (1*3*-1) + (6*0*0) - (6*2*-1) - (2*3*0) - (1*0*5) 

|𝐀| = 20  - 3 + 12 = 29 

Second method: 

|𝐀| = 2(2*5 - 3*0) - 1(0*5 - 3*-1) + 6(0 - 2*-1) 

      = 20  -  3 + 12 = 29 

 

Matrices addition and subtraction: 

 For example purposes, let A = [
𝑎 𝑏
𝑐 𝑑

] and B = [
𝑒 𝑓
𝑔 ℎ

] 

then A ± B = [
𝑎 ± 𝑒 𝑏 ± 𝑓
𝑐 ± 𝑔 𝑑 ± ℎ

] 

 

Ex.: Find addition and subtraction between A and B of the following matrices: 

𝐀 =  [
𝟓 −𝟐

−𝟏 𝟑
𝟏 𝟎

] and  𝐁 =  [
𝟐 −𝟐
𝟎 𝟏
𝟒 −𝟏

] 

 

 

 

 

+ + + - - - 
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Solution: 

A + B = [
𝟓 −𝟐

−𝟏 𝟑
𝟏 𝟎

] +  [
𝟐 −𝟐
𝟎 𝟏
𝟒 −𝟏

] =  [
𝟕 −𝟒

−𝟏 𝟒
𝟓 −𝟏

] 

A - B = [
𝟓 −𝟐

−𝟏 𝟑
𝟏 𝟎

] −  [
𝟐 −𝟐
𝟎 𝟏
𝟒 −𝟏

] =  [
𝟑 𝟎

−𝟏 𝟐
−𝟑 𝟏

] 

 

Matrix by Matrix Product: 

 We now pass to the most general matrix-by-matrix product, and consider the 

operations involved in computing the product C of two matrices A and B: 

C = AB 

 

 Let A be a 1 × 2 row matrix and B be a 2 × 1 column matrix: 

𝐀 =  [𝐚 𝐛] and B = [
𝒄
𝒅

] 

 The product of these two matrices is written AB and is the 1 × 1 matrix defined 

by: 

 

AB = [𝒂𝒄 + 𝒃𝒅] 

 

For example: 1.   𝐀 =  [𝟐 −𝟑] and B = [
𝟔
𝟓

] 

AB = [𝟏𝟐 − 𝟏𝟓] =  [−𝟑] 

 

2. 𝐀 =  [𝟐 −𝟒     𝟑 𝟐] and B = [

𝟑
𝟑

−𝟐
𝟓

] 

AB = [𝟔 − 𝟏𝟐 − 𝟔 + 𝟏𝟎] =  [−𝟐] 
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Multiplying two 2×2 matrices: 

 If A and B are two matrices then the product AB is obtained by multiplying 

the rows of A with the columns of B in the manner described above. 

 

 

 

 

 

 

 

 Ex.: Find the product AB where: 

𝐀 =  [
𝟏 𝟐
𝟑 𝟒

] and 𝐁 =  [
𝟏 −𝟏

−𝟐 𝟏
] 

 

Solution: 

𝑪 = 𝑨 × 𝑩 =  [
𝟏 𝟐
𝟑 𝟒

] ×  [
𝟏 −𝟏

−𝟐 𝟏
] =  [

−𝟑 𝟏
−𝟓 𝟏

] 

 

Multiplying two 3×3 matrices: 

 The definition of the product C = AB where A and B are two 3 × 3 matrices is 

as follows: 

 

 

Ex.: Find the product AB where: 

𝐀 =  [
𝟏 𝟐 −𝟏
𝟑 𝟒 𝟎
𝟏 𝟓 −𝟐

] and 𝐁 =  [
𝟐 −𝟏 𝟑
𝟏 −𝟐 𝟏
𝟎 𝟑 −𝟐

] 
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Solution: 

𝑪 = 𝑨 × 𝑩 =  [
𝟏 𝟐 −𝟏
𝟑 𝟒 𝟎
𝟏 𝟓 −𝟐

] × [
𝟐 −𝟏 𝟑
𝟏 −𝟐 𝟏
𝟎 𝟑 −𝟐

] =  [
𝟒 −𝟖 𝟕

𝟏𝟎 −𝟏𝟏 𝟏𝟑
𝟕 −𝟏𝟕 𝟏𝟐

] 

