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Lhapter |

Introduction, Compasition,

Resolution of forces, and Resultants

of Force Systems




I.1  Introduction

Mechanics: is a branch of the physical science that is concerned with the state of rest
or motion of bodies that are subjected to the action of force. Objects of interest in sport
biomechanics are human body and sport equipment. According to the nature of studied

objects mechanics is divided into several branches (Figure 1).

[ [ [ 1
Relativistic Quantum Rigid body Deformable | =
L _
l

Figure 1. Branches of mechanics divided according to the nature of studied objects, and
the division of rigid body mechanics

Static Mechanics

Statics is a branch of engineering mechanics that deals with the analysis of forces and
interactions of bodies in equilibrium.

Dynamic Mechanics

Dynamic is concerned with the accelerated motion of bodies under effects of external

forces.
Fatigue Mechanics

Fatigueis a failure mechanism that involves thecrackingof materials and structural

components due to cyclic (or fluctuating) stress.


https://inspectioneering.com/tag/cracking

|.2. Composition of Forces

The process of finding out the resultant force of a number of given forces is called the

composition/compounding of forces.
Parallelogram Law

It two forces acting simultaneously on a particle is represented in magnitude and
direction by two adjacent sides of a parallelogram, their resultant may be represented in
magnitude and direction by the diagonal of the parallelogram which passes through the

point of intersection, (figure 2).

frow
. *.‘"IEI’ .ﬁﬂ
B R

Figure 2. Parallelogram Law

The resultant of a pair of concurrent forces can be determined by the following equation:

Resultant,R = \/F% + F%2 — 2F, F,cos0

F? sin®@
a =tan"! ( 2 )

F% + F2 cos@



2. Triangle Law

Additionally, this equation can be used to determine the direction of the resultant or the

unknown forces, (figure 3):

F,

Figure 3. Triangle Law

R Fi F
sin@ sinB  sina

1.3. Resolution of a Force

The process of substituting a force by its components so that the net effect on the body

remains the same is known as resolution of a force.
For each force, there exists an infinite number of possible sets of components.
Suppose a force is to be resolved into two components.

Then:

. When one of the components is known, the second component can be obtained by

applying the triangle rule.



2. When the line of action of each component is known, the magnitude and the sense

of the components are obtained by parallelogram law.
1.4. Principle of Resolution

The algebraic sum of the resolved parts of a number of forces in the given direction is

equal to the resolved part of their resultant in the same direction.

Replace a single force with its components through the process of resolution.

It a force (F) lies in the plane (x-y). The force (F ) may be resolved into two rectangular
components. The component of a force parallel to the x-axis is called the Horizontal
component (F,). and parallel to y-axis the is called Vertical component (F;)).

As an illustration of the following force analysis on two axes , (figure 4):

Figure 4. Force analysis on two axes

sinf = S Fy = F sin0@ & cosf =

R = /sz + F?

F
& 6 =tan?! (—y)
F,

E
= < F, =Fcos0

1| 51

tan@ =

71 | &M



1.9. Resultant of Force Systems

Resultant: Simplest force system which have same external effect of the original
system.

1.9.1. Resultant of Coplanar Concurrent Force System

In x-y plane, the resultant of coplanar concurrent force system where the lines of action
of all forces pass through a common point can be found by the following formulas:

Rx=ZFx -»* Y

Ry = Fix — Fox — F3x + Fyy

B= Mg #

Ry=F1y+F2y_F3y_F4y

R= fR,;"+Ry2 ‘
:

R

9x - tan‘l (R—i) Ry




1.6. Solve examples

Example - |

Calculate the magnitude and direction of resultant vector that is formed when taking the
sum of the six forces shown below?

Sign Convention
| 4t ve
i — ve < >+ ve
750 N : " — ve
Solution:
First Method
XF, = F;.(cos30") — F,.(sin 20°) — F5. (cos 60°) + F,. (cos 35")
XF, = 200 x 0.866 — 150 x 0.342 — 750 x 0.5 + 500 x 0.819
=173.2—-51.3 —-375+409.5 = 156.4 N
IF, = F;.(sin30%) + F;. (cos 20°) — F;. (sin 60°) — F,. (sin 35°)
XFy, = 200 X 0.5+ 150 x 0.94 — 750 x 0.866 + 500 X 0.574
=100 + 141 — 649.5 — 287 = —695.5 N
Second Method
/1) Description YF, ZF,
) )
1. 200 L30° 200 cos30° = 173.21 200sin30° = 100
2. 150 110° 150 cos110° = —51.3 150sin110° = 140.95
3. 750 L240° 750 cos 240° = —375 750 sin 240° = —649.52
4, 500 L325° 500 cos 325°% = 409.58 500sin 325° = —286.79
Sum 156.49 -695.34




R= |ZFZ+ EFZ = /156.42 + 695.52 = 712.87 N

BN (6955 O
0 = tan F— = tan m =77.33
X .

Example - 2

Calculate the magnitude and direction of resultant vector that is formed when taking the
sum of the three forces act on point A, shown below?
y

Solution:
Draw free body diagram all forces, as the following.




B
ST G
Fs,
()
First Method
From the figure:
E. 0.2
_ -1(2 Y\ _ -1 (=) _ °
a = tan (Fx>—tan (0.4)—26.565

4
2F, = F,.(cos35°) — F,. (g) + F3.sin 26.565°

2F, =600 x0.819 — 500 x 0.8 + 800 x 0.447
=491.4 —-400+375.6 =449 N

3
2F, = F;.(sin35°) + F,. (E) — F3.c0s26.565°

2F, = 600X 0.574 + 500 x 0.6 — 800 x 0.894
= 344.4+ 300 — 715.2=-70.8 N

Second Method
) /1/ Description ZF, ZF,
) )
1. 600 L35° 600 cos35° = 491.49 600sin 35° = 344.4

2. 500 L143.13°

500 cos 143.13° = —400

500sin 143.13° = 300

d. |800L296.565°

800 cos 296.565°
= 357.77

800 sin 296.565° = —715.2

Sum

449.26

-70.8

R = |ZF%+ZXF%=,/449%+ (—74.8)2 = 455.188 N

F
6 = tan1 (F_y) = tan~! (

X

)= 8.96°




Example - 3

Calculate the magnitude and direction of resultant vector that is formed when taking the
sum of the two forces act on point A, shown below?

150 N

Solution:

150 N 150 N
\

The Parallelogram method
adds a vector's tail
to the head of the other
vector to create Fr

100N

€% Fr (resultant vector)
150 N is what we want to calculate
(magnitude and angle)

15° 100 N 6 - \Oo - 15’5 55’

Resultant,R = \/Flz + F# — 2F,F,cosa

R = /1002 + 1502 — 2 x 100 X 150 X cos 115° = 212.55 N

From Sine Rule




R F, F,

sin@ sinf} sina

212.55 B 150
sin115  sin®

. 150sin115

— cin—1 _ 0
217 55 sin~*(0.64) = 39.79

® = sin~

Example - 4

Calculate the magnitude of a force (F). also magnitude and direction of resultant vector
that is formed when taking the sum of the two shown below?

?
w 200N
45° } /
4 | P
‘ ’

Solution:
From Sine Rule

R F K
sind  sinf  sina

9 7F ¥ 72()(7)7 :
sin 60° sin 45°

E F= 245N

_Fr 200
sin 75° sin 45°

Fr = 273 N

Example - 3




It F, = 30 N and FZ = 40 N, determine the angles u and f so that the resultant force is
directed along the positive x axis and has a magnitude of Fr = B0 N,

Solution:

Parallelogram Law. The parallelogram law of addition is shown in Fig. a.
Trigonometry. Applying the law of cosine by referring to Fig. b,

407 = 30% + 60% —2(30)(60) cos @
0 = 36.34° = 36.3°
And
307 = 40° + 607 —2(40)(60) cos ¢
¢ = 26.38° = 264°



1.7.  Chapter Questions

. If the magnitude of the resultant force is to be (3 KN) directed along the positive x

- axis, determine the magnitude of force (T) acting on the eyebolt and its angle.

8 kN

{Results:T = 6.57 KN ; 0 = 30.6 ; ® = 75.6 }

2. ltis required that the resultant force acting on the eyebolt in Figure be directed
along the positive axis and that (F2) have a minimum magnitude. Determine this

magnitude. the angle (@), and the corresponding resultant force.

{Results: T =6.57 KN ; 6 =90 }

3. If (6 =30) and (T = 6 KN) , determine the magnitude of the resultant force
acting on the eyebolt and its direction measured clockwise from the positive x

axis.




"‘il l'!""li

i
i

8 kN

{Results: Fr = 8.67 KN ; & = 63.05 ; @ = 3.05}

4. Determine the magnitude of the resultant force acting on the bracket and its

direction measured counterclockwise from the positive u axis.

F,=1501b

Fy=2001b

{Results: Fr = 217 N ; @ = 63.05 ; @ = 3.05 }

a. If(F, = 600 N)and (¢ = 30'), determine the magnitude of the resultant force
acting on the eyebolt and its direction measured clockwise from the positive x

axis




{Results: Fp = 701.91 N ; 6 = 44.06 }
b. The force (F = 430 N) acts on the frame. Resolve this force into components
acting along members AB and AC . and determine the magnitude of each

component.

{Results: Fyg = 86 N ; Fyc = 636 N }

7. If the tension in the cable is 400 N, determine the magnitude and direction of the
resultant force acting on the pulley. This angle is the same angle of line AB on the

tailboard block.

400 N
N\
\‘\
X 0
\ -’J 1 \ X
7,
5 A 400N
L 4,/

{Results: R = 400 N ; 6 = 60°}




Solve Question

Home Work - |




1.7. Chapter Questions
8. If the magnitude of the resultant force is to be (3 KN) directed along the
positive x - axis, determine the magnitude of force (T) acting on the
eyebolt and its angle.

8 kN

Solution

The parallelogram law of addition and the triangular rule are shown in figures (a & b), respectively.

R = \]Ff + F% — 2F; F,cos0

T=+/82+92—2x8X9 X cos45 = 6.57 KN

Appling the law of sine's to figure b. and using this result yield:
R F _F
sinf  sinf  sina

6.57 8 9
sin45°  sin(90° — )  sin®
6.57 9
sin45°  sin®
nd = 9 sin45° 0.968

sin@ = ——-—=0.

® = sin"1(0.968) = 75.47°
90° — 0 = 180 — 75.47 — 45
90° — 0 = 119.5
6 =119.5 —90 = 29.5°



§. It is required that the resultant force acting on the eyebolt in Figure be
directed along the positive axis and that (F2) have a minimum magnitude.
Determine this magnitude. the angle (@), and the corresponding
resultant force.

Solution

F, is @ minimum or the shortest length when its line of action is perpendicular to the line of action of
Fr. that is, when: 6 = 90

800 Fp F,

sin90° - sin30° - sin60°
800 _ Fp B F,
1 05 0.866
Fr =800x%x05=400N

F, =800 x 0.866 = 692.8 N

{Results: © = 90 ; Fr = 400 N ; F, = 693 N}



0. If (0 = 30) and (T = 6 KN), determine the magnitude of the resultant force acting on
the eyebolt and its direction measured clockwise from the positive x axis (@).

8 kN

Solution

B kn

8 K
The parallelogram law of addition and the triangular rule are shown in figures (a & b), respectively.

R = \/Ff + FZ — 2F; F,cos0

R=+62+82—2x6X8Xx cos75° = 8.67 KN

Appling the law of sine's to figure b. and using this result yield:
R F K
sind  sinf  sina

8.67 8 6
sin75°  sina sinfs
) 8 sin75°
sina = 867 0.891
a = sin"1(0.891) = 63°
, 6 sin75°
sinff = Y 0.668

B =sin"1(0.668) = 42°
0 =a—60°=63°—60° = 3°

{Results: Fr = 8.67 KN ; & = 63.05 ; @ = 3.05}



[l. Determine the magnitude of the resultant force acting on the bracket and its direction
measured counterclockwise from the positive u axis.

F,=1501b

Solution

The parallelogram law of addition and the triangular rule are shown in figures (a & b), respectively.

R = \/Ff + FZ — 2F; F,cos0

R = /2002 + 1502 — 2 x 200 X 150 X cos75° = 216.72 N
Appling the law of sine's to figure b. and using this result yield:
R F K
sind  sinf  sina
21672 200 150

sin75° sina  sinf

_ 200 sin75°

sina = W = 0.891
a = sin"1(0.891) = 63°
_ 150 sin75°

SlTl,B = W = 0.668

f =sin"1(0.668) = 42°
®=a—60°=63°—60°=3°

{Results: Fr = 217 N ; @ = 63.05 ; @ = 3.05}



2. If (F, = 600 N) and (@ = 30'), determine the magnitude of the resultant force acting
on the eyebolt and its direction measured clockwise from the positive x axis

‘¥
\i
|4
¥3 F>=500N

Solution

SF SF
M Description x Y
a ) W)
1 600 L30° | 600cos30° = 519.6 600 sin 30° = 300
450 cos 233.13°
9. | 450 1233.13° oS esa-t 7o | 4505in233.13° = —353.83
2. | 500L300° | 500cos300° =250 | 500sin300° = —433.01
Sum 4996 -486.84

R= |EZF%+ ZF2 =,/(499.6)% + (—486.84)2 = 697.58 N

4 F, 1 486.84 .
0 = tan (F—)=tan (4996)=44.26
x )

{Results: Fp = 701.91 N ; 6 = 44.06 }

[3. The force (F = 400 N) acts on the frame. Resolve this force into components acting along
members AB and AC . and determine the magnitude of each component.




Solution

% -

A t— ¢’

I 30
105°

FF'_F'-'_FH- -
45Y '-"’ 450N 4 5:.| ‘;" FAB
A‘—_\’t [N"f
B 450N Y’

Appling the law of sine’s to find (F45 & F4c):

R Fap _ Fuc

sin@  sina  sinf

sin30°  sin105°  sin45°

B 450 sin105° 86933 N
AB T sin300 T '
B 450 sin45° 6364 N
ACT sin300 '

{Results: Fyg = 869 N ; Fyc = 636 N }



[4. If the tension in the cable is 400 N, determine the magnitude and direction of the resultant
force acting on the pulley. This angle is the same angle of line AB on the tailboard block.

400N

Solution

400N 400 N

400 N 400 N

R = /4002 + 4002 — 2 x 400 X 400 X cos(60°) = 400 N

From sine law:

R FAB FAC

sina  sinf  sinf

400 400 400

sin60°  sin@ sin

g0 _ 400sin 60° 0.866
sing° = 200 = 0.
6° = 60°
. 400sin60° 0.866
sinf = 200 = 0.
B = 60°




Lhapter Z

Moment of a Forces
and

Moment of a couples




2.1 Introduction

In the previous chapter, we have been discussing the effects of forces, acting on a body,
through their lines of action or at the point of their intersection. But in this chapter, we
shall discuss the effects of these forces, at some other point, away from the point of
intersection or their lines of action

2.2. Moment of a Force

Moment is ability of the force to produce twisting or turning a body about an axis.

—
ey
d_ = %ﬁié beam turns ’_l force (F)

pivot \clockwise
® |

ru_-\] ‘ / distance (d)

Where:
M: The moment of the force (N.m).
F: Applied force (N).
d: is the perpendicular distance from the axis moment
to the line of action of the force (m).
Units: kN.m,N.m,N.mm
Sign Convention:

Note: Always taking clockwise as positive moment.




2.3. Principle of moments

The moment of a force with respect to any axis (or point) is equal to the algebraic sum of
the moments of its components with respect to the same axis.

M =7YF -d
Where:

|s the moment arm, which is the perpendicular distance from the axis of rotation to the
line of action of the force.
M = F.r.sin «

|
/&)
(d) e —

2.3.1. Moment's Direction




2.3.2. Varignon's Theorem

One of the most useful principles of mechanics is Varignon's theorem, which states
that the moment of a force about any point is equal to the sum of the moments of the
components of the force about the same point .

MA=Fd
MA = Fx.d]_ + Fy.dz y

2.4. Solve examples

Example - |
Determine the moment of the force (F) in Figure below about points (A), (C) . (D) and
(0) 7

F=1000 N
3
4
g B —1 I-— 10 mm
\'\‘ i
\.( 10 mm
¥ ~\\ []
Ny
-“k
0 X 1{ ““-'“




Solution

Fso= R=800N 10 mm

|
I s i

GOO N
/

1 \\\ I 10 mm

h

21 X -
o A °
NP

(@) +MA - Fl'dl - Fz.dz
O +M, =—600x 60+ 800 x40 =—-4000 N.mm
= 4000 N.mm O

(@) +MC = Fl'dl - Fz.dz
O +M, =—-600 % 30 + 800 x 4000 = 18000 N.-mm U

(@] +MD = Fl'dl - Fz.dz
O +Mp = —-600 x 60 + 800 x 80 = 28000 N.mm U

(@] +M0 == Fl' dl - Fz.dz
O +My=-600X%x60+0=-36000 N.mm
= 36000 N.mm O

Example - 2
Determine the magnitude and sense of the moment of the (F = 800 N) force about
point (A)?
800 N
S
0.6 m
A
05m

Solution

O+My =F x06—-F x05
= (800 cos 38°) x 0.5 — (800 sin 38°) x 0.6



M, = 378.25 —246.26 = 13199 N.m
& My=13199N.m U
Example - 3
Given that (T =28.3 KN) and (W =23 KN), determine the magnitude and sense of the
moments about point (B) of the following: (a) the force T; (b) the force W; and (c)
forces Tand W combined?

36 m
| .
|
\
| W
B
1/|.— 20 m + 16 m—
Solution
T SIN 45° ;
) 20 mm I_- 16_mm .
8 < >
............. 3 4T COS 45° W = 95 kN

(a). For T:

U +Mp = —20(28.3 cos45°%) = —400 = 400 KN.mm O
(b). For W: © +Mp = —25 (16) = —400 = 400 KN.mm O
(c).For TEW.: L X Mz =400 —-400=0




2.3. Moment of a Couple

A couple is defined as two parallel forces with the same magnitude but opposite in
direction separated by a perpendicular distance (d).

F M

%
—F
_] > d -
-F
The moment of a couple is defined as:
MO == F . d
(Using a scalar analysis) or as.
MO =r.F

(Using a vector analysis). Here r is any position vector from the line of action of -F to
the line of action of F.

The net external effect of a couple is that the net force equals zero and the magnitude
of the net moment equals (F . d) Since the moment of a couple depends only on the
distance between the forces, the moment of a couple is a free vector. It can be moved
anywhere on the body and have the same external effect on the body. Moments due to
couples can be added using the same rules as adding any vectors.

Two couples act on the beam. One couple is formed by the forces at A and B, and
other by the forces at C and D. If the resultant couple is zero, determine the
magnitudes of P and F, and the distance d between A and B.

Example - 4

Two couples act on the beam. One couple is formed by the forces at A and B, and
other by the forces at C and D. If the resultant couple is zero, determine the
magnitudes of P and F, and the distance d between A and B.



300 N

SO00N

Solution

Free Body Diagram (F. B. D) of the figure.

D >

WZA ¢
F

&
e
307

300N

Since these are couples we must

have:
F=300N
P=500N

The resultant coupe is:

M =+500 *2 -300* d cos 30° =0

Thusd=3.85m

Examples - 3

Determine the resultant moment of the three couples acting on the plate?



—— 100 kN
3m
—T5 100 kN
200 kN —>
2m
200 kN —1—
A
2m
!
>
50 kN 50 kN

Solution
O+M=YF.d=200%2—-100%*3 —-50%x4 =—100KN.m
= 100 KN.m O Anticlockwise

Example - b
Determine the resultant moment with respect to point (0)?
S00N
750 N
200N
4 i
- )| I m
1.25 m——1.25 m—-!
200N

Solution

500N
750N

Mwu,,,e=F-d=200x1=200N.mC l
0]

|

/;\ (3! - : )>200N.m
 M,= ZF d 1.25 m«\»].lﬁ m—"

3 4
Mo=750><1.25+500x§x1—500X§x2.5—200

M, =375N.m f)




2.B. Force - Couple Systems

According to the principle of transmissibility, the force can be moved to any point
along its line of action, as it produces the same effect on the body. However, if we
want to move the force to a point not lying on its line of action, it must generate a
couple such that it produces the same effect as the force. This is known as
forcecouple system. The replacement of a force into a force and a couple is explain in
Figure below, where the given force F acting at point A is replaced by an equal force F
at point B and the counterclockwise couple M = Fd.

\ & -/"\ B/’f\
"\ F / ‘f 0 / U /

\demr” / \ ./ \-M_:_F.“.i-/

Example - 7
Replace the horizontal (80 N) force acting on the lever by an equivalent system

consisting of a force at (0) and a couple.

Solution
SON SON
M,=F-d /)
M, = 80 x (9 sin 60) A = by = ,.
Q Y e )
M, =624 N.m ; S8ON ~ S8ON SON_/




Example - 8
For the compression member shown in the figure, replace the force (P = 200 N) by

an equivalent axial load and a couple.

k_Z_‘p =200 N

‘mm

e

Solution

Moupie = F -d = 200 x 2 = 400 N.mm/D

kz.lP:ZOON |P=2OON
imm
400 N.mm

fi v

'
]

7////////////,7//////////4 W/////////A%V//%,Z}ZZ




2.7. Chapter Questions

. A400 N force is applied to the frame and © = 20°, as in the following figure. Find
the moment of the force at A?

F=400N

{Answer: Mg = 1160 N.m}

. The wrench shown is used to turn drilling pipe. If a torque (moment) of (800 N.m)
about point (p) is needed to turn the pipe, determine the required force (F).

30°

6 cmT

{Answer: F = 239 N}

2. Calculate the moment about the base point (0) of the (B00 N)?
Z2m
| | A

s
|

{Answer: M, = 2610 N.m}

d. Determine the resultant moment acting on the beam?




400N 400N
I
A 200N
— 02m
' ‘ 200N
3m | 2 m—
y
300 N 300N

{Answer: Mcoypre = 740 N.m U}

4. Determine the magnitude of (F), so that the resultant moment acting on the beam is
(1.5 kN.m) clockwise.?

{Answer: F = 2.333 KN}
0. Determine the resultant moment of the three forces and one couple which act on the
plate shown about point (0)?

————— o
9 | r n140Nm
_X_|_ |
2m ! I
40N LG
Im

{Answer:: My = 237279 N.m U}
. Find the equivalent force couple system about point A for the set of
forces shown below?

50N —-—:v 100 Nm
Nt

60N

] l

{Answer:: M, = 115 N.m O}



yolve Huestion

Home Work - Z




2. 7. Chapter Questions

. A 400N force is applied to the frame and © = 20°, as in the following figure. Find
the moment of the force at A?

F=400N
9\
[ 6\\!
| \5
2m
‘ A _I |
L* 3m -
Solution:
F=400N
/
F, = 400 cos20° < ¢ T—r

Z

v :
F, = 400 sin20°
A _'I !

r 3m

U+Mg = XIF.d
U + Mg = —400 cos20° X 2 — 400 sin20° x 3 = —751.75 — 410.42

= —1162.17N.m =1162.17N.m O

{Answer: Mg = 1160 N.m}

2. The wrench shown is used to turn drilling pipe. If a torque (moment) of (800 N.m)
about point (p) is needed to turn the pipe, determine the required force (F).



30°

6cmT %

Solution:

F, = F cos30°
F

30°

6 cmT

F, = F sin30°

U+M, = XF.d
U+M,=F sin30° x 0.06 + F cos30° x 0.43

800 =0.03F +0.372F

F= 800 _ 1990 N
T 0.402

{Answer: F = 1990 N}

3. Calculate the moment about the base point (0) of the (E00 N)?

2 m

<
|

600 N

_‘_LiL

Solution:




F, = 600 cos 40°

600 N

U+M, = ZF.d
U 4+ Mg = 600 .cos40° X 4 + 600. sin40° X 2
U + Mg = 1838.51 + 771.35 = 2609.86 N.m U

{Answer: M, = 2610 N.m}

4. Determine the resultant moment acting on the beam?

400 N 400 N

A 200N

02m

- 200N

Solution:
U+M,=XF.d
U+ My =-400x%x 2+ 300x%x54200x0.2

U + M, = 800 + 1500 + 40 = 740 N.m U
{Answer: Mcoypre = 740 N.m U}

0. Determine the magnitude of (F), so that the resultant moment acting on the beam

is (1.3 kN.m) clockwise.”?

Al

Solution:
U+M, = XF.d

1.5=Fx09-2x0.3

1.5+ 0.6

= 2.333KN
0.9

{Answer: F = 2.333 KN}
B. Determine the resultant moment of the three forces and one couple which act on

the plate shown about point (0)7




5
. |
2m
60N H—5m ’{
50 N |
450 __A _____ I
| r n140N~m
2m
f : = |
2m | :
40N e
1m¢
Solution:
F, = 60 sin45° y

60N 20 5m
50N |
Fy, = 60 cos 45° 3 * -
<_2*_ [_*r _____ W140N~m
‘Ill
gl i
; |

U4+M, = ZF.d
U 4+ Mg = —140 4+ 50 X 5 — 60 . cos45° X 4 + 60.sin45° x 7 — 40 x 0
U 4+ Mg = —140 + 250 — 169.7 + 296.98 — 0 = 237.28 N.m U

{Answer:: M, = 237.28 N.m U}
7. Find the equivalent force couple system about paint A for the set of forces shown

below?
50N —'—Ej 100 Nm
I Y ]
Solution:
XF,=50N

LF,=-40-60=—-100N

U+M, = ZF.d

U+ M, =500x1.5—-100+40x0.5+60x2
U+My,=75-100+20+120 = 115N.m 0

Foqu = [50,—100] N

{Answer:: My = 115 N.m O}
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3.1, Equilibrium

When all the sums of the forces of the system in certain directions and the sum of
moments of the forces with respect to certain axes are zero for any particular force
system, its resultant is zero, and the body on which the system acts is in equilibrium. The
conditions assuring equilibrium of a body with a particular type of force system can
therefore be expressed as a set of algebraic equations which must be satisfied. By
means of these conditions, it is possible to determine one or more unknown forces or
reactions acting on a body which is in equilibrium.

3.2. Free body Diagrams

|s a sketch of a body, a portion of a body, or two or more bodies completely isolated or
free from all other bodies, showing the forces exerted by all other bodies on the one
being considered.

Procedure for drawing a free body diagram

|. Draw outlined shape
Imagine the particle to be isolated or cut (free) from its surroundings by drawing
its outlined shape.
2. Show all forces
Indicate on this sketch all the forces that acts on the particle. These forces can be
active forces, which tend to set the particle in motion. Or they can be reactive
forces which are the result of the constraints or support that tend to prevent
motion.
The forces that are known should be labeled with their proper magnitudes and directions.
Letters are used to represent the magnitudes and directions of forces that are unknown.

>




Note

All cables will be assumed to have negligible weight and they cannot stretch. Also, a cable
can support only a tension or pulling force and this force always acts in the direction of
the cable.

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS

Type of Contact and Force Origin Action on Body to Be [solated
1. Flexible cable, belt,
chain, or rope _{ ___E —f—ﬂ _E Foree exerted by
Weight of cable 8 -é"'--‘ a flexible cable is
negligible + - ]!L _ T always a tension away
—__5 from the body in the
Weight of cable +_ _E'lji__ e = direction of the cable.

not neglipible

2. Emooth surfaces

3. Rough surfaces
capable of supporting
a tangential compo-
nent F (frictional
force) as well as a
normal component

] N of the resultant
contact force R.

P
T
™
s, Contact foree is
- compressive and 1s
N ™+«  normal to the surface.
d
Rough surfaces are
\%j Eﬁﬁa—/
;
g -
R F -
e
N

4. Roller support
Roller, rocker, or hall

support transmits a

N ‘
compressive force
o o = normal to the
supporting surface.
N
N J'lﬁ;

8. Freely shiding guide

Hi={ (@)

— ——

Collar or slider free to
move along smooth
guides; can support
force normal to puide
only.




MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)

Type of Contact and Force Origin

Action on Body to Be Isolated

G. Pin connection

A freely hinged pin
connection 15 capable
of supporting a foree
in any direction in the
plane normal to the
pin axis. We may
either show two
components K and
R, or a magnitude &
and direction & A pin
not free to turn also
supports a couple M.

Pin free to turn

7. Built-in or fixed support

A A
or
“~—Weld

A A built-in or fixed
M| support 1s EE.pE.blf_" of
supporting an axial
force F', a transverse
force V ishear foreel,
and a couple M
v (bending moment) to

prevent rotation.

8. Gravitational attraction

1t

The resultant of
gravitational
attraction on all
i elements of a body of

mass m 15 the weight
W = mg and acts
toward the center of

the earth through the

center mass .

W=mg

9. Spring action

Linear MNonlinear

Meutral F F

position |

|
: | o
k|—'1-| 7l !
Wi | | # Softening
- —X - —x

Bpring foree 15 tensile
if spring 15 stretched
and compressive if
compressed. For a
linearly elastic spring
the stiffness & is the
force required to
deform the spring a
unit distance.

¥~




Examples of Free Body Diagrams

SAMPLE FREE-BODY DIAGRAMS

Mechanical System

Free-Body Diagram of Isolated Body

1. Plane truss

Weight of truss
assumed negligible
compared with P

2 Cantilever beam

Fy
_|

s

';_F

3. Beam

SEmooth surface
contact at 4.
Mass m

p—

4. Rigid system of interconnected bodies
analyzed as a single unit

P = Weight of mechanism

neglected

¢

m




Body Incomplete FBED

1. Bell erank .i-.-E-- mg

supporting mass Flexible i

m with pin support cahle A A2 .

atA. A

Pull P P

2. Control lever

applying torque 0 (\\\\:j

to shaft at 0.

Fy

3. Boom OA, of
negligible mass
compared with
mass m. Boom

hinged at () and

supported by QI. )
hoisting cable at B.

4. Uniform crate of
mass m leaning A
against smooth
vertical wall and
supported on a
rough horizontal —
B

surface.

b. Loaded bracket

supported by pin i
connection at A and B

fixed pin in smooth

slot at B * Load L




Body Wrong or Incomplete FED

1. Lawn roller of
mass m being
pushed up
incline &,

2. Prybar lifting
body A having
smooth horizontal
surface. Bar rests
on horizontal
rough surface.

3. Uniform pole of
mass m being
hoisted into posi-
tion by winch.
Horizontal sup-
porting surface
notched to prevent
slipping of pole.

4. Supporting angle
bracket for frame;
pin joints.

5. Bent rod welded to
support at A and +A.

subjected to two -
M

=

forces and couple.

=
g




Example - 1

Draw the free body diagram of the uniform beam shown in figure. The beam has a mass

of (100 kg)?

1200N

- 6m -

Solution:

Free Body Diagram (F. B. D)

‘ 1200 N
- : m -
ey ¢ Effect of applied
j force acung on beam
- - 1\‘ - PE— - r — —
Effect of fixed A
support acting M, L

on beam ym

O8I N

Effect of gravity (weight)
acting on beam

Example - 2

Two smooth pipes, each having a mass of (300 kg). are supported by the forked tines of
the tractor. Draw the F.B.D for each pipe and both pipes together.