 

Inverse of Matrix: 

 We must be follow the following steps to calculate inverse matrix: 

1. Calculate determinant of matrix. 

2. Minors of matrix. 

3. Cofactor of matrix (-1)i+jaaij 

4. Adjoint matrix (adj) (Transpose of cofactor)  

5.  A-1 = 
𝑎𝑑𝑗𝐴

|𝐴|
 

 

Ex.: Calculate inverse matrix of the following matrix: 

A = [
−𝟏 𝟏 𝟐
𝟑 −𝟏 𝟏

−𝟏 𝟑 𝟒
] 

 

Solution: 

|𝑨| =  −𝟏(−𝟒 − 𝟑) − (𝟏𝟐 + 𝟏) +  𝟐(𝟗 − 𝟏) = 𝟕 − 𝟏𝟑 + 𝟏𝟔 = 𝟏𝟎  

 

Minors of Matrix A = [
−𝟕 𝟏𝟑 𝟖
−𝟐 −𝟐 −𝟐
𝟑 −𝟕 −𝟐

] 

Cofactor matrix  = [
−𝟕 −𝟏𝟑 𝟖
𝟐 −𝟐 𝟐
𝟑 𝟕 −𝟐

] 

 

Adjoint matrix =  [
−𝟕 𝟐 𝟑

−𝟏𝟑 −𝟐 𝟕
𝟖 𝟐 −𝟐

] 
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A-1 = 
𝑨𝒅𝒋𝒐𝒊𝒏𝒕 𝒎𝒂𝒕𝒓𝒊𝒙

|𝑨|
=  

[
−𝟕 𝟐 𝟑

−𝟏𝟑 −𝟐 𝟕
𝟖 𝟐 −𝟐

]

𝟏𝟎
=  [

−𝟎. 𝟕 𝟎. 𝟐 𝟎. 𝟑
−𝟏. 𝟑 −𝟎. 𝟐 𝟎. 𝟕
𝟎. 𝟖 𝟎. 𝟐 −𝟎. 𝟐

] 

Solving simultaneous equations using the inverse matrix: 

 

 Matrix algebra allows us to write the solution of the system using the inverse 

matrix of the coefficients. In practice the method is suitable only for small systems. 

Its main use is the theoretical insight into such problems which it provides. 

 

AX= B 

X = A-1B 

 

X = variables 

A = matrix of coefficient variables 

B = matrix of constant 

 

Ex.: Solve the following equations using matrix methods: 

x1 - 2x2 + x3 = 3 

2x1 + x2 - x3 = 5 

3x1 - x2 + 2x3 = 12 

 

Solution: 

AX = B 

X = A-1B 

 

[
𝟏 −𝟐 𝟏
𝟐 𝟏 −𝟏
𝟑 −𝟏 𝟐

] [

𝐱𝟏

𝐱𝟐

𝐱𝟑

] =  [
𝟑
𝟓

𝟏𝟐
]  
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[

𝐱𝟏

𝐱𝟐

𝐱𝟑

] =  [
𝟏 −𝟐 𝟏
𝟐 𝟏 −𝟏
𝟑 −𝟏 𝟐

]

−𝟏

[
𝟑
𝟓

𝟏𝟐
]  

 

A-1  = [
𝟏 −𝟐 𝟏
𝟐 𝟏 −𝟏
𝟑 −𝟏 𝟐

]

−𝟏

=  [
𝟎. 𝟏 𝟎. 𝟑 𝟎. 𝟏

−𝟎. 𝟕 −𝟎. 𝟏 𝟎. 𝟑
−𝟎. 𝟓 −𝟎. 𝟓 𝟎. 𝟓

] 

 

 

[

𝐱𝟏

𝐱𝟐

𝐱𝟑

] =  [
𝟎. 𝟏 𝟎. 𝟑 𝟎. 𝟏

−𝟎. 𝟕 −𝟎. 𝟏 𝟎. 𝟑
−𝟎. 𝟓 −𝟎. 𝟓 𝟎. 𝟓

] [
𝟑
𝟓

𝟏𝟐
]  

  

x1 = 3 

x2 = 1 

x3 = 2 
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Line Integration 

and 

Green's Theorem 

Line Integration: 

 If f is any continuous function (not just a positive one), defined on a smooth 

curve C given in equation (a), then the line integral of f along C can be computed by 

the formula (b): 

 

 

                                            (a) 

 

 

 

    (b) 
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Ex.: Evaluate ∫ (𝟐 +  𝒙𝟐𝒚)𝒅𝒔
𝑪

 where C is the upper half of the unit circle 𝒙𝟐 +

 𝒚𝟐 = 𝟏. 

 

Solution: 

 

 

 

 

 

 

 

x(t) = cost , y(t) = sint,   𝑜 ≤ 𝑡 ≤ 𝜋   

 

                               

 

 

                        = ∫ (2 +  𝑐𝑜𝑠2𝑡𝑠𝑖𝑛𝑡)(√𝑠𝑖𝑛2𝑡 + 𝑐𝑜𝑠2𝑡
𝜋

0
𝑑𝑡 

                      

                       = ∫ (2 +  𝑐𝑜𝑠2𝑡𝑠𝑖𝑛𝑡)
𝜋

0
𝑑𝑡 

 

                     = ∫ 2
𝜋

0
𝑑𝑡 +  ∫ ( 𝑐𝑜𝑠2𝑡𝑠𝑖𝑛𝑡)

𝜋

0
𝑑𝑡 

 

                    =  [2𝑡 −  
𝑐𝑜𝑠3𝑡

3
]

0

𝜋

 

      

                  = 2𝜋 +  
1

3
+  

1

3
= 2 (𝜋 +  

1

3
) 
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Ex.: Evaluate ∫ 𝟐𝒙𝒅𝒔
𝑪

 where C = C1 + C2, C1 being the arc of the parabola  

   y = x2  between (0,0) and (1,1) and C2 being vertical line from (1,1)  to (1,2). 

 

 

 

Solution: 
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Green’s Theorem:  

 Suppose C is a positively oriented, piecewise-smooth, simple closed curve in 

the plane that bounds a region D. If P and Q have continuous derivatives (in an open 

set containing the region D), then: 

 

 

 

 

 

 

 

 

 

 

 

 

 Sometimes the line integral is written ∫ 𝑃𝑑𝑥 + 𝑄𝑑𝑦
𝐶

  to emphasize that the 

curve is closed. For each of the following regions D, associated boundary curves C, 

and line integrals. . . 

(a) Compute the given line integral directly by parameterizing the path C. 

(b) Compute the given line integral by applying Green’s theorem and computing a 

double integral. 
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Ex.: Evaluate the line integral of the following by using Green's theorem: 

∫ 𝒚𝟐

𝑪

𝒅𝒙 +  𝒙𝟐𝒅𝒚 

where C is the closed curve which is the boundary of the triangle with vertices 

(0; 0), (1; 1) and (1; 0), with the counterclockwise orientation. 

 

Solution: 
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Examples: 

 

1. 

 

Solution: 

 

 

2. Evaluate the line integral by using Green's theorem: 

 

Solution: 
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The Maclaurin Series 

and 

Taylor Series 

The Maclaurin Series: 

 Consider a function f(x) which can be differentiated at x = 0. For example ex, 

cos x, sin x would fit into this category but |x| would not. Let us assume that f(x) can 

be represented by a power series in x: 

This is called Maclaurin expansion of f(x). 

 

Ex.: Find the Maclaurin expansion of cos x. 

Solution: 
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Ex.: Find the Maclaurin expansion of ex ln(1 + x). 

Solution: 
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The Taylor series: 

 The Taylor series is a generalization of the Maclaurin series being a power 

series developed in powers of (x − xo) rather than in powers of x.  

If the function f(x) can be differentiated as often as required at x = xo then: 

 

This is called the Taylor series of f(x) about the point xo. 

 

Ex.: Find the Taylor series of degrees one and two for f (x) = ex, centered at  

         x = 0. 

 

Solution: 

 

f(0) =  1  

f ′(0) =  1  

f ′′(0) = 1  

f(x) = 1 + (x − 0) +  
(x−0)2

2!
  

f(x) = 1 + x +  
x2

2
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Ex.: Find the Taylor series of degree three for f(x) = sin x, centered at  

         x = 5π/6. 