Solution:

Free Body Diagram (F. B. D)

Effect of B acungon A

A R
Effect of sloped ‘:./.“(l

blade acting on A

T 2943 N _
Effect of sloped

Effcct of gravity fork acting on A

(weight) acting on A

B

T 2943 N

2943 N

B




3.3. General Procedure for the Solution of Problems in Equilibrium

. Determine the given data and the unknown.
2. Draw the F.B.D for the member on which the unknown forces are acting.
3. Determine the type of force system acting on the F.B.D and the number of
independent equations of equilibrium.
4. Compare the number of unknown on the F.B.D with the number of independent
equations of equilibrium.
A. If the number of equations=the number of unknowns, then start the solution.
B. If the number of unknown > the number of independent equations, then draw
F.B.D. for another body and repeat step 3 and 4.
3. If the number of unknowns in the second F.B.D = the number of equations then solve
the problem. If it is not repeat step 4-6
B. If there are still too many unknowns after drawing F.B.D for all bodies, then the
problem is statically indeterminate.
3.4. Equilibrium of Force System

The body is said to be in equilibrium if the resultant of all forces acting on it is zero.
There are two major types of static equilibrium, namely, translational equilibrium and
rotational equilibrium.

a) Formulas Concurrent force system

Z F,=0, ZFy =0
b) Parallel Force System Non-Concurrent

z F, =0, Z My =0

c) Non-Parallel Force System

Zszo, ZFy=0, ZM():o

3.9. Important Paints for Equilibrium Forces

. Two forces are in equilibrium if they are equal and oppositely directed.

2. Three coplanar forces in equilibrium are concurrent.

d. Three or more concurrent forces in equilibrium form a close polygon when
connected in head to-tail manner.




CATEGORIES OF EQUILIBRIUM IN TWO DIMENSIONS

Force System Fres-Body Diagram Independent Equations

1. Collinear TF,=0

2. Concurrent IF =0

at a point

IF,=0

3. Parallel EF. =0 EIM.=0

4. General EF =0 XIM_ =0
LF,=0

Example - 3

Determine the magnitude T of the tension in the supporting cable and the magnitude of
the force on the pin at A for the jib crane shown. The beam AB is a standard (0.0 m) |-
beam with a mass of (30 kg) per meter of length?

~
0.25 m ~
Ay | 25" “5a B
o lbm 9 |
e 0.12m 1.5m
10 kN
I 5m

Solution:

Draw free body diagram (F. B. D)




F, = T sin 25°
AN
y T
[|0.5 mm
| F, = T cos25% o2
AI l < 25
£ — | .
A, Y
4.66 kN
10 kN
Free-body diagram

SF,=0 XF,=0, ZIM,=0

U +XM, = —(T cos 25°) x 0.25 — (T sin 25°)(5 — 0.12) + 10
X (5—-15-0.12) + 4.66(2.5—-0.12) =0

—0.227T —2.062T +33.8+11.091 =0

—2.289T +44.891 =0

44.891
T =

5289 19.612 KN

JE, = A, —Tcos25° =0
A, —19.612 X cos 25° =0
A, =17.775 KN
IE, = A, + Tsin25° — 4.66 — 10 = 0

A, = —19.612 X sin 25° + 4.66 + 10 = 6.372 KN

A= |A2+ A2 =17.775% + 6.3722 = 18.883 KN




Example - 4
The (300 N) shaft M and the (200 N) shaft N are supported as shown in the figure.

Neglecting friction at the contact surfaces P.OR and S, determine the reaction at (R and

S) on shaft N.?

Solution:

Draw free body diagram (F. B. D)

From F.B.D of M
1) Fy=0
Qsin40—-300=0 ~Q=467NonM

From the F.B.D. of N

1) Fy =0

S—500—-Qsin40 =0 ~S=800NTonN
—>ZFX=0
R—Qcos40=0 ~R=358N—-=0onN




Example - 9
The member shown in Figure is pin-connected at A and rests against a
smooth support at B. Determine the horizontal and vertical components of reaction at

the pin A.
33\
/\\
/ 30°/ \f 4 s )
0.75 m"'7 ; 2N -m
> - I m q g i
05m
60N

Draw free body diagram (F. B. D)

F, = Ng sin25°
R
/
/
Loy
F,= N )

Equations of Equilibrium: Summing moments about (A), to find direct solution for (Ng).
U +EZM, =90 4+ 60 x 1 — Ny X 0.75

0 =90 + 60 — Ny X 0.75

N, = 150 = 200N
B =075

SE, =0
SF, = A, — 200 sin 30°
0 =A, —200sin30°

A, =200sin30° =100 N

SE, =0
2F, = A, —200cos30° — 60
0=A4,—200cos30° - 60
A, =200cos 30° + 60 = 233 N




3.5. Chapter Questions

|. Determine the magnitudes of the forces C and T, which, along with the other three
forces shown, act on the bridge-truss joint?

¥

{Answer: T = 9.09 KN ,C = 3.03 KN}

2. Determine the magnitudes of the forces C and T, which, along with the other three
forces shown, act on the bridge-truss joint?

T
-

30°

{Answer: F = 250 N}

3. The uniform (100 kg) |-beam is supported initially by its end rollers on the horizontal
surface at A and B. By means of the cable at C it is desired to elevate end B to a position
(3 m) above end A. Determine the required tension P, the reaction at A, and the angle
made by the beam with the horizontal in the elevated position.




6 m C% 2m

'@

{Answer: P = 654 N , 0 = 22°}

4. Each box weighs 40 N. The angles are measured relative to the horizontal. The
surfaces are
smooth. Determine the tension in the rope A and the normal force exerted on box B by
the inclined surface?

{Answer: Ty = 51.2 N , Ng = 7.03 N}

0. The construction worker exerts a 30 N force on the rope to hold the crate in
equilibrium in the
position shown. What is the weight of the crate?




{Answer- W = 935.9 N}

B. The 20-kg mass is suspended from three cables. Cable AC is equipped with a

turnbuckle so that
its tension can be adjusted and a strain gauge that allows its tension to be measured. If

the tension in cable AC is 40 N, what are the tensions in cables AB and AD?

|+n_4 m—-—l—-—{}_r-‘l- 111—-|—-— 0.48 m —-|

{Answer: Tyg = 1441 N , T4p = 68.2 N}

7. A heavy rope used as a mooring line for a cruise ship sags as shown. If the mass of the
rope is
90 kg, what are the tensions in the rope at A and B?

{Answer: Ty = 679 N , Ty = 508 N}
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3.5. Chapter Questions

|. Determine the magnitudes of the forces C and T, which, along with the other three
forces shown, act on the bridge-truss joint?

Solution I (scalar algebra). For the x-y axes as shown we have

[XF, = 0] 8 + Tcos40°+ Csin 20° — 16 =0
0.766T + 0.342C = 8

[ZF, = 0] Tsin40° —Ccos20°—3 =40
0.643T — 0.940C = 3

Simultaneous solution of Egs. (a) and (b) produces

T = 9.09 kN C =3.03 kN

{Answer: T = 9.09 KN ,C = 3.03 KN}




2. Determine the magnitudes of the forces C and T, which, along with the other three
forces shown, act on the bridge-truss joint?

Solution:

){n 30 ¢{<—f

5? e

M, =0
Tl.T—TZ.T=0
SF, = 0

T, + T, — 1000 = 0
T, =T, ="500N
n=n=%=amN
T =T; =500N
{Answer: F = 250 N}



3. The uniform (100 kg) |-beam is supported initially by its end rollers on the horizontal
surface at A and B. By means of the cable at C it is desired to elevate end B to a position
(3 m) above end A. Determine the required tension P, the reaction at A, and the angle
made by the beam with the horizontal in the elevated position.

Solution

T 2%
, axp :
J LF//-(\ o

-

AT _

T i’ = 3m
~—~_—8 1100981 N -

Moment equilibrium about A eliminates force R and gives

M, =0 P(6 cos 0) - 981( 4 cos ) =0 P=654N
Equilibrium of vertical forces requires

ZF,=0 654 +R-981=0 R=327N

The angle 0 depends only on the specified geometry and is

sin 6 = 3/8 0=27

{Answer: P = 654 N , 0 = 22°}



4. Each box weighs 40 N. The angles are measured relative to the horizontal. The
surfaces are
smooth. Determine the tension in the rope A and the normal force exerted on box B by
the inclined surface?

The free-body diagrams are shown. The equilibrium equations for box D are

ZFI - (40 N)sin20° — Te c0s25° = 0

Z F,:Np— (40 N)cos20° + Tcsin25" = 0
The equilibrium equations for box B are

ZFI (40 N)sin70°+ Tccos25° — T4 =0

Z F,:Np— (40 N)cos70° + T¢sin25° =0

Solving these four equations yields:
Ta=512N, Tec=151N Ng=730N,Np=312N

Thus T =51.2N,NB=7.30 N.

{Answer: Ty =51.2 N , Ng =7.03 N}




0. The construction worker exerts a 30 N force on the rope to hold the crate in
equilibrium in the
position shown. What is the weight of the crate?

7
Yw

30°
90N

Yw

The free-body diagram is shown. The equilibrium equations for the part of the rope
system where the three ropes are joined are

ZF (90 N)cos30°— Tsin5° =0

Y F,:—(90 N)sin30°+ T cos5 — W =0

Solving yields W =935.9 N.

{Answer: W = 935.9 N}



B. The 100 kg mass is suspended from three cables. Cable AC is equipped with a

turnbuckle so that
its tension can be adjusted and a strain gauge that allows its tension to be measured. If

the tension in cable AB is 200 N, what are the tensions in cables AB and AD?

|-n.4 m—=0.4 111—-|—-— 0.48 m—-|

Solution:

0.4 m—}=-0.4 m—-l-— 0.48 m —-|




XE. =0
sin57.99° =0.848 ; ¢0s57.99° = 0.531
sin36.03° = 0.588 ; c0s36.03° = 0.809
—Tyg-c0s01 + Ty..cos0, + Typ.cos6; =0

—106 + 0.53 T, + 0.81 T,p = 0

106 — 0.81 Tp
Tac = 0.53

SF, =0

(1

Tyg.sin0, + Ty..sin0, + Typ.sinf; — 981 =0
169.6 + 0.848 Ty + 0.588T4p —981 =0 (2)

Substituting the first equation with the second equation results:

106 — 0.81 Typ
169.6 + 0.848 ( X )+ 0.588 T, — 981

=0 (2)
169.6 + 1.6 (106 — 0.81 T,p) + 0.588 T,p — 981 = 0
169.6 + 169.6 — 0.81 Ty, + 0.588 T,p — 981 =0

1.6 (21.2 + 0.81 T,p) + 0.588 T, — 196.2 = 0

33.92 + 1.296 T, + 21.2 + 0.81 Ty, — 196.2 = 0

T,y = 128.36

1.884

Substituting the value of ( T4p) into the equation (1) to obtain the value of ( T, ) results in:

21.2 + 0.81(68.13)
Tap = 0.53

= 68.13 N

= 14414 N

{Answer: T yp = 144.1 N , T,p = 68.2 N}



7. A heavy rope used as a mooring line for a cruise ship sags as shown. If the mass of the
rope is
90 kg, what are the tensions in the rope at A and B?

Solution:

TAy =T, sinb5°

TBy = TE’ sin40°

Ta, = Ta cos55° N
L
! Ty, = Tg cos40°

882.9N

SE, =0
Tg cos40° — T, cos55° =0
0.766 Ty —0.575T, =0

0.575T,
T8 = 5766
Tg = 0.751 Ty (D)
2F, =0
Ty sin40° + T, sin55° — 882.9 = 0
0.643T5+0.819T, —882.9 =0 (2)

Substituting the first equation with the second equation results:
0.643 (0.751T,) + 0.819T, —8829 =0
882.9
4= 1302
Substituting the value of ( T) into the equation (1) to obtain the value of ( T) results in:
Tg = 0.751 (678.11) = 509.26 N

= 678.11N

{Answer: Ty = 679 N , Tg = 508 N}




Lhapter 4

Centroids and Centers of
Gravity




4.1. Introduction
A centroid is a weighted average like the center of gravity, but weighted with a geometric
property like area or volume, and not a physical property like weight or mass. This means
that centroids are properties of pure shapes, not physical objects. They represent the
coordinates of the "middle” of the shape.
To design the structure for supporting a water tank, we will need to know the weight of
the tank and water as well as the locations where the resultant forces representing
these distributed |nads act.
4.2. Objectives
. To discuss the concept of the center of gravity, center of mass, and the centroid.
2. To show how to determine the |ocation of the center of gravity and centroid for a
system of discrete particles and a body of arbitrary shape.
4.3. Centroids and Centers of Gravity
Acentroidis the geometric center of a geometric object: a one-dimensional curve, a two-
dimensional area or a three-dimensional volume. Centroids are useful for many
situations in Statics and subsequent courses, including the analysis of distributed forces,
beam bending, and shaft torsion.
Two related concepts are thecenter of gravity, which is the average location of an
object's weight, and the center of mass which is the average location of an object’s mass.
In many engineering situations, the centroid, center of mass, and center of gravity are all
coincident. Because of this, these three terms are often used interchangeably without
regard to their precise meanings.
Consciously and subconsciously use centroids for many things in life and engineering,

including:



. Keeping your body's balance: Try standing up with your feet together and leaning
your head and hips in front of your feet. You have just moved your body's center
of gravity out of line with the support of your feet.

2. Computing the stability of objects in motion like cars, airplanes, and boats: By
understanding how the center of gravity interacts with the accelerations caused
by motion, we can compute safe speeds for sharp curves on a highway.

3. Designing the structural support to balance the structure's own weight and
applied loadings on buildings, bridges, and dams: We design most large
infrastructure not to move. To keep it from moving, we must understand how the
structure's weight, people, vehicles, wind, earth pressure, and water pressure
balance with the structural supports.

4.4, Difference between Centre of Gravity and Centroid

. In an object, a center of mass is referred to as the point where the whole object's
mass is focused, which means the point's mass is represented as the whole
object's mass. The center of gravity of any object is the point where gravity acts
on the body.

2. 0On the other hand, the centroid is referred to as the geometrical center of a
uniform density object. This means the object has its weight distributed equally

across all body parts. If the body is homogeneous (having constant density), its

center of gravity is equivalent to the centroid.




CENTROID

Centre of gravity of a material body is The centroid of a plane figure is the
a point that may be used for a summary arithmetic mean position of all the
description of gravitational points in the figure. Informally, it is the
interactions. The centre of gravity of point at which a cutout of the shape
any body can also be determined by could be perfectly balanced on the tip
a simple physical procedure. of a pin

4.3. Equations for Centroids

The defining equations for centroids are similar to the equations forCenters of
Gravity, but with volume used as the weighting factor for three-dimensional shapes.
Centers of Gravity Equations

W, YW > mW;
sw;, T oW, S W,

T —

Centroids Equations

Vg _ M Vi M E
v, YT YW YV

T =

and areafor two-dimensional shapes

> TA, —=Z?:_"':'A-i
sS4 T T4

r =

If the shape has an axis of symmetry, every point on one side of the axis is mirrored by
another point equidistant on the other side. One has a positive distance from the axis,
and the other is the same distance away in the negative direction. These two points will
add to zero the numerator, as will every other point making up the shape, and the first
moment will be zero. This means that the centroid must lie along the line of symmetry if

there is one. If a shape has multiple symmetry lines, then the centroid must exist at their
intersection.



https://engineeringstatics.org/Chapter_07-center-of-gravity.html#center_of_gravity
https://engineeringstatics.org/Chapter_07-center-of-gravity.html#center_of_gravity
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Figure. Centroids lie upon axes of symmetry

Since rectangles, circles, cubes, spheres, etc. have multiple lines of symmetry, their
centroids must be exactly in the center as we would expect.

Table. Centroids of Commaon Shapes

Rectangle Triangle
.
L 7 . T
L= Z 1 3 h
1, R
| 1 =
t= * L h "
| -
T - =
2 ; 2 ‘ - S b~
3 # |- b
A = bh A=1Lph
Circle Semicircle
r -, _\ . ta
¥ > -
\- :2‘—7 = 0.4244r
o
A =mr? A =Lz
Quarter-Circle Sectors
//\
r O (23 C
= i (73
| 2- _ 0.4244, \\'\\/
v 3T

—-—— -

37— 0.4244r
T

A =1

j”["‘

Nore:
@ is in radians.

2rsina
3

A = ar?

Semiparabolic Area
|- b ,-I
|

B Sp
B |
5
I / sh
. A 2 x ;
Vertex — Parabolic ’}h "
e curve > +
=
Ar— : bh

Parabolic Spandrel

i i
Parabolic __ _7_/
107 5
|
3
=—h
'b 10
= b — 4
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4.B. Steps for Analysis

. Divide the body into pieces that are known shapes. Holes are considered as pieces
with negative weight or size.

2. Make a table with the first column for segment number, the second column for
weight, mass, or size (depending on the problem), the next set of columns for the
moment arms, and, finally, several columns for recording results of simple
intermediate calculations.

3. Fix the coordinate axes, determine the coordinates of the center of gravity of
centroid of each piece, and then fill in the table.

4. Sum the columns to get x, y, and z. Use formulas like.

x =Z'xl-.Li =ZyLLl 5 =ZZi.Li
c=7y1, © YT 3L, © Ty
X _in'Ai _Syi'Al 5 _EZl Al
C=7ya, * YT Tza 0 T T3a
. :2xl V; :Z'yl-.Vl , =EZl V;
c=Tyy, 0 YT Ty 0 AT Ty
X _in.mi _Z'yl-.mi 5 _ZZi.mi
¢ Emi ’ e Z'mi ’ ¢ Z'ml-




Example - 1

Locate the centroid of the wire shown in the figure below?

o =2 40mm
; 60 mm :
20 mm

Solution:

. The wire is divided into three seqments as shown in the figure below.

L

. 7‘/4%2() mm
12) (60) .

" =< 20mm
= 38.2 mm e o

w - .
R 60 mm (2 P~
> <Ol . o /'/7 X
10 mm { (3]

2. Moment Arms. The location of the centroid for each segment is determined and
indicated in the figure. In particular, the centroid of seqment (1) is determined
either by integration or by using the table .

Seg. | Ly(m®) |x;(m)|x;.L;(m?) y;(m) | y;.L;(m?) | z; (m) | z;.L; (m?)
| | n(60)=1885| 60 11310 —-38.2 —7200 0 0
2 40 0 0 20 800 0 0
3 20 0 0 40 800 -10 —200
Sum 248.5 11310 —5600 —-200




_ in 'Li _ 11310

- - — 455
Ty, T 2485 mm
- - — 225
Ye= Ty, ~ 2485 mm
T Ty, 2485 o

C = (45.5,—22.5,—0.805)

Example - 2

Locate the centroid of the plate area?

"o

m

Il m
{

-—{—2 m 3m I
Il m »

Solution:

Plate divided into 3 seqments. Area of small rectangle considered “negative”.

."

—2.5 m—

I

2m
v | )

ISm|lm




Solution Moment

Arm Location of the centroid for each piece is determined and indicated in the diagram.

Segment | A4; (m?) x; (m) x;.A;(m3) | y;(m) | y;.A;(m?)
1
| 5(3)(3) 1 4.5 1 4.5
=45
2 (3)(3) =9 -15 — 135 1.5 13.5
-(2)(1)
3 _ 5 - 25 5 2 —4
Sum 11.5 -4 14
Summations
T T4 T11s oremm
Ve = YA =115~ 1.22 mm
_ 2 Zi 'Ai _
="y T
C = (—0.348,1.22)
.‘-
I
I
I
g (C = —0.348,122)
1
2m |
; /
_dmp w L. .. A _
3 i X
[ : |
im | i I'!'I m |




Example - 3
Locate the center of mass of the bracket and shaft combination. The vertical face is
made from sheet metal which has a mass of 25 kg/m’. The material of the horizontal

base has a mass of 40 kg/m’, and the steel shaft has a density of 7830 Kg/m’. (Al

dimensions in the figure are in millimeters)?

Z
N

&
y
N 8
x 3 All Dimension in mm
Solution
Seq. V; (mm?) x; (mm)| x; .V; (mm?) | y; (mm) y; .V; (mm3) | z; (mm)| z; .V; (mm?)
| 36 10 360 1.5 54 g 96
2 216 4.5 972 1.5 324 4 864
3 192 1.5 288 7 1344 4 768
4 36 1.5 54 12 432 g 96
Sum 480 1674 2154 1824
Xr = = = 3.49 mm
)72 480
= = = . mm
Ye = "3V, T 480
_2Z1V1_1824_380
=Ty Tage N

C = (3.49,4.49,3.80) mm




Example - 4
A thin sheet, copper and aluminum  with thicknesses (tg = 0.03m,t, =
0.02m,t, = 0.04m and  densities,  (ps = 7850 Kg/m?3, p; =
8960 Kg/m3,p, = 2700 Kg/m?, consisting of a square and two triangles. is

bent to the depicted figure (measurements in meter). Locate the center of gravity?

Solution
The body is composed by three parts with already known location of centers of mass.

The location of the center of mass of the complete system can be determined from:

X :Z'xl-.mi :Z'yi.ml- 5 =2Zl'.ml'
¢ Z'ml- ’ Ye Z'ml- ’ ¢ Zml-
_Z'pi.xl-.Vi _ZPi-yi-Vi _Zpi'zi'vi

e~ Ip .V Ye = 2p;. Vi e 2p;. Vi

The total area is:
Vs =4%x4x%x0.03 = 0.48 m3

1
VC=5><4><3><0.02=0.12m3

1
VA=E><4><3><O.O4=O.24m3

XV; =048 +0.12 + 0.24 = 0.84 m3
2p; .V; =7850 % 0.48 + 8960 x 0.12 + 2700 x 0.24
=048+ 0.12 + 0.24 = 5491 Kg
Xp = Zpl X 'Vi
2p;. Vi



Je = 2p; .y Vi
© Ipy;
2 :Z’Oi.Zi.Vi

T Ipy;

Calculating the first area moments of the total system about each axis,
in each case one first moment of a subsystem drops out because of zero
distance: x, = 0, y4 = 0,and zg = 0. Thus, we obtain:

xemy +xgm,  2X3768+ (5x4) x 648

= = = 1.68m,
*e Tm, 5491 m
_ Xs.Mg.+xc.me.  2Xx3768+4+2X1075 176
Ye = m, - 5491 - em
Xc-Mg + Xgq-My 1x1075+ 1 %X 648
Zc = = = 0.31m

Im; 5491

C =(1.68,1.76,0.31) m




4.7. Finding the Centroid via the First Moment Integral

Centroid for Curved Areas

Taking the simple case first, we aim to find the centroid for the area defined by a function f(z), and the vertical lines & = a and

x = bas indicated in the following figure.

a Ar b
To find the centroid, we use the same basic idea that we were using for the straight-sided case above. The “typical” rectangle
indicated is z units from the y-axis, and it has width Az (which becomes dz when we integrate) and height y = f(x).

Generalizing from the above rectangular areas case, we multiply these 3 values (z, f(:l?) and Az, which will give us the area of
each thin rectangle times its distance from the z-axis), then add them. If we do this for infinitesimally small strips, we get the z-

coordinates of the centroid using the total moments in the 2-direction, given by:

_ total moments 1 b
¥= Tiotalarea E[l z f(z) dz

And, considering the moments in the y-direction about the x-axis and re-expressing the function in terms of y, we have:

total moments 1/
= = — d
Y total area Al yf(y) dy

Ty
—




Example - 5

3

Find the centroid of the area bounded by y = &, & — 2 and the z-axis.

Here is the area under consideration:

&

¥
y =1
8__

0 e 2 X
In this case,y = f(z) =z, a =0,b=2

We find the shaded area first:

2 4
16
Azfmgdmzlm—] — 4

Next, using the formula for the z-coordinate of the centroid we have:

b
T = %fﬂ zf(x)dz




1 d
1 p
7 Aly(xz z1)dy
a8

1 fle-v)

— 78
_ 12 3y
4 7

L 0
1T 3 % 128
—:1_64 - ]
—2.99

So the centroid for the shaded area is at (1.6, 2.29).




4.8. Chapter Questions

0; Locate the centroid of the area shown in the figure below?

I

120 mm €] { s

60 mm

{Answer: x; = 349 mm ,and y. = 100.4 mm}

0,: Locate the centroid of the area shown in the figure below?

L]
= 150 i =4 50 mm

{Answer: x; = 92.9 mm ,and y. = 85.8 mm}

Oz locate the centroid of the depicted area with a rectangular cutout. The

measurements are given in meter?

)

o e —

- 1o

xr

{Answer: x, = 3.77 m ,and y, = 2.18 m }




0, A wire with constant thickness is deformed into the depicted figure. The

measurements are given in mm. Find the Locate of the centroid?

40 mm

80 mm

30 mm

{Answer: y. = 5.08 mm }
Os: A thin sheet with constant thickness and density, consisting of a square

and two triangles, is bent to the depicted figure (measurements in meter). Locate the

center of gravity?

fe— oo —=

e 1

xc =171m, ve =157,and z; = 043 m}
Og: Locate the centroid of the area shown in the figure below?

y
|
(B8 12

{Answer: xo = 7.5m ,and y, = 5.08 m }




0;: Find the Locate of the centroid of the area shown in the figure below, by using

integration?

y=2(3—-x)




Solve Question

Home Work - 4




4.8 Chapter Questions

0; Locate the centroid of the area shown in the figure below?

[

/1 20 mm
120 mm Y &
~ 40 mm
20 mm
60 mm
- X
Solution
Part Area, A, Xi yi XA, yi A
1 10,800 45.0 120.0 486,000 1,296,000
2 2,700 30.0 40.0 81,000 108,000
3 -2,510 73.0 120.0 - 183,000 - 301,000
Totals 10,990 384,000 1,103,000
Xx;.A; 384000 34.94 2y;.4; 110300
Xc = = = 34.94 mm, = =
c=74 10990 e 10990
= 100.4 mm
Y
[
.f'/l_-
c |
[ ] AN
B
100.4 mm /
- _.,,-"‘. -_x
34.9 mm

{Answer: x; = 349 mm ,and y. = 100.4 mm}

0,: Locate the centroid of the area shown in the figure below?



Solution

;  2159218mm’

y

shape A(mm:) X (mm) iA(mmE) y (mm) ”A(mma)
A 20000 100{ 2000000 S0{ 1000000
B -2827.43 150| -424115 50| -141372
C -3926.99| 21.22066| -83333.3 50| -196350
D 10000] 66.66667| 6666667 133.3333| 1333333
23245.58 2159218 1995612

Xx;.A; 2159218

Yo = T T 3324558 JX0IMMy =
= 85.85mm

==929mm
23245.56mm*

1905612 mm'. % 8mm
2324558 mm*

Zy;.A; 1995612
A 2324558

{Answer: x = 92.9 mm ,and y. = 85.8 mm}




Oz locate the centroid of the depicted area with a rectangular cutout. The

measurements are given in meter?

Solution

y.ﬂ

T
2
1 1
f—— ]
3 1 1 2
IV
1 |11 - D
111

The calculation is conveniently done by using a table.

Segment | A; (m?) |x; (m) | x;.4; (m3) y; (m) |y;.A; (m?)
| 10 3.38 33.3 3.38 33.3
Il 4 2.67 2268 3.33 [3.32
[} 4 3.9 49 | 4
IV -2 3.0 -7 i -4
Sum 2 97.98 06.62
Thus, we obtain:
_ITnA 9798 _IyeA 5662 _
=T TTge T YeT T T T T 4O

{Answer: x; = 3.77m ,and y, = 218 m}



0, A wire with constant thickness is deformed into the depicted figure. The

measurements are given in mm. Find the Locate of the centroid?

40 mm
80 mm
30 mm
Solution
Y
i
i 40 mm
i 80 mm
i 30 mm
---------- —-3 X
_in.Ll-_30><15+80><30+40><50+80X70+30><85
=Ty T 30 + 80 + 40 + 80 + 30
=50mm
Zy;.L; 80 %40+ 40 x 80 + 80 x 40
Ve = = = 36.92mm

2L 30+80+40+ 80+ 30

{Answer:x. = 50 mm, y, = 36.92 mm }



Os: A thin sheet with constant thickness and density, consisting of a square

and two triangles, is bent to the depicted figure (measurements in meter). Locate the

center of gravity?

2 e 2
T
3
s
/'I 1

4

I
e

xr

Solution

The body is composed by three parts with already known location of centers of mass.
The location of the center of mass of the complete system can be determined from

. > pixi Vi . > piyiVi . > piziVi

A7 W A SN

Since the thickness and the density of the sheet is constant, these terms
cancel out and we obtain:

S A S yiA; > z:Vi
S A , Yo = S A, \ v = — .

iite)

rc =

The total area is:
1 1
A=2Al-=4><4+§><4><3+§><4><3=28m2

Calculating the first area moments of the total system about each axis,
in each case one first moment of a subsystem drops out because of zero
distance: x;; = 0, y;; = 0,and z; = 0. Thus, we obtain:

2
_ X Ap+xp Ay _ 2x16+ (§ X 4) x 6

Xc = 2 28 =1.71m,
Ve Aty Ay _2x1642%6
Ye = A - 28 - oim

1 1
_ ZH'AH + ZHI'AIH _ (§X 3) X 6 + (§ X 3) X 6

= = 0.4
Zc M >3 0.43m

{Answer: xo = 1.71m, y. = 1.57,and z, = 0.43 m }




0g: Locate the centroid of the area shown in the figure below, all dimension in m?

=<

12 ~i

AN v
g™ g5
Solution
- I 4
O m?) | x (m)| x4 (m) i (m) |y A (md)
| 120 B 120 5 BO0
| 3.3
2 30 j 47100 3 (00
- [.27
3 Y B -84.8 . -18
4 8 ; 6 | 39
Sum '257' 959 B0
Thus, we obtain:
XTTH Ta79 - N YT T T 1279
= 5.08m




{Answer: x, = 7.5m ,and y, = 5.08 m }
0;: Find the Locate of the centroid of the area shown in the figure below, by using

integration?

y=23—x)




Given:

y=2(3-x)
Find:

Centroid of area under curve
Solution:

Define element

Define integrals & solve

[, xdA J‘U* xy dx f(: x2(3 — x) dx f;(bx —2x*)dx Fx"—3x
[,dA [“* ydx - f; 2(3 — x) dx f:(() — 2x) dx

Given:

y=2(3-x)
Find:

Centroid of area under curve
Solution:

Define element

Define integrals & solve

32(3—x : '
f:_(_z_ﬁ «2(3 —x)dx _ j(;‘(m - 12x + 2x%) dx

_ 3y
- [,y dA - | %ydx -

== 3 : = : 3
Jadd — fJydx J; 2(3 - x) dx [, (6 — 2x) dx

18
=—=2m
9




Example Problem Solution

x & y of area
under the curve

{Answer: xo = 1m ,and yo =2m}




Lhapter o

Moments of Inertia




a.l. Moment of Inertia and Properties of Plane Areas

The Moment of Inertia (1) is a term used to describe the capacity of a cross-section to
resist bending. It is always considered with respect to a reference axis such as (X-X) or
(Y-Y). It is a mathematical property of a section concerned with a surface area and how
that area is distributed about the reference axis (axis of interest). The reference axis is
usually a centroid axis. The moment of inertia is also known as the Second Moment of the

Area and is expressed mathematically as:

Where:

y = distance from the x axis to area &/

x = distance from the y axis to area d4
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a.2. Application of moment of inertia

The crank on the oil-pump rig undergoes rotation about a fixed axis that is not at its
mass center. The crank develops a kinetic energy directly related to its mass moment of
inertia. As the crank rotates, its kinetic energy is converted to potential energy and vice

VErsa.

|s the mass moment of inertia of the crank about its axis of rotation smaller or larger

than its moment of inertia about its center of mass.




a.3. Radius of Gyration

The radius of gyration of an area with respect to a particular axis is the square root of
the quotient of the moment of inertia divided by the area. It is the distance at which the
entire area must be assumed to be concentrated in order that the product of the area
and the square of this distance will equal the moment of inertia of the actual area about
the given axis. In other words, the radius of gyration describes the way in which the total
cross-sectional area is distributed around its centroidal axis. If more area is distributed
further from the axis, it will have greater resistance to buckling. The most efficient
column section to resist buckling is a circular pipe, because it has its area distributed as

far away as possible from the centroid. Rearranging we have:

w
=
I
2|

=
I
|

Py

k,= |-

The radius of gyration is the distance k away from the axis that all the area can be

concentrated to result in the same moment of inertia.