Solution: 

 

𝑓(𝑥) = 𝑠𝑖𝑛𝑥                          𝑓 (
5𝜋

6
) =  

1

2
 

𝑓′(𝑥) = 𝑐𝑜𝑠𝑥                       𝑓′ (
5𝜋

6
)  =  −

√3

2
 

𝑓′′(𝑥) =  −𝑠𝑖𝑛𝑥                  𝑓′′ (
5𝜋

6
) =  −

1

2
 

𝑓′′′(𝑥) =  −𝑐𝑜𝑠𝑥                 𝑓′′′ (
5𝜋

6
) =  

√3

2
 

 

𝑓(𝑥) =  
1

2
−  

√3

2
 (𝑥 −  

5𝜋

6
) −  

1

4
(𝑥 −  

5𝜋

6
)2 +  

√3

12
 (𝑥 −  

5𝜋

6
)3   
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Solution of Differential Equations  

 

Differential Equation: 

           A differential equation is an equation involving an unknown function and its 

derivatives. The following are differential equations involving the unknown function 

y. 

35  x
dx

dy
y                                                                                                           (1)                      

2

2

dx

yd
y     , 12  yye y                                                                                                (2)           

3

3

xd

yd
y    , 05)(sin4  yxyxy                                                                               (3)   

  x
xd

yd
y

xd

yd
y

xd

yd
53

2

3

73

2

2


























                                                                                                  (4) 

 

        04
2

2

2

2











x

y

t

y
                                                                                                 (5) 

         

          A differential equation is an Ordinary Differential Equation (ODE) if the 

unknown function depends on only one independent variable. If the unknown 

function depends on two or more independent variables, the differential equation is 

a Partial Differential Equation (PDE) . 
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        Equations (1) through (4) are examples of ordinary differential equations, since 

the unknown function y depends solely on the variable x. Equation (5) is a partial 

differential equation since the unknown function y depends on both the independent 

variables t and x. 

           The order of a differential equation is the order of the highest derivative 

appearing in the equation. So the equation (1) is a first - order differential equation, 

(2) and (4) are second - order differential equation. (Note in Equation (4) that the 

order of the highest derivative appearing in the equation is two). Equation (3) is a 

third – order differential equation. 

Notation 

            The expressions y' , y" , y"' , y(4) , … , y(n)   are often used to represent, 

respectively, the first, second, third, fourth, ... , nth  derivatives  of  y  with respect 

to the independent variable under consideration . Thus , y" represents  
2

2

xd

yd  if the 

independent variable is  x , but represents  
2

2

pd

yd  if the independent variable is  p . 

Observe that parentheses are used in y(n) to distinguish it from the nth power , y n  .   

If the independent variable is time , usually denoted by  t , primes are often replaced 

by dots . Thus y',y" and y"'  represent 
3

3

2

2

,,
td

yd
and

td

yd

td

yd , respectively . 

First ─ Order Differential Equations:  

         Standard form for a first ─ order differential equation in the unknown function 

)( xfy  is : 

),( yxfy   

where the derivative y' appears only on the left side of the equation . Many, but not 

all , first –order differential equations can be written in standard form by 
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algebraically solving for y' and then setting   f ( x , y )  equal to the right side of the 

resulting equation . 

        The  right  side  can  always  be  written  as  a  quotient  of  two  other  functions   

M ( x, y )  and   – N ( x, y ) . Then   becomes  

),(

),(

yxN

yxM

xd

yd


  

  which  is  equivalent  to  the  differential  form 

 

0),(),(  ydyxNxdyxM     …… (*) 

 

Classifications of First-Order Differential Equations 

 Separable First ─ Order Differential Equation 

 Consider the differential form of the first – order differential equations  

0),(),(  ydyxNxdyxM  

         If )(),( xAyxM  , is a function only of  x , and )(),( xByxN  , is a 

function only of  y  , then the differential  equation  is  Separable  , or has  its  variables  

separated .  

0)()(  ydyBxdxA                                                                                        (1) 

The general solution to the equation (1) is : 

cydyBxdxA   )()(                                                                                    (2) 

Where   c   represents  an  arbitrary  constant . 

        The integrals obtained in equation (2) may be , for all practical purposes , 

impossible to evaluate . In such cases , numerical techniques are used to obtain an 
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approximate solution . Even if the indicated integrations in equation (2) can be 

performed , it may not be algebraically possible to solve for y explicitly in terms  of    

x  . In that case , the solution is left in implicit form . 

Solution to the Initial – Value Problem 

 The solution to the initial – value problem 

00 )(;0)()( yxyydyBxdxA                                                                    (3) 

can be obtained , as usual , by first using equation (2) to solve the differential 

equation and then applying the initial condition directly to evaluate  c . 

Alternatively, the solution to equation (3) can be obtained from 

cydyBxdxA

y

y

x

x

  )()(

00

                                                                                         (4) 

Equation (4) , however, may not determine the solution of (3) uniquely ; that is , (4) 

may have many solutions , of which only one will satisfy the initial –  value problem.  

Example (1) :  Solve the differential equation  
y

x
y

22 
  . 

Solution : 

We first rewrite equation in the differential form 

0)2(
2 2

2




 ydyxdx
y

x

dx

dy
 

By integrating both sides we’ll obtain: 

C
y

x
x

Cydydxx   2
2

3
)2(

23
2  

Solving for  y  we obtain : 

CxxyCxxy 24
3

2
24

3

2 332   
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Example (2) :  Solve the differential equation 1)0(;0  yydyxde x
  

Solution : 

  This differential equation is a separable , so the solution is given by : 

cydyBxdxA   )()(  

where ;  yyBandexA x  )()(  

Thus  ,     c
y

ecydyxde xx   2
)(

2

 

cey x 222   

Applying the initial condition, we obtain 

2

1
221 02  cce  

Thus, the solution to the initial – value problem is : 

121222 22  xxx eyeycey  

Note  that  we   cannot   choose   the  negative  square  root  ,   since  then 

 y ( 0 ) = – l  , which  violates  the  initial  condition . 

To  ensure  that   y   remains  real  , we  must  restrict   x   so  that   2e x – 1 ≥ 0  

.To   guarantee   that    y'  exists  [ note  that  y'(x) = dy/dx = e x/y ]  , we   must    

restrict    x    so    that        2e x – 1  ≠ 0   .   Together    these   conditions   imply    

that    2ex – 1  >  0   ,   or    x  >  ln 1/2  . 
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Applications of First – Order Differential Equations: 

  Temperature Problems 

     Newton's law of cooling, which is equally applicable to heating , states that the 

time rate of change of the temperature of a body is proportional to the temperature 

difference between the body and its surrounding medium . Let T denote the 

temperature of the body and let Tm denote the temperature of the surrounding 

medium . Then the time rate of change of the temperature of the body is :
td

Td
 

and Newton's  law  of  cooling  can  be  formulated  as : 

)( mTTk
td

Td
      or  as     mTkTk

td

Td
  

where k is a positive constant of proportionality . Once k is chosen positive, the 

minus sign is required in Newton's law to make 
td

Td
 negative  in  a  cooling process 

, when  T is  greater  than  Tm , and positive  in  a  heating  process , when  T  is  less  

than  Tm  . 

Example (3) : A  metal  bar  at  a  temperature of  100 ° F  is  placed in a  room  

at  a  constant  temperature  of  0 ° F . If  after 20  minutes   the   temperature   

of   the  bar  is  50 ° F , find  (a)  the  time  it   will   take   the   bar  to  reach   a  

temperature  of   25  ° F   and  (b)  the  temperature  of  the  bar  after  10  

minutes . 

Solution : 

  Using  equation   mTkTk
td

Td
    with   Tm = 0  ;  the  medium  here  is  the  room  

which  is  being  held  at  a  constant  temperature of  0 ° F . Thus  we  have :

0 Tk
td

Td
      or       0 tdk

T

Td
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whose solution is : 
tkecTctkT ln  

Since T = 100  at  t = 0  ( the temperature of the bar is initially 100 ° F ) , it follows 

that : 100100 )0(   cec k
 

Substituting this value into equation , we obtain : 
tkeT  100  

At  t = 20 , we are given that  T = 50 ; hence ,  

035.0)693.0(
20

1

100

50
ln

20

1
10050 20 





  ke k  

Substituting this value into equation , we obtain the temperature  of  the  bar  at  any  

time  t  as :
teT 035.0100   

(a) We  require  t  when  T = 25 . Substituting   T = 25   into  equation ,  

      we  have :    min6.39
4

1
ln035.010025 035.0   ttore t  

(b) We  require  T   when  t = 10 . Substituting   t = 10   into  equation  

  and  then  solving  for  T , we  find  that : 