9.4. Polar Moment of Inertia

lp = Jap’dA
I, = [a(x*+ y*)dA
lp = Jax2dA + [ay?dA

=1+

In many texts, the symbol J will be used to denote the polar moment of inertia.

J=1.+1,
Shear stress formula:
— Tr
T
a.3. Product of Inertia
lyy = [aXydA

Consider the following:

O

|t an area has at |east one axis of symmetry, the product of inertia is zero.




a.B. Properties of Plane Areas

1 y Rectangle (Origin of axes at centrond.)
b h
Y | = bh \ }
2 2
h v
! bh? hh*
' [, !
12 2
bh :
l,,=0 l, l\th' + bh7)
2 b Rectangle (Onigin of axes at corner.)
i 1 bh? b
/ /
{l \ ! V 1
O =l ' bhih’ bh , bk’
R7 o= Ly 4 Iy = : (h* + b%) Ty 6(b° + h)
3 J g & Triangle (Origin of axes at centroid.)
| /\ (b _bte
1 i i T
(14 X
"L )'1 \ bh? bi
2 Vi
‘ ¥— I.= : l,=—(b* —be + ¢
36 - S0
G-2) L=+ B =bet
':y_7—2'( —...() p——36(1+)—(‘ c)
4 |¥ ol Triangle (Origin of axes at vertex.)
B— B
I bh? y bh §P3. At o2
'l' Ul TRY e
i —— bh bh?
- R lxy’_w(Bh—z(" I”"= 4‘
5 4 Isosceles triangle (Origin of axes at centroid.)

- 4h* = 3b%) 1 i
’-144( ' D

(Note: For an equilateral triangle, h = /3h/2)




6 -I- y Right triangle (Origin of axes at centroid.)
h A= _b_h 30 h J= ﬁ
il W £ o
I B bh® kb b

— == 1
t36 ¥ 36 i 72

bh bh*
- h? + b Low =
I, 36 (h* + b7) B

Right triangle (Origin of axes at vertex.)

B B
T bh? hb? h*h?
0

g o

bi bh?
P f,,_l’z'(hufﬂ) e

4

8 ¥ Trapezoid (Origin of axes at centroid.)
2
\ ha+b) _ h(2a+b)
2 3(a + b)
h*a* + 4ab + b*) - h3a + b)
* 36a+b) 12
Cirele (Origin of axes at center.)
nd* ot md*
A=nrt=— l,=1,=—=—
4 4 64
" 5 g ot md? o Sar  Smd*
- P2 32 T4 64

Circular ring (Origin of axes at center.)
Approximate formulas for case when  is small.

wd>t
A= 2mrt = ndt I,=1,=n’t= 2
I,=0 I,=2m%=""
® = _ -Rr =
¥ P 4
11 ¥ Semicircle (Origin of axes at centroid.)
nr? 4r
A=— j=—
/< G 2 3n
y £ 9n? — 64t ré
B B [ L S e
2= 8
art

Ix,‘=0 Igng




12 y

Quarter circle (Origin of axes at center of circle.)

Quarter-circular spandrel (Origin of axes at vertex.)

A-—-—(l —Zt-)r’
4

2r (10 = 3n)r

= ~ 0.7766 y = ~ 0.2234
3 —7x) R S T g

5 1
= (1 = —")r‘ ~ 0018257 I, =1lpy = (- - E)r‘ ~ 0.1370r*
16 3716

a.7. Moment of Inertia of Composite Areas

In the context of calculating the moment of inertia, acomposite areais an area consisting of several
non-overlapping (disjoint) sub-areas. The boundaries specifying the sub-areas can be explicitly
declared by the geometry or arbitrarily chosen. Considering an area as a composite area is to
simplify the calculation of the moment of inertia of the whole area. having simp/eshapes with already
known or given formulations of moments of inertia. To find the moment of inertia, the following table

and equations are applied:

Part A dx dy A, di? A, dy? Ixg lyg
(mm) (mm) (mm) (mm") (mm") (mm") (mm"*)
|
2
3
Total JA.d: | ZA.d5 | Zly ) N

I, =21, +ZA.d;
I, =2l + XA .d}

I;=1,+1,
I
ky= |=
* A
I
k,= |-
A




a.8. Parallel Axis Theorem
Iy = lyc + Ad?
ly = lye + Ad®

The moment of inertia of an area with respect to any given axis is equal to the moment of
inertia with respect to the centroidal axis plus the product of the area and the square of
the distance between the 2 axes.

The parallel axis theorem is used to determine the moment of inertia of composite
sections.

a.9. Solved Examples
Example 1.

Determine the moments of inertia of the rectangular area about the centoidal
(xo and y,) axes, the centroidal polar (z,) through (C), the x-axes, and the polar axis
(z) through (0). If (h=6mandb =2m)

Yy Yo
I (

L
I

9+__ -
f
h—‘e-rr-&
[

h=bm — 3
T

iy

A=bh=2x6=12m?

o
|"H b=2m _"I

Solution:

By interchange of symbols, the moment of inertia about the centroidal (x, — axis) is:




x:fysz
h/2 h3 h3
J 2 pdy=b v —b <?)+<§> B L1 B
y'y_'sh_'s 3 |77 22|12
) —h/2

I —1><2><63—432—36 4
x—12 - 6 = m

By interchange of symbols, the moment of inertia about the centroidal (y, — axis) is

I, = f x*dA
b/2 b3
_ , x3)"? (8) 2b3 1,
I, fx .hdx=h.? =h. 3
~b/2 —b/2
I, = 1 X 6% 23 = i = 4m*
Y T 12 2"
The centroidal polar of inertia is:
h=L+1,

7 Y3, 13 _ 1 2 2y _ 1 2 2y _ 4
IZ_1zbh +12hb —12hb(h +b)—12><6><2><(2 +6) =40m
By the parallel - axis theorem the moment of inertia about the x-axis is:

I, =1, + Ad?
_1.,.,3 Ez_i 3 6% _ 4
L=—bh*+A(5) ==x2x63+12x% =144 m

Also obtain the polar moment of inertia about (0) by the parallel axis theorem, which gives the

following:
1,=1,+ Ad?
b\ (h\] 1
—_ 2 2 — _ [ 2 2
Iz—le(b h)+A[(2> +(2)] A + 1)

1
=§><12><(22+62)=272 m*



Example 2.
The cross-sectional area of a wide-flange |-beam has the dimensions shown. Obtain a

close approximation to the handbook value of by treating the section as being composed
of three rectangles.

.
|
|
E—
g
= 17.6
Solution:
1
e
N B
l L 2! 460mm
424 8| |
1|3l—>—-<—:
! |
_Ll_/ \_‘j_
e— 159 —"Hm
Bart A dx dy A, dx’ A, dy? Ixg lyg
(m) (m) (mm) (m") (m") (m") (m")
| TR140 0 0 0 0 | m8avozooo | 154087695
7 | 28827 %45#%:44.275 0 | -58BRSIE863 | 0 | -45004223791 | -12377879.61
3| 2887 %‘*ﬂ%:%m 0 | -S86BSI6BE3 | O | -45004293791 | -I2377874.6
Y | 13286 733033726 | 0 | 389BI7524/8 | 179.331935.78

I, = Zlg + XA .d2 = 389617524.18 + 0 = 389617524.18 mm*
I, = XL+ ¥A.d% = 129.331935.78 — 117330337.26 = 12001598.52 mm*
I; = I, + I, = 389617524.18 + 12001598.52 = 401619122.7 mm*

o _ |L_ [s8o61752418
*= a7 13286  oeomm

I, 12001598.52
k,= |=+= |—555— =30.06 mm

A 13286

o |l [ao16191227
2= |4~ 13286 ~/=>evmm




Example 3.

Determine the moments of inertia about the x- and y-axes for the shaded area. Make
direct use of the expressions given in Table | for the centroidal moments of inertia of the

constituent parts.

Solution:

The given area is subdivided into the three subareas shown a rectangular (1), a quarter
circular (2), and a triangular (3) area. Two of the subareas are "holes” with negative
Centroidal
X0 - yO axes are shown for areas (2) and (3), and the locations of centroids £ and C3

dreds.

|—40 mm-——4(0 mm#

are from Table |. The following table will facilitate the calculations.

=3
rfc‘;%;x
’/;?;)mﬁm
F=4%”=12.73mm J%pjr
Part A dx dy A, dd A dy’ Ixg lyg
(mm) (mm) (mm) (mm’) (mm’) (mm’) (mm’)
I 4800 4] 30 7680000 | 4320000 | 1440000 | 2560000
Z -707.18 12.73 4727 | -114600.57 | -1580160.4 | -44452.8 | -44452.8
3 -600 B6.67 10 -7666333.34 | -B00O00 | -30000 | -53333.33
Total | 3492.82 4898466.09 | 2679839.6 | 1365547.2 | 158213.87

I, = 2l + 2A.d% = 1365547.2 + 2679839.6 = 4045386.8 mm*
I, = 21,4 + XA .d% = 158213.87 + 4898466.09 =7360679.96 mm*
I; = I, + 1, = 4045386.8 + 7360679.96 =11406066.76 mm*

40453868 _
7349282 mm

7360679. 96
3492.82

y

j;_

J

= 45,906 mm



o _ | _ [1140606676
2= |4~ | 349282  °/ormm

Example 4.
Determine the moment of inertia of the area shown in figure below about the x-axis.
[~— ll)(]mma{
'
25 mm 75 mm
Fo
75 mm
. X

Solution:

Composite Parts. The area can be obtained by subtracting the circle from the rectangle
shown in figure below. The centroid of each area is located in the figure. Parallel-Axis
Theorem. The moments of inertia about the x-axis are determined using the parallel-axis
theorem and the geometric properties formulae for circular and rectangular areas ( Ix =

mr/4: Ix = bh*/12). found in table |

=— 100 mm ﬂ
75 mm 25 an
75 mm
:
Part A dx dy A dy’ A dy Ixg lyg
(mm) (mm) (mm) (mm®) (mm’) (mm’) (mm’)
I (2000 a0 Ta 37000000 | 84375000 | 28125000 | 12500000
Vi -1964.29 a0 Ta 4910725 | -1049131.25 | -306919.64 | -306919.64
Total [303a.7 32589275 | 73325868.75 | 2781808036 | 12193080.36

I, =X, +2A .djz, = 27818080.36 + 73325868.75 = 101143949.11 mm*
I, =X,y + 2A .d% =12193080.36 + 32589275 = 44782355.36 mm*

I, 101143949.11
k,= |== = 88.09 mm

A 13035.71

o _ | _ |4478235536 _
y= |4~ 71303571 oo™




Example 3.
Determine the moments of inertia and the radius of gyration of the shaded area with

respect to the x and y axes.

0.5m-» |«

Solution:
O.Sm—ﬂ ‘2my=2m~ r—O.Sm
B ‘;_‘rd\ﬁ 2m
- ae
& FE"C I m
05m-» [+ ! | |+0.15n1;
Part A dx dy A | AL dy g lyg
(m) (m) (mm) (m') (m') (m') (m')
A 30 0 I 0 I all 2.5
B -8 I i I -32 -2.67 -10.67
C -4 I l.a I -9 -0.33 -0.33
X 8 I -4 87 4B.5

I, = Zlyo + ZA .d5 = 87 — 41 = 46mm*
I, = 3L, + ZA.d2 = 785 — 24 = 54.4 mm*

k. = L _ 46—1599
x — A_ 18— . mm
k= 2= [22 607
y= AT |T1g T oY/ mm




a.10. . Chapter Questions

0, Determine the moment of inertia of the section relative to the x-axis?

y
J, H-[lﬁ m—-‘
0.2m
0.6m
| A) I, = 109.6 (10") mm*
02m | B) I, = 163.6 (10°) mm*
X
l hz—j C) I, =224.0(10°) mm*
e 0.6 m—] D) I, = 298.5 (10%) mm*

0,: Determine the moment of inertia of the section relative to the x-axis?

200 mm

A) I, = 6.0(10%) mm*
B) I, = 9.0 (10°) mm*
C) I, =12.0(10% mm*
D) I, = 15.0 (10%) mm*

Vv
\

40 mm

- 120 mm -

05: Determine the moment of inertia of the shaded area with respect to the x - axis?

{Answer: I, = 92.3 x 109m* }

0,: Determine the moment of inertia of the area shown in the figure?



Yy
12 mm 12 mm

|—— 24 mm —={=—24 mm —'-l T

{Answer: 1, = 39 X 10* mm*}

0s: Determine the moments of inertia and the radius of gyration of the shaded area with
respect to the x and y axes and at the centroidal axes?

y
1 cm 1 cm
s >
5cm
1 cm
- J x
“ 5cm i

{Answer: I, = 145 cm* [, = 51.25cm* [, = 51.25cm* K, = K, =
1.848 cm}

Og: : Determine the moment of inertia of the area and the radius of gyration shown in the
figure?

{Answer: I, = 10.47 x 10 mm* ,K, = 1.848 cm}




[;: Determine the moment of inertia of the shaded area with respect to the x - axis and
y-axis?

1060 mom

200 mm S

{Answer: I, = 45.7 X 10® mm* ,I, = 53 x 10® mm*
y




yolve Huestion

Home Work - a




a.10 Chapter Questions

B, Determine the moment of inertia of the section relative to the x-axis?

y

—

0.8 m—-|

0.2m

Solution:
A=w.L
1 I, _ Iy
Ixoﬁbh:‘:kx:\/; :ky—\/;
Part A dx dy Add | AL dy g lyg
() (m) (mm) (m') (m') (m') (m')
| 0.16 0 0.9 0 0.1296 0.00053 | 0.008353
i 0.12 0 0.9 0 0.03 0.0036 0.0004
3 0.12 0 0.l 0 0.0012 0.0004 0.0036
)X 0.4 0 0.I608 0.004a3 0.01253

I, =2l + ZA .dj = 0.00453 + 0.1608 =0.1733 m* = 173.3 (10°) mm*
I, = 2l + 2A.d% = 0.01253 4+ 0 = 0.01253 m* = 125.3 (10°) mm*

k., = Le_ 91733 _ 0.43325m = 433.25
e oz Y m = 25 mm
I,  [0.01253
ky = Z = 04 =0.177m =177 mm

0,: Determine the moment of inertia of the section relative to the x-axis?




= 3 /’ 20 m'|,m )

Z 40 mm

-— [ 2mm —

A) I, = 6.0(10%) mm*
B) I, = 9.0 (10°) mm*
€)1, =12.0(10% mm?*
D) I, = 15.0 (10%) mm*

Solution:

A=w.L : A=m.r>;: x=0.424r

I, = 1—12bh3: I, =1, = ’Z—T 1y, =0 0109814 I, = ’%4
Part A dx dy A, dd A dy’ Ixg lvg
(mm’) (m) (mm) (m') (m') (m") (m")
| 9600 B0 0 34260000 0 (20000 | 138240000
7 75(h4 | 136.98 0 | 47852098 | 0 | (00570 | 28I088
3 -1757.2 120 0 -18103680 0 -125720 -125720
> [08a7.2 B3621539.8 0 BOO0040 | 138395368

I, = Zleo + LA .d% = 6000040 + 0 = 6 (10%) mm*
I, = I, + ZA .d2 = 138395368 + 63621539.8 = 202.02 (10®) mm*

o _ |l _ [6000040

x= 4~ |108572 — <o ™M
= I _ 202016907 _ 13641
y= |4~ |[T108572 ~ OO




05: Determine the moment of inertia of the shaded area with respect to the x - axis?