FeeT t o5.70)705.0(100100100 )10(035.0035.0  
 

It  should  be  noted  that  since  Newton's  law  is  valid only  for   small   temperature   

differences  ,  the  above   calculations  represent   only  a  first  approximation  to  

the  physical  situation . 
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■ Homogeneous First – Order Differential Equation 

 A  first – order  differential  equation  in  standard  form  ),( yxfy    is   

homogeneous  if ),(),( yxfyxf   ,  for every real number  λ  . 

Reduction of Homogeneous Equations 

The homogeneous differential equation       

),( yxf
xd

yd
    ….. (1) 

having the property that  can be transformed into a separable    equation by making 

the substitution : 

zxy
x

y
z      …… (2) 

along with its corresponding derivative : 

zxz
xd

zd
xzy

xd

yd
  

The resulting equation in the variables  z  and  x  is  solved  as  a  separable differential 

equation ; the required solution to Equation (1) is obtained by back substitution . 

 

Example (4) :  Determine if the following differential equation is                          

homogeneous and solve it    
3

442

yx

xy
y


  . 

 Solution :  

 This differential equation is not separable. Instead it  has  

the form  y' = f ( x , y ) , with
3

442
),(

yx

xy
yxfy


  
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Since , ),(
)(

)2(

)(

)()(2
),(

34

444

3

44

yxf
yx

xy

yx

xy
yxf 














 Thus ,  the 

differential equation is homogeneous . 

The solution is given by substituting  :  zxy
z

x
z   

with its corresponding derivative :  
xd

zd
xzy     into the differential equation as 

originally given, we   obtain : 

3

44

)(

)(2

zxx

xzx

xd

zd
xz


  

333

4 11
2

12

z
z

xd

zd
x

z
z

z

z

xd

zd
xz 


  

which can be algebraically simplified to 

0
1

1
4

3

3

4







 zd
z

z

x

xd

z

z

xd

zd
x  

This last equation is separable ; its solution is : 




  czxczd
z

z

x

xd
)1(ln

4

1
ln

1

4

4

3

 

4

444

4 4

1
,)(1ln

1
ln

c
kwherexk

c

x
zc

z

x



  

Finally ,  substituting  
x

y
z 

   back  into  equation , we obtain : 

4 4

4444

4

1

)1(1












xkxy

xkxyxk
x

y
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Exact First – Order Differential Equation 

 A first – order  differential equation in differential form  

0),(),(  ydyxNxdyxM   ...... (1) 

  is  exact  if  there is a function   u ( x , y )  such that :      

ydyxNxdyxMyxud ),(),(),(   …… (2) 

Test  for  exactness 

If    M ( x , y )  and    N ( x , y )   are  continuous  functions  and have  continuous  

first  partial  derivatives  on  some  rectangle of  the   x y – plane , then the  differential  

equation is  exact if  and  only  if  : 

x

yxN

y

yxM








 ),(),(
  ….. (3) 

Method of Solution 

To  solve  Equation (1) , assuming  that  it  is  exact , first  solve  the equations : 

),(
),(

yxM
x

yxu





   ….. (4) 

),(
),(

yxN
y

yxu





    ….. (5) 

 for  ),( yxu . 

The solution to equation (1) is then given implicitly by : 

cyxu ),(    ……… (6) 

where  c  represents an arbitrary constant . 
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Equation (6)  is  immediate  from  equations  (l)  and  (2) . If  Equation  (2)  is  

substituted  into Equation (1) , we  obtain : 

0))(,( xyxud  

Integrating this  equation (note that we can write 0 as  0 dx ) , we have : 

xdxyxud 0))(,(   , 

which , in turn , implies Equation (6) . 

 

Integrating Factor 

In  general , if  Equation  (1)  is  not  exact , then  we  can  transform   it  into  an  

exact  differential  equation by  multiplying  it  with  a  suitable  function 0),( yxI

. This  function  is  called  an  Integrating  factor . 

  Hence ,  the  function  0),( yxI   is   an   integrating  factor   for equation  (1)  

if  the  equation   0),(),(),(  ydyxNxdyxMyxI    …… (7) 

is exact .  

A solution  to  Equation  (1)  is  obtained  by  solving  the  exact  differential  equation  

defined   by (7) , and  the  conditions that  follow  are : 

)(
1

xg
x

N

y

M

N
If 
















  , a function of x alone , then 

the integrating factor is   
xdxg

eyxI
)(

),(  

)(
1

yh
x

N

y

M

M
If 

















 , a function of y alone, then 

the integrating factor is   
 ydyh

eyxI
)(

),(   
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)()( yxgxNandyxfyMIf   , then the integrating factor is   

NyMx
yxI




1
),(  

Note : A  separable  equation  is  always  exact . 

Example (5) : Determine whether the differential equation 

0)1(2 2  ydxxdyx  is exact and solve it . 

Solution : 

This equation has the form with  21),(2),( xyxNandyxyxM   

x
x

N
x

y

M
2,2 








  

Since   x
x

N

y

M
2








  ,   the  differential  equation  is  exact .We now determine a 

function ),( yxu that satisfies: 

),(
),(

yxM
x

yxu




   …..    (1)   and       ),(
),(

yxN
y

yxu




     …..    (2)  

Substituting   yxyxM 2),(    into (1) , we obtain: 

xdyxudxy
x

u
22 




 

Integrating both sides of this equation with respect to  x  , we  find : 

)(),(2 2 yhyxyxuxdyxud    …… (3) 

Note  that  when  integrating  with  respect   to   x  ,  the constant  of   integration   

can   depend    on   y  . 

We now determine )( yh   . Differentiating (3) with respect to y, we obtain: 
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)(2 yhx
y

u





Substituting this equation along with 21),( xyxN    into (2) , 

we have : 




 22 1)(),( xyhxyxN
y

u
  

ydhd
yd

hd
yh  11)(  

Integrating  this  last  equation  with  respect  to  y , we  obtain : 

1)( cyyhydhd      ,     ( c 1 = constant ) . 

Substituting this expression into (3) yields: 

1

2),( cyyxyxu   

The solution to the differential equation , which is given implicitly by   cyxu ),(  

,  is :  

)(, 122

2 ccccyyx   

Solving for y explicitly, we obtain the solution as: 

12

2




x

C
y  

Example (6) : Convert  the  following  differential  equation  into  an  exact   

differential  equation  and  solve it . 

xyxy  2  

Solution : 

Rewriting this equation in differential form , we have 

0)2(  ydxdxyx  
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Here ,  1),(2),(  yxNandxyxyxM  

  02 









x

N
andx

y

M   

Since   
x

N

y

M









 ,   the  differential  equation  is  not exact . 

)(2)02(
1

11
xgxx

x

N

y

M

N




















  

is  a  function  of  x  alone. Thus , the integrating factor is : 

22)(

),( xxdxxdxg

eeeyxI 

  

Multiplying the differential equation by 
2

),( xeyxI    we  obtain : 

0)2(
222

  ydexdexeyx xxx   , 

which is exact . 

We now determine a function ),( yxu that satisfies: 

22

2),(
),( xx exeyxyxM

x

yxu  



  …..    (1)  

and   
2

),(
),( xeyxN

y

yxu 



          …..    (2)  

First solve  Equation (1) , we obtain: 

xdexeyxud xx )2(
22    

Integrating both sides of this equation with respect to  x  , we  find : 

 
 udxdxuxxdexeyxud xx 2)2( 222

 

)(
2

1
),(

22

yheeyyxu xx     …… (3) 
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Note  that  when  integrating  with  respect   to   x  ,  the constant  of   integration   

can   depend    on   y  . 

We now determine )( yh   . Differentiating  (3)  with  respect  to  y , we obtain: 

)(
2

yhe
y

u x 


   

Substituting this equation  along  with 
2

),( xeyxN    into  (2) , we have :   

00)()(
22




  hdyheNyhe
y

u xx  

Integrating  this  last  equation  with  respect  to  y , we  obtain : 

11 )( cyhchd     ,     ( c 1 = constant ) . 