4—240mm—-'

x
Solution:
A=w.L ; A=m.1*; x=0.424r
1 3 nd* (92 -64)d* 4
Ixo_Ebh ' Ixo_IJ’o_E ' IxO—T—O.1098T
¥ . rt
Yo g
y
' 240 mm |
Area Moments of Inertia
r=90 mm 1
Example: Solution 'ZOT_"
y SOLUTION: .
A 4 ¢ Compute the moments of inertia of the bounding
a=382mm rectangle and half-circle with respect to the x axis.
120 mm
b=81.8mm Rectangle:
* 1, =1bhr* =1(240)120)° =138.2%x10° mm*
Half-circle:
= ﬂ — M =382 mm moment of inertia with respect to AA’,
3w 3 I, =1n*=17(90)* =2576x10°mm*
b=120-a=81.8 mm : 8 8
Am izlzrz =%7r(90)3 Moment of inertia with respect to x’,

S - I, =1, - Ad* =(25.76x10°)-(12.72x10° )38.2)

=7.20x10° mm”*

moment of inertia with respect to x,

I, =1,+Ab> =7.20x10° +(12.72x10° |8 1.8)’

=92.3%x10° mm”*




{Answer: I, = 92.3 x 10°m* }

0,: Determine the moment of inertia of the area shown in the figure?

v
12 mm 12 mm

Solution:




SOLUTION 0

A

¥ I=(L+4d2) + T+ 4d )+ (. + 4d ),
12 mm|12 mm ' . '
e —[L A6 + (24627,
Smm —m |e— T 1 .
d ;24 mm +[—(8)(48)" +0],
i 12
o' 1 X 1 ; :
3 [ 240 +[ 486 + @8 x 62N’
_C s | Gum 1.=390x10° mm* <=
24 mm 24 mim 3
k,= I—‘=J 390x10 =21.9mm{—
A [(24x6)+ (8x48) +(48x=6)]
0 0 0
1= +ad), + (3, 44000, + (3, + 40
1 1 1
Z[E (6)(24)°], +[E(43){3) Iz +[E (6)(48)° ],
I=643x10° mm* ¢ - iz\{ 64.3x10° 88T
: A [(24 = 6)+ (8= 48) + (482 6)] :

{Answer: I, = 39 x 10* mm* }

0s: Determine the moments of inertia and the radius of gyration of the shaded area with
respect to the x and y axes and at the centroid axes?

1 cm A 1 cm
o >l
5cm
1 cm
< N *
5cm '
Solution:
A=w.L




R St IS SRR
35 ¥
1 cm I XN

4
%

Yy 4= y4

2[(3.5)(5=1)]+(0.5)(1=5)
3(5x1)

}_7':

=25cm
* Moments of inertia about x axis

1 2y 3 % 42 l 3
I, —2[(5(1)(3) +(5x1)(3.5) ]+ 3(53'(13'

=145 em*

* Moments of inertia about centroid

I=I-4d]
=145-(15)(2.5)°

=5125em’?

—

OR
1= z[(li,J WE) +(GxD)1]
1 3, rc 2
SO’ +GxD)]

=5125cm’*

I=1= 2[(%{5)(1)3 +(5x 1:-(2)3]%(1){5)3

=5125em”

;a:a:\ﬁ:
’ : A

— =1.848 cm

5 s

51.25
1

{Answer: I, = 145 cm* [, = 51.25cm* [, = 51.25cm* K, = K, =

1.848 cm}

Og: : Determine the moment of inertia of the area and the radius of gyration shown in the

figure?

Solution:




~ 100 x 100 N 3.143 x (100)%2  3.143 x (50)2
L 2 8 4
Ap = 5000 — 3928.75 — 1964.375 = 89 mm?

rt

8

nd* _ (9n*-64)d3

_1 3. _ _md” | _ 4, _
Ixo—Ebh s I, =1, = i R p—— =0.1098r%;1, =

{Answer: I, = 10.47 x 10® mm* }

[;: Determine the moment of inertia of the shaded area with respect to the x - axis and
y-axis?




{Answer: I, = 45.7 x 10° mm* , I, = 53 x 10° mm*}
[5: Determine the moment of inertia of the shaded area with respect to the x - axis?

’I——ww—-|

Solution:
A=w.L ; A=m.1*;
x=0.424r =38.16 mm



1 nd* 9% -64)d*
I, ==bh3: I, =1, =" . "= Or 2L = 0.1098 1*
Ay, = %
Part A dx dy | Ad | ALdy g Iy
(m’) (m) (mm) (m') (m') (m') (m')
| 28800 120 G0 864000 216000 | S4abB0000 | 138240000
i -20438.3 | 120 8l.84 1178496 |  sas1ae.s | -2al16aZ8.7a
) 33417 2042496 764146.8 8783471.25

I, =21, + 2A .djz, = 8783471.25 + 764146.8 =9547618 mm*
I, =X,y + 2A .d2=0.01253+ 0 = 0.01253 m* = 125.3 (10°) mm*

k. = Le_ 01733 _ 0.43325 m = 433.25
*= 142~ 1704 m=%33.2omm
k., = Ly _ 001253 _ 0177 m = 177
y = A = 0.4 = U. m = mm




Lhapter b

Friction




B.1 Introduction

When two surfaces are in contact, these surfaces were either frictionless or rough.

A. If they were frictionless, the force each surface exerted on the other was normal to the

surfaces and the two surfaces could move freely with respect to each other.

B. If they were rough, it was assumed that tangential forces (Friction force) could develop to

prevent the motion of one surface with respect to the other.

Friction is the force that resists the movement of two contacting surfaces that slide relative to
one another. This force always acts tangent to the surface at the point of contact and is directed

so as to oppose the possible or existing motion between the surfaces.

6.2 Law of Friction

The laws of friction are exemplified by the following experiment.

1. A block of weight W is placed on a horizontal plane surface.

W

Bl s

N
2. A horizontal force P is applied to the block. If P is small, the block will not move; some
other horizontal force must therefore exist, which balances P.This other force is the static

friction force F.

!\\'

‘[u:

Eol

|
N




3. If the force P is increased, the friction force F also increases, continuing to oppose P, until

its magnitude reaches a certain maximum value F.

4.1f P is further increased, the friction force cannot balance it anymore and the block start

sliding.
NOTE:

If N reach the point B before F reaches its maximum value, the block will tip about B before it can

start sliding.

5.As soon as the block has been set in motion, the magnitude of F drops from Fm to a lower

value Fy(kinetic friction force).

Impending
Motion
|
Static frictiod Kinetic friction
no motion) | (motion)

Fows =i N7 Fa-ia N

R/
A %

Then from the previous experiment;

The value Fn, of the static friction force is proportional to the normal component N
F,, = usN

Where

U is the coefficient of static friction

The magnitude Fx of the kinetic friction force may be put in the form

Fx = ugN

Where




Uy is the coefficient of Kinetic friction

NOTES
1. The maximum frictional force F is proportional to the normal force N.
2. The limiting static friction force is greater than the kinetic frictional force.

From above, there are four different situations can occur when a rigid body is in contact with

a horizontal surface:

1. The forces applied to the body do not tend to move it along the surface of contact; there is

no friction force.

p— ]

w
!
|
1 F=0
N|N=P-W

a)No friction

2. The applied forces tend to move the body along the surface of contact but are not large
enough to set it in motion. The friction force F which has developed can be found by solving
equation of equilibrium for the body. Since there is no evidence that F has reached its

maximum value, the equation F,, = pgN cannot be used to determine the friction

force.
- F=P,
P,
P‘PI; i F <N
= N=PFk+W
F
N

b)No Motion




3.The applied forces are such that the body is just about to slide. We say the motion is

impending. The friction force F has reached its maximum value Fm and, together with the
normal force N, balances the applied force. Both the equations of equilibrium and the equation

Fn = usN can be used.

: F,, =P
p Y mT
By [N} Fn = 1N
Px
N=P +W

’H"r.’n

N

c)Motion impending

4. The body is sliding under the action of the applied forces; and the equations of equilibrium

do not apply any more. However, F is now equal to Fk.

P \"‘\ Fr <P
RS F = N
T N=R+W
N
d) Motion

B.3 Coefficient of Friction

The coefficient of static friction p, is defined as the ratio of the magnitude of the maximum
static frictional force F, to the magnitude of the normal force N, between the two surfaces. It
is depend on the nature of the surfaces in contact.

ﬂszw'

Approximate values of coefficient of static friction for various dry surfaces are given in the

following table. The corresponding values of the coefficient of kinetic friction would be about

25 percent smaller.




Surface in contact s

Steel on steel 0.4-0.8
Wood on wood 0.2-0.5
Metal on stone 0.3-0.7
Rubber on concrete 0.6-0.8

B.3 Angle of Friction

Consider a body of weight W resting on an inclined plane.

Let the angle of inclination (&) be gradually increased, till the body just start sliding down the
plane. This angle of inclined plane (¢), at which a body just begins to slide down the plane, is
called the angle of friction. This is also equal to the angle, which the normal reaction makes
with the vertical.
F

tang= = i,

b.4 Types of Friction Problem
Type 1. No apparent impending motion.

Type 2. Impending motion at all points of contact.

Type 3. Impending motion at some points of contact.

Type 1

Problems in this category are equilibrium problems, which require the number of unknowns
to be equal to the number of available equilibrium equations. Once the frictional forces are

determined from the solution, their values must be checked to be sure they satisfy F < u N

; Otherwise, slipping will occur and the body will not remain in equilibrium.




Al — o » llm.\i ]llll-h‘l

pA=03 ucC — 05 T‘ Tﬂ:

N, Ne

In this case the total number of unknowns will equal the total number of available equilibrium

equations plus the total number of available frictional equations F = uN.
When motion is impending at the points of contact, then F = uN ;

whereas if the body is slipping, then Fj, =

VA T
Ha :7’-‘3 -
Finding the small angle at which the 100Nbar can
be placed against the wall without slipping.

Type 3

In this type, the number of unknowns will be less than the number of available equilibrium
equations plus the number of available frictional equations or conditional equations for

tipping. As a result, several possibilities for motion or impending motion will exist and the

problem will involve a determination of the kind of motion which actually occurs.




—F
,/‘ Fed
4 & -
pa =03 pe=105

Determine the horizontal force P needed to

cause movement.




Examples

Example(1):-

The uniform crate shown in figure has a mass of 20kg. If a force P=80N is applied to the

crate, determine if it remains in equilibrium. The coefficient of friction is 0.3.

Solution:- 0.8m
P=80N '
- Z FX = 0 20 ‘
80cos30—F=0 F=69.3N« 02m ! A I
1) Fy=0
. 196.2N
—80sin30 4+ Nc—196.2=0 Nc=236.2N1 wedat Ll Mok
OY M, =0 30 -
0.2mi

80sin30(0.4) — 80cos30(0.2) + Nc(x) =0

i 0 F
x = —0.00908m = —9.08mm . |

No tipping will occur since:- Ne
1x<0.4m F.B.D.
2.F = 69.3 < F,,x = tNc = 0.3(236.2) = 70.9N

.The crate was still in equilibrium.




Example(2):-

It is observed that when the bed of the dump truck is raised to an angle of 6=25 the vending
machines will begin to slide off the bed, determine the static coefficient of friction between a

vending machine and the surface of the truck bed.

Solution:-
From the F.B.D

—>ZFX=O

Wsin25-F=0 @9)

XF,=0
“1sm
N — Wcos25 =0 2) L Tism
From Egs (1) and (2) i *
f T
F=pN  Wsin 25 = p(Wcos 25) ,f'{ . FA
L Y
u =tan25 = 0.466 R _st "'{';'f ,
e / 25m
or from angle of friction p153. 0= BT —
1.3m
1.5m

7J-

Ty 25m
ﬁl .'




Example(3):-

A body, resting on a rough horizontal plane, required a pull of 180N inclined at 30° to the

plane just to move it. It was found that a push of 220N inclined at 30° to the plane just moved

the body. Determine the weight of the body and the coefficient of friction.

Solution:-
From a pull of 180N;

1Y Fy=0
N1-W+180 sin 30°=0
N1=W-180 sin 30°=W-90

—>ZFX=O

180 cos 30°-F1=0

F1=180 cos 30°=180x0.866=155.9N
F1=Fmi=ps N1=ps(W-90)

155.9= ny(W-90) 1)
From a push of 220N

XF, =0

N2-W-220 sin 30°=0

N2=W+220 sin 30°=W+110
-YF,=0

F2-220 cos 30°=0

F2=220 cos 30°=220x0.866=190.5N
F2=Fo=ps N2=p(W+110)

190.5= py(W+110) )
Dividing (1) by (2)

1559  ps(W-90) W-90

190.5 p(W+110) W+110

180N

Fl . L]

220N

F2 __w




155.9W+17149=190.5W-17145
34.6W=34294

W=991.2N

Now substituting in (1)
155.9=115(991.2-90)=901.2 5
n=0.173

Example(4):-

A n inclined plane is used to unload slowly a body weighing 400N from a truck 1.2m high
into the ground. The coefficient of friction between the underside of the body and the plank is
0.3. State whether it is necessary to push the body down the plane or hold it back from sliding

down. What minimum force is required parallel to the plane for this purpose.

Solution:-

t —12—05 = 26.5°
ana =-—=05 a=26.

1.N=W cos a=400 cos 26.5°=357.9N

F, = 4N =0.3 X 357.9 =107.3N '

Resolving the 400 N along the plane. b ——
=400 sin 0=400x%sin 26.5°=178.5N

The force along the plane (which is responsible for

sliding the body) is more than the force of friction;

therefore, the body will slide down.

It is not necessary to push the body down the plane;

rather it is necessary to hold it back from sliding

down.

2.P=178.5-107.3=71.2N

400 N




Example(5):-

Determine the magnitude and direction of the friction force acting on the 100kg block shown
if, first,P=500N and, second, P=100N.The coefficient of static friction is 0.2,and the

coefficient of kinetic friction is 0.17. The force is applied with the block initially at rest.

Solution:-

There is no way of telling from the statement of the problem

whether the block will remain in equilibrium or whether it

will begin to slip following the application of P, therefore

assume the block is in equilibrium; y
\ I00I9.81) 9811\'
- Z F, =0 \ _-X
" P— ’:‘3
Pcos20 +F—981sin20=0 =k
=20 F .1

1) Fy=0
F.BD.

N—Psin20—-981cos20 =0

1.P =500 N subs in above eqs F =—-134.3N N =
1093N

Fmax = UN = 0.2(1093) = 219N
F < Fihax then the assumption was correct F = 134.3N

down the plane

2.P =100 N subs in above eqs F = 242N N = 956N
Fmax = N = 0.2(956) = 191.2N

F > Fhax then the assumption was incorrect

Fr = wN = 0.17(956) = 162.5N up the plane




Example(6):-

The ladder has a uniform weight of 80N and rests against the wall at B.If the coefficient of

friction at A and B is 0.4, determine the smallest angle 6 at which the ladder will not slip.

Solution:- e
Since the ladder is required to be on the verge to slide
down, then:-

Fpo = uN, = 0.4N,

FB = HNB = 04‘NB

From the F.B.D.

—>ZFX=O

04N,—Ng=0 N=04N, (1)

1Y Fy =0

Np+ 04N —80=0 (2)
Solving eqs,(1) and (2)
Ny = 6897N N = 27.59N

UY M, =0 F.B.D

0.4(27.59)(15 cos 0)
+27.59(15sin0) —80cos6(7.5) =0

413.79sin0 — 434.48cos6 =0
sin @ _ 434.48

56 Eigge 02 @=464

tan @ =




Example(7):-

Two blocks A=100N and B=150N are resting on ground. Coefficient of friction between
ground and block B is 0.1 and that between block B and A is 0.3. find the minimum value of
weight P in that pan so that motion starts. Find whether B is stationary with respect to ground

and A moves or B is stationary with respect to A.