Substituting this expression into (3) yields: 

cceeyyxu xx  

1

22

2

1
),(  

The solution to the differential equation , which is given implicitly by   cyxu ),(  

,  is : 

122 ,
2

1
),(

22

cccceeyyxu xx    

Solving for y explicitly, we obtain the solution as: 

2

2
2

1 xecy   

 

Example (7) : Convert the following differential equation into an  exact                            

differential equation and solve it . 

02  ydyxxdy  

Solution : 
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Here       yxyxNandyyxM  ),(),( 2
 

y
x

N
andy

y

M










2  

Since   
x

N

y

M








  ,   the  differential  equation  is  not exact . 

Equation however, is applicable and provides the integrating factor: 

  )(
1

2
11

2
yh

y
yy

yx

N

y

M

M

















  

is  a  function  of  y  alone. Thus , the integrating factor is : 

y
eeeyxI yy

yd
ydyh 1

),( ln)(




 


 

Multiplying the differential equation by 
y

yxI
1

),(    we obtain: 

0 ydxxdy         which is exact . 

We now determine a function ),( yxu that satisfies: 

             yyxM
x

yxu





),(

),(   …..    (1)  

and    xyxN
y

yxu





),(

),(
    …..    (2)  

First solve  Equation (2) , we obtain: 

ydxyxud ),(  

Integrating both sides of this equation with respect to  x  , we  find : 

)( xkyxuydxud      …… (3) 

Note  that  when  integrating  with  respect   to   x  ,  the constant  of   integration   

can   depend    on   y  . 
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We  now  determine )( xk  . Differentiating  (3)  with  respect  to  y ,  we  obtain : 

)( xky
x

u




  

Substituting this equation  along  with yyxM ),(   into  (2) , we have :           

00)()( 



kdxkyMxky

x

u  

Integrating  this  last  equation  with  respect  to  y , we obtain : 

11 )( cxkckd     ,     ( c 1 = constant ) . 

Substituting this expression into (3) yields: 

ccyxyxu  1),(  

The solution to the differential equation , which is given implicitly by   cyxu ),(  

,  is : 

122 ,),( ccccyxyxu   

Solving for y explicitly, we obtain the solution as: 
x

c
y

2
  

Example  (8):  Convert   
x

yyx
y




2

  into  an  exact  differential equation . 

Solution : 

Rewriting  this equation  in  differential form , we  have : 

0)( 2  ydxxdyxy  ……  (1) 

Here       xyxNandyxyyxM  ),(),( 2  

121 









x

N
andyx

y

M
. Since   

x

N

y

M









 ,  The differential  equation  is  not 

exact .Equation however, is applicable and provides the integrating factor: 
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NyMx
yxI




1
),(  

222

1

)(

11
),(

yxyxxyyxNyMx
yxI








  

Multiplying the differential equation by 
22

1
),(

yx
yxI


   we obtain :  

0
11

22



yd

yx
xd

yx

yx    which  is  exact . 

We now determine a function ),( yxu that satisfies: 

y

x

y
yxM

x

yxu 21
),(

),( 




        …..    (1)  

and    
x

y
yxN

y

yxu 2

),(
),( 




           …..    (2)  

First solve  Equation (2) , we obtain: yd
x

y
yxud

2

),(


  

Integrating both sides of this equation with respect to  x  , we  find : 

)(
2

xk
y

x
uyd

x

y
ud  



   …… (3) 

Note  that  when  integrating  with  respect   to   x  ,  the constant  of   integration   

can   depend    on   y  .We now determine )( xk  . Differentiating (3) with respect to 

y , we obtain: )(
1

xk
yx

u




  

Substituting this equation  along  with 
y

x

y
yxM

21
),(



   into  (2) , we have : 




 

y

x
xk

y

x

y
Mxk

yx

u 22

)(
1

)(
1  

Integrating  this  last  equation  with  respect  to  y , we  obtain : 
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1

2 1
)( c

yx
xkxd

y

x
kd  



   ,     ( c 1 = constant ) . 

Substituting this expression into (3) yields: cc
yxy

x
xk

y

x
u  1

1
)(  

The solution to the differential equation , which is given implicitly by   cyxu ),(  

,  is : 

2

1
c

yxy

x
  

Solving  for  y  explicitly ,  we  obtain  the  solution  as :
xc

x
y

2

2 1
  