Solution:-

1.B is stationary and A moves

F.B.D of block A 4- g
A
1Y Fy=0 p

TITITTITITTTTTTTTTTTTITITTTTTTT T
N; +Psin30—-100=0

N; =100 —Psin30 100 N P
- Z E =0 30°

A
Pcos 30 -0.3N; =0 A
Pcos 30 — 0.3(100 — Psin30) = 0 ] 0.3 N,
P =29.53N N,

2.A and B are moving together FBD of Block A

F.B.D of block A and B (100 + 150) N P

! Z Fy =il 30°

N, — 250+ Psin30=0 (u=0.1)
N, = 250 — Psin 30 B
- ZFx =0 I:\rz

Pcos 30 —0.1N, =0
P=2729N .~ P =27.29N

e f—

FBD of Block 4 and B Together




Example(8):-

Three blocks are placed on the surface one above the other. The static coefficient of friction
between the blocks and block C and surface is shown in the figure. Determine the maximum

value of P that can be applied before any slipping take place.

Solution:- -
J e :
1.Block A has impending motion and blocks B and 80N —_—
C remain intact Nl _
F.B.D of block A g 1 =025
40N ¢
/. iz LSS '“ = “ l<
1 3=
N, —80=0 . N; =80N 12\’() N
o Z Fx —
p A
04N, —P=0 P =32N «
0.40 N, l
2.Blocks A and B together have impending motion N,
and block C remains intact. FBD of Block A

F.B.D of blocks A and B

lcxn £ 50) N
1Y Fy =0

N, — (80 +50)=0 - N,=130N P — 2

S 2 F =0 B
0.25N, —P =0 P =325N « 025N,

3. All the three blocks together have impending Vs

motion. FBD of Block A and Block B
Together




F.B.D of blocks A, B and C (50 + 80 + 40) N

TZFy=0 1
N3 — (50 + 80 4+ 40) = 0 N3 = 170N .

[7—
—»Zszo

0.15N; — P =0 . N3 =25.5N
Pmax=25.5N before any slipping take place

B

.

0.15N;
N,

FBD of Block 4 and Block B
and Block C Together

(©)




Example(9):-

The three flat blocks are positioned on the 30 incline as shown, and a force P parallel to the
incline is applied to the middle block. Determine the maximum value which P may have before

any slipping takes place.

Solution:-
There are two possible conditions for impending
motion.

1. The 50kg block slips and the 40kg block remainsin p = 0.3

place.
F.B.D. (1) and (2)

1) Fy =0

(30kg) WS
N, —30(9.81)cos30 =0 N, = 255N § \('F'l
(50kg) x” N1

N, — 50(9.81) cos 30 — 255 = 0 N, = 680N FBD. 1

F1 = 0.3(255) = 76.5N
F2 = 0.4(680) = 272N
F.B.D.(2)

—>ZFX=0

P—76.5—272+50(9.81)sin30 =0 P =103.1N
2 The 50kg and 40kg blocks move together with

slipping occurring between the 40kg block and the

incline.

TZFy=O




Ni — 255 —90(9.81) cos30 =0 =~ Ny = 1019N
F; = 0.45(1019) = 459N

- ZFx =0
76.5 + 459 —90(9.81)sin30 —P =0 -~ P =94N

Pmax=94N, motion impends for the 50kg and 40kg as

a unit.




Example(10):-

Blocks A and B have a mass of 3kg and 9kg, respectively, and are connected to the weightless

links. Determine the largest vertical force P that can be applied at the pin C without causing

any movement. The coefficient of static friction between the blocks and the contacting surfaces

is p=0.3.(the links are two force members such us the truss member).

Solution:-
From F.B.D. of pin C

TZFy=0

Faccos30—P =0 Fpc = 1.155P

—)ZFX=O

1.155Psin 30 — Fg¢c =0 Fgc = 0.5774P
From F.B.D. of block A
- Z F,=0
(1)F, —1.155Psin30 =0 Fp, = 0.5774P

TZFy=0

N, — 1.155Pcos30 —3(9.81) =0 N, =P+
29.43N (2)
From F.B.D of block B
- Z F, =0
(3)0.5774P—-Fg =0 Fg = 0.5774P

1Y Fy=0

Ng —9(9.81) = 0 Ng = 88.29N

If we assume block A slips first then

Pin C

JOENN

t}:/rr-',f L155P

"|:’l

v

F.B.D of block A

HIEDN

F.B.D of block B




Ny — 255 —90(9.81) cos 30 = 0 = N3 = 1019N
Fy = 0.45(1019) = 459N

76.5 + 459 — 90(9.81)sin30—-P=0 =~ P =94N

P =94N, motion impends for the 50kg and 40kg as

a unit.

Home Work
H.W(l

Blocks A,B and C have weights of SON,25N and 15N respectively. Determine the smallest

horizontal force P that will cause impending motion. The coefficient of static friction between

A and B is p=0.3, between B and C is p=0.4, and between block C and the ground is
p=0.35.(Ans: P=45N)
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Trusses




7.1 Definition of a Truss

« A truss is an assembly of straight members
connected at joints. No member is continuous
through a joint.

* Most structures are made of several trusses joined
together to form a space framework. Each truss
carries those loads which act in its plane and may be
treated as a two-dimensional structure.

* Bolted or welded connections are assumed to be
pinned together. Forces acting at the member ends
reduce to a single force and no couple. Only two-
force members are considered.

* When forces tend to pull the member apart, it is in
tension. When the forces tend to compress the
member, it is in compression.

Truss




Stringers

Floor beams

Members of a truss are slender and not capable of supporting large
lateral loads. Loads must be applied at the joints.

» Weights are assumed to be distributed to joints.

* External distributed loads transferred to joints via stringers and
floor beams.

E- :’:' Pratt ;ii o Q; Howe ; i* ® ‘és ' Fink ; y

Typical Roof Trusses

Pratt * "é" Howe * A- #

Warren

Baltimore # A

Typical Bridge Trusses

K truss *

-
-
-
ﬂ\
~
~
N
B N
Cantilever portion
of a truss Bascule

Stadium Other Types of Trusses




1.2 Simple Truss

B+ A rigid truss will not collapse
under the application of a load.

5D A C

T T 1 T * A simple truss is constructed by
B D successively adding two members
and one connection to the basic

triangular truss.

e In a simple truss, m = 2j - 3
where m is the total number of
members and j is the number of
joints.




1.2.1 |dentify the Simple Truss 3

» A simple truss is constructed by
successively adding two members
and one connection to the basic
triangular truss.

* In a simple truss, m = 2j - 3

Fink === where m 1s the total number of
members and j is the number of
joints.

"’é :g Baltimore

m =45 j =24

» A simple truss is constructed by successively adding two members
and one connection to the basic triangular truss.

* In a simple truss, m = 2j - 3 where m is the total number of members
and j is the number of joints.



1.3 Analysis of Trusses by the Method of Joint

* Dismember the truss and create a free body
diagram for each member and pin.

» The two forces exerted on each member are
equal, have the same line of action, and
opposite sense.

r, ©* Forces exerted by a member on the pins or
joints at its ends are directed along the
member and equal and opposite.

* Conditions of equilibrium on the pins
provide 2j equations for 2j unknowns. For
a simple truss, 2j = m + 3. May solve for m
s member forces and 3 reaction forces at the

r;] Supports.
Yo

* Conditions for equilibrium for the entire
truss provide 3 additional equations which
are not independent of the pin equations.

/

Free-body diagram Force polygon

B Joint A A

Ry

Joint D I 44TI_) ______
o, . ‘»

« Use conditions for : PELLTEE
equilibrium for the |
entire truss to solve A°

. // I /i
for the reactions R, joe C vy ’ /
I rd
and R,. ¥4
-

Joint B Fi) ity B . b
)




Free-body diagram Force [..h‘_-(.“

I
’ 4
I
D B Joint A A R

’ Joint D )T — O |
Fap D

R,

Joint C

Alternate Force Polygon
for Joint A N

g
Joint B I 4% B \\‘; R
l

1.4 Truss Connections and Supports

| 47
| #
P4 ’:\
Riveted, Bolted, or Welded - ‘l’ . T
R, L R,
External and internal (dotted) supports
s




7.9 Method of Joints

' 4

y
%"'I“’Wi“"

AF
|

|"'>AIJ {—» :

Tension

R

Note the direction of the forces in
the members acting on the joints

AF,
AF,
AB
AB
R,
Joint A
3
BF BC
BE g
AB f y
BC
BF
AB
L
Joint B
Fou
!

) DE
L EF

2

Joint ¥

T('h‘—()

BC Gt C])
Joint C

EF EF
- — —
/l m-'V I
AF BF ‘

4

5 3 —_—
EF
BE
DE
[ BE

Joint B

6  \DE
D
{'l;k
\ R
TK; I)w 2

Joint D




Example - |

Determine the forces in the members in the following truss

10 kN
45° C

- 3m >
Solution
Consider the FBD of the truss as shown to get
the unknown reactions at A and B as shown. y
Consider the equilibrium at each hinge to find
10kN i

the force in the members.

Assume tensile forces act on all the members.

A
AT '8
\
A, am B

Overall equilibrium =
Eﬁ; =0= A, +10c0s45°=0= A_=-7.07kN
Y M, =0= B, x3-10cos45°x1-10sin45°x1.5 = 0 = B, = 5.89kN
Y F,=0=4,+B, =10sin45° = 4, = L.18kN



As we are solving the problem using the method of
joints, we take equilibrium at each point. As we

_ F
have assumed the forces in all the members are =

0,
tensile, the direction of the reaction force they exert Fag

on the hinges are as shown. B, = 5.89 kN

tan© =%=Sin6 =L=COSG =i

N NE F

EFJ/ =O=FB(' Sine +By =O=}FBC =_10.62kN S AB

|

Y F, =0=F, +F,.cos8 =0 F,, =884kN  a -118kn
Equilibrium at A =
Y F,=0=F,sin6 + 4, = 0= F,c = =2.13kN

We assumed that all the forces in the members were tensile.
But we got some of them negative. So, the negative sign

indicates that the forces in the members are compressive.

10 kN
45° C
PN f F,,=8.84kN (T)
2.13 kN 10.62 kN |l m F 10 62kN (C)
Bc 1Y
AK/ 8.84 kN >\ B l

'y F,=2.13kN (C)




1.6 Joints Under Special Loading Condition

* Forces in opposite members

intersecting in two straight lines at a
« joint are equal.

* The forces in two opposite
members are equal when a load is
aligned with a third member. The
third member force is equal to the
load P.

* When a joint connects only two
members, the forces in two
members are equal when they lie in
the same line.

e Zero force members

» Recognition of joints under special
loading conditions simplifies a truss
analysis.

Example - 2

- For the given loading, determine the zero force
members in the trusses shown

P A B C D E
0

—-) 0 (o} 0
G I
Fo (o] (o) (o) o]
H
O
K (@) o} o
2 L M N &




Solution

S
o™
g9Q
40

-

—()
O
G I ]
Fo (o] o O o
H
O O
KQ: Y o Z?l ﬁ g

« Joint A is connected to two members and subjected to
an external load P oriented along member AB.

FpAr=0
- Joint L is connected to three members out of which
members LK and LM are in straight lines.

Fig=0

P A B C D E
——-() (o) (o) (o] o]
O @)
G I ]
Fo (o} (o} (o} lo}
H
O O &
Ko o o) o) 0
i M N =&

« Joint C is connected to three members out of which
members CB and CD are in straight lines.

Fep =0
« Joint N 1s connected to three members out of which
members MN and NO are in straight lines.

Fy =0




P A B C E
—() (o) @ o @ )
O O O
G I ]
Fo o o} (o} 0
H
O O a
Ko o o) o
w L M N ﬁz:

* Joint E is connected to two members which are not in a

straight line.
Fgy=0
Fir =10




1.7 Analysis of Trusses by the Method of Joints

» Dismember the truss and create a freebody
diagram for each member and pin.

» The two forces exerted on each member are
equal, have the same line of action, and opposite
sense.

Ry
* Forces exerted by a member on the pins or joints

at its ends are directed along the member and
equal and opposite.

 Conditions of equilibrium on the pins provide 2n
equations for 2n unknowns. For a simple truss,
2n=m + 3. May solve for m member forces and
3 reaction forces at the supports.

 Conditions for equilibrium for the entire truss
provide 3 additional equations which are not
independent of the pin equations.

1.8 Special Loading Condition

* Can be recognized by using specialized
co-ordinate axes

LF, = 0 requires F, = F,
LF, =0 requires F, =0 IF, = 0 roquires Fy = F,
¢ ™ 0 requires £, = 0

Z \
LF, = 0 requires F3 =0 .
:= - Fy Fy
> XF, = 0 requires Fy = F, Fy
1

(a) b) e)




1.9 Analysis of Trusses by the Method of Sections

>
Py

* When the force in only one member
or the forces in a very few members
are desired, the method of sections
works well.

» To determine the force in member BD,
pass a section through the truss as
shown and create a free body diagram
for the left side (or right side).

* With only three members cut by the
section, the equations for static
equilibrium may be applied to
determine the unknown member
forces, including Fy,.

7.10 PROBLEMS
PROBLEM -1

* Using method of joints, determine the forces in
the members of the trusses shown




PROBLEM - 2

* For the given loading , determine the
zero force member 1in the truss shown

A B C
Q O o] P A B C D E
‘ — (o} (o] O (o}
[‘)foﬁ i'O'E Fo g o é o]
| | !
Fo = o (o) O] Ko o o o QO
— G I H I e VAN | M N ==
I)
PROBLEM - 3

* Find the forces in members EF, KL, and
GL for the Fink truss shown. You can use
combination of joints + sections.

lﬂ kN
20 kN

/ 20 kN
20 kN
10 kN
. \ )/

6 panels at 5 m

EF = 75.1 kN (C), KL = 40 kN (T), GL = 20 kN (T)




PROBLEM - 4

1. A Fink roof truss is loaded as shown in Fig 5. Use

method of section to determine the force in members
(a) BD, CD, and CE (b) FH, FG, EG

1.5m |5m| l')mI L5m 15m 15m

M\

|
4]\& VLH 6 kN

] 3 kN
1

|<-] 8 mJ«] 8 mJ‘I 8 |n’J<~l b m-»l‘l b} |n->l

o
=

B

PROBLEM - a

* Use method of section to determine the
force 1n members IK, HK, FI, EG of the
truss shown in the figure.

<2.7m 24m |=—
AN et
o (o} —T'
2.7m
10 kN D/ I F
> =
/ \
[ 3 \\“\ 2.7m
{0 kN G// H \\ 1

75m




PROBLEM - B

+ The truss supports a ramp (shown with a dashed line) which
extends from a fixed approach level near joint F to a fixed exit
level near J. The loads shown represent the weight of the ramp.
Determine the forces in members BH and CD.

L2

Important Notes

* For a truss to be properly constrained:

— It should be able to stay in equilibrium for any
combination of loading.

— Equilibrium implies both global equilibrium and
internal equilibrium.

* Note that if 2) > m + r, the truss is most
definitely partially constrained (and is
unstable to certain loadings). But 2j > m + r, is
no guarantee that the truss is stable.

« If 2) <m + r, the truss can never be statically
determinate.




1. The hinged frames ACE and DFB are connected by two hinged bars, 4B and CD, which cross without be-
ing connected. Compute the force in AB. Mention clearly if its in tension or compression. (5 marks)

Ahmnﬂz)

>-10 kN

PROBLEM - 7

* Determine the forces in bars 1. 2. and 3 of the
plane truss supported and loaded as shown in
the figure

C 4CAB=£DBA= m‘:
ZCBA =4DAB =30 D
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8. Strength of Materials

8.1. Introduction

Strength of materials, also known as Mechanics of materials, is a subject which deals
with the behavior of solid subject to stresses and strains.

Stress & Strain

When a force is applied to a structural member, that member will develop both stress
and strain as a result of the force.

The applied force will cause the structural member to deform by some length, in
proportion to its stiffness.

|. Stress

Stress is the force carried by the member per unit area, and typical units are [Ibf /
in? (psi)] for US Customary units and [N / m? (Pa)] for Sl units:

= — 1-1
o= (-1
Where, (F) is the applied force and (A) is the cross-sectional area over which the force
acts.
2. Strain

Strain is the ratio of the deformation to the original length of the part:
L-L, &

8 = —_ ——
Lo Lo

(1-2)

Where (L) is the deformed length, (L) is the original unreformed length (&) is the
deformation, and (8) change in length.
8-2. Types of loading

There are different types of loading which result in different types of stress.


https://mechanicalc.com/reference/strength-of-materials#stiffness
https://mechanicalc.com/reference/cross-sections#cross-section-properties-table

|. Axial Force
Type of stress is called an Axial Stress (general
case) J A e

A Tensile Stress (oy): If force is tensile as

figure (I-1). Figure 8-1: Tensile stress
O = 2 (
—3)
B. Compressive Stress (o): If force is c
compressive as figure (1-2). — A
F a
O, = —
© A Figure 8-2: Compressive
—4)
2. Shear stress (7)
Type of stress is called a Transverse Shear __>F
Stress as figure (I-3). e KA
F —
T = Z (1
—5) Figure 8-3: Shear stress

3. Bending moment stress (o)
] o
Type of stress is called a Bending Stress as figure (I- 4). < s >
_ M . y M O'/é compression M

Op =
le Figure 8-4: Bending stress

(1-6)

Where: (M) is the bending moment, (y) is the distance
between the centroid axis and the outer surface, and (1)
is the centroid moment of inertia of the cross section
about the appropriate axis.

Figure 8-5: Torsional Stress



https://mechanicalc.com/reference/cross-sections#moment-of-inertia

4. Torsional stress

Type of stress is called a Torsional Stress as figure (I-3). (Engineer's theory of Torsion

(E.T.T.)).

T T

r I

T -7
Where: () is the shear stress, (r) is the
radius, (T) is the torsion torque, (1) is the
polar moment of inertia of the cross section,
(G) is modulus of rigidity, (@) is the torsion
angle, and (L) is a length of shaft.

Figure (I-B) shown polar moment of inertia for .
the following:

d*
32

I = For solid circular section,

n(dg—d}) Figure 8-6: Polar moment of inertia

I = For hollow circular

section,

Material Stress-Strain Curve

yield point
elastic limit
proportionality limit

fracture point

ab .
I=— For solid rectangular

Stress, 0

section.

8-3. Hooke's Law
Figure 8-7: Hooke's Law

Stress is proportional to strain in the elastic
region of the material's stress-strain curve St B o kg

|
|
for ductile materials |
|

Pt X - Fracture
True

(below the proportionality limit, where the s 3}

curve is linear), figure (I-B). inialiemei T, D gt E
|

Sress, S

8-3-1. Engineering and True Stress e

8-3-1-1. Engineering Stress (ES)

ES: is equivalent to the applied uniaxial tensile 3 !

Strain, e

or compressive force at time, a fraction of Figure 8-8: Enginéering and True
Stress



https://mechanicalc.com/reference/cross-sections#polar-moment-of-inertia
https://mechanicalc.com/reference/cross-sections#polar-moment-of-inertia
https://mechanicalc.com/reference/mechanical-properties-of-materials#stress-strain-curve
https://mechanicalc.com/reference/cross-sections#polar-moment-of-inertia

the specimen's original cross-sectional area, figure (I-8).
8-3-1-2. True Stress (TS)

T8: is equivalent to the applied uniaxial tensile or compressive force at time, divided by
the specimen's cross-sectional area at the moment, figure (1-8).

Normal stress and strain are related by:

=2 8_8
=2 (8 —8)

Where: (E) is the elastic modulus of the material, (o) is the normal stress, and (&) is the
normal strain.

Shear stress and strain are related by:

G=1_ (8 —9)
Y

Where: (G) is the shear modulus of the material, (7) is the shear stress, and (y) is the
shear strain. The elastic modulus and the shear modulus are related by:
E
G=——— 8—10
2(1+ ) ( )
Where: ( u ) is Poisson's ratio.

8-4. Poisson's ratio
Poisson's ratio is the proportion of |ateral (transverse) contraction strain to
|longitudinal extension strain in the direction of stretching force, figure (8-9).

The value of Poisson's ratio varies from 0.25 to 0.33. For rubber its value varies from

0.45 to 0.0. Mathematically:

Lateral
. Strain
) . , Lateral strain
Poisson's ratio = - - -
Longitudinal strain
Longitudinal Longitudinal
Lateral strain = e
~ Longitudinal strain
/ Lateral \ \
Strain :
. 4 .
ELateral Figure 8-9: Poisson's ratio
p= (8—-10)
€Long.



https://www.mechanicalbooster.com/wp-content/uploads/2016/10/whatispoisson27sratio1.jpg
https://www.mechanicalbooster.com/wp-content/uploads/2016/10/whatispoisson27sratio1.jpg
https://www.mechanicalbooster.com/wp-content/uploads/2016/10/whatispoisson27sratio1.jpg

8-3. Solve examples
Example |

A force of (100 KN) is acting on a circular rod, figure (1-10), with diameter (30 mm). The
stress in the rod can be calculated as:
Solution;

Given: F = 100 KN = 100000 N,d = 50 mm,r = % = 25mm

F -
O-t ES Z ‘
F =100x 1000 = 100000 N F F
A=m. r?
22 5 ) )
A= - X (25)° =1964.286 mm Figure 8-10: Circular rod
_F 100000
%t T4~ 1964286
= 50.909 MP
—— (MPa)
Example 2

A metal shaft diameter (12 mm), and long (1.9 m), figure (I-11). A tensile force of (1000 N)
is applied to it and it stretches (0.1l mm). Assume the material is elastic. Determine the
stress and strain in the

shaft?
Solution: .

Figure 8-11: A metal shaft
Given:d =

12mm,r=6mm,L =15m = 1500mm,F = 1000 N,§ = 0.11 mm

_ Z_E 2 _ 2
A=m.r*= 7 X (6)° =113.143 mm



F 1000

——=—— =8818 MP
%t = 4T 113143 ¢4
s 011
= = =0.000073 = 73
=1, 1500 He

Example 3

A steel tensile test specimen, figure (I-12) has an across sectional area of (120 mm?), and
gauge length (a0 mm), the gradient of elastic section is (433 KN/mm). Determine the
modulus of elasticity?

F

Solution:
Given: A = 120 mm?, L =50mm,
F
Gradient ratio (=) = 433 —
radient ratio (5) —
= 433000 N/mm
F
o F L 50 .
E= - =57 433000 x 20~ 180416.667 MPa Figure 8-12: A steel
~ 180417 GPa tensile test specimen
Example 4

A long of the steel column is (4 m), and diameter (al cm),
figure (I-13). It carries a load of (100 MN). If modulus of
elasticity is (210 GPa), calculate the compressive stress and
strain and how much the column is compressed?

—

Solution;
Given: L = 4m = 4000 mm,
d =50cm =500 cm,r = 250 mm, F - &
— i S
=100 MN = 100000000 N, E

=210 GPa = 210000m Figure 8-13: A steel column

22
A== x (250)° = 196428571 mm?



F 100000000

o, = Z = 196428571 = 509.091 MPa
=2 o _ 0 509091 0242 = 242
e = E 7~ 210000 - Ao HE
5
e=7 = §=¢e.L=000242 x 4000 = 9.68 mm
Example 3

Calculate the force needed to a plate of metal (5 mm) thick and (0.8 m) wide given that
the ultimate shear stress (20 MPa), as shown in the figure (I-

14)7?

Solution:

t=5mm;w=0.8m=0.8x1000=800mm;
7 =50N / mm?

[he area to be cut s a rectangle i

A=wt =5x800= 4000 mm? TSI

r:% = F =7.A=50x4000=200000N =2

Example B

Calculate the force needed to shear a Screw (12 mm) diameter given that the ultimate
shear stress is (30 MPa), as shown in the figure (I-

[a)?
Solution:

[he area to be is the circular ares:

rd?  3.14x(12)?
4 4

A= =113.04 mm?

T =— L ___
A

F=7z.A=90x113.04=101736 N =10.17



Example 7

A pin is used to attach a clevis to a rope, figure (I-16). The force in the rope will be a
maximum of (B0 KN). The maximum permitted shear
stress in a pin is (40 MPa). Calculate the diameter of

i
suitable pin? = I f—
Solution Celvis " Pin

[he pin is in double shear so the shear stress is: . '

F 60000

2t 2Xx40

L |eA_ faxTs0
|7 T [ T31a3 T2

= 750 mm?

Also:




Example 8

A simply supported beam is subject a point load of (200 N) at the mid - spam of the beam
as shown in the figure (I-17). The beam has a circular (90 mm) diameter. Calculate the
maximum stress due to bending?

200 N

1
2[[1 i 2m .
o Bl »
-+ P >

Figure 8-17: A simply supported- beam

Solution:
Given:
F=200N,d=50mm ,L; =2m = 2000 mm ,L, =2m
= 2000 mm.
- s ©
o -
100N 100 N
S.F.
“l;oo N 100 N
200000, N.mm
B. M. /\
M.C
Omax. = T

M =100 x 2000 = 200000 N.mm

 omdt 318X GOt
~ 64 64 - o7 i




d 50
= E = 7 =25mm
M.C 200000 x 25
Omax. =~ = 30693359 1040 MPa

Example 9

A diameter solid steel shaft (ABCDE), figure (I-18) is (a0 mm) see in figure. If have
torques (T,= 200 N. m, T, = al0 N. m and Ty = 300 N. m), distance between gears (B & C)
is (L| = 200 mm) and distance between gears (C & D) is (Ly = 300 mm), modulus of rigid

is (G = 90 GPa). Determine the maximum shear stress ( “ma-) in each part and twisting

angle (%0 )?
!
I. ’:
S Co——s CD— oy
| O 5 C&b—
B ——g 2
' B
- Lac -
(b
Figure 8-18: A simply supported beam
Solution

Given: {d= 50 mm, 1,=200N. m I, =500 N.m T =500 N m L, = 500 mm, [, =200
mm, [ = 30 6Pa}

_md*  3.14x50°
P32

Tye=—T,=-200 N.m

I =61328125mm*: r=25mm




Tep=T,— T, =500—-200=300N.m

LT _T _Gp  _ . _Tr
Tr I L o |
. _Taer_20010°x25 oo \0o
TTUBC I 61328125 '
Tt _ 300.10°% x 25 1593 MPa
cb I 61328125
¢BD = ¢BC _¢CD
T T Go _ . T.L
T T L TG
3
o = ec b 200107300 5 55109 0.0624
.G 61328125x%90.10
3
o = Teo- L, _ 300.10°x 200 £ 0.00109~ 0.0624
.G 61328125%x90.10
Example 10

A steel wire having cross sectional area (2 mm®), figure (I-19). s stretched by (200 N).
Find the lateral strain produced in the wire. If modulus elasticity for steel is (210 GPA)
and Poisson's ratio is (0.233)7

Lateral
Strain

igure 8-19: A steel wire

Solution
Given: (=2 mf, F= 200N y = 1235 5 = 210 6Fa}
-9 - F - F _ 200 400048~ 4.8x10"
Eiongigial A EL AE 210°x210.10
Copu= S gl = 6, = 0.233x0.00048= 0.000112~ 1.12x 10"
glongitudiral



8.6. Shear Force and Bending Moment Diagram

The maximum absolute value of the shear force and the bending moment of the beams
with regard to the relative |oad can be determined using the shear force and bending
moment diagram in beams.

Before we can design the Shear force and bending moment diagram, we must first
understand the various types of beams and loads, as well as the reaction forces acting
on them.

According to the right or left of the section, the bending moment is the algebraic sum of
all the moment of forces. It is the reaction that is induced in a structural element as a
result of an external force or moment.

The moment caused by external forces is balanced in the equilibrium position by the
couple induced by the internal load; this internal couple is known as a bending moment.
8.7. Type of Beams

a. Gantilever Beam

b. Simply Supported Beam
c. Overhanging Beam

d. Continuous Beam

e. Fixed ended Beam

f. Cantilever, Simply Supported Beam

I (a) Cantilever E (b) Simply supported

_— Ex & &

(¢) Overhanging (d) continuous

I (e) Fixed ended I I

(f) Cantilever, simply supported




8.7. Type of Loads

The applied weight is normally vertical, whereas the beam is usually horizontal.

Concentrated or Point Load: Act at a point.

Uniformly Distributed Load: The |oad is evenly distributed along the length of the Beam.

Uniformly Varying Load: Load distribution along the length of the beam, and rate of

varying loading from point to point.

PoinT LoaD

UNTFORMLY
DISTRIBUTED
LoaD

TRIANGULAR
DISTRIBUTED
LoaD

TRAPEZOIDALLY
DISTRIBUTED
LoaD

Point
MoMENT

Loap Tyre ErrecTIVE FORCE
AT Loap CENTROID
L |
a P | Fea P
) 4 ) 4
A oA T A
L/2 ya
w |.—. .
'TEEER
A oADr P AD
w LI3ywl/2
MU b
Y - S S - .
w L(w‘4+2w3) L(wﬂ_'_wg)

ld ud

8.8. Sign Convention of Shear Force

Shear forceis an imbalanced vertical force that causes one end of the beam to move

forward or downward in relation to the other.

When the left-hand portion of a section tends to slide upward and the right-hand half

tends to slide downward, the shear force is deemed positive.

When the left-hand portion of a section tends to slide downward, or the right-hand

portion tends to slide upward, the shear force at that section is negative.



Shear Force Diagram (SFD)

A shear force which tends to rotate
the beam in clockwise direction is
positive and vice versa

* A shear force (SF) 1s defined as the
algebraic sum of all the vertical forces,
either to the left or to the right hand

side of the section — Right of section
) : k= Section
* Shear Force Diagram: 1s graph Boi

connecting Shear Forces at various

) Negative force
locations on the beam.

Positive force

o

U

Sign Convention

Positive S.F. Negative S.F.

8.10 Sign Convention for Bending Moment

When the bending moment at a section tends to bend the beam at a point to curvature
with a concavity at the top, or when the moments are operating clockwise to the left or
anti-clockwise to the right, we consider it positive.

On the other hand, the bending moment at a section is deemed negative when it tends to
bend the beam at a point to curvature with convexity at the top or when moments are
taken in an anti-clockwise or clockwise manner.

Positive bending moments are sometimes referred to as sagging moments, whereas
negative bending moments are referred to as hogging moments.



Bending Moment Diagram (BMD)

* A bending moment (BM) 1s defined as the algebraic Wl ¥
2 - : : !
sum of the moments of all the forces either to the —
left or to the right of a section. A Bi c
1
* BMD: Diagram is graph connecting bending a w2

moments at various locations M)
I—Secnon Cw C
Section Beam
l'/ (+) M= Wx ) 1B wi2
M= Wi ( Fchon }_. Load 1 X
X w

@) (b)

Sign Convention

(VAW

N
v

Positive Bending Moment Negative Bending Moment
{Sagging ] ': HOEEing :l

8.11. Shear Force and Bending Moment Diagram Drawing Instructions

- The ordinates inSFD and BMD diagrams are shear force or bending moment,
and the abscissa is the length of the beam.

- Take a look at the left or right side of the section.
- [n one of the portions, add the forces (including reactions) normal to the beam.

- The force acting downhill is positive, whereas the force acting upwards is
negative if the right portion of the section is chosen.

- The force acting downhill is negative, whereas the force acting upwards is
positive if the Left component of the section is chosen.

- Shear force and Bending moment positive values are plotted above the baseline,
while negative values are plotted below the baseline.




- The sheer force diagram will suddenly increase or decrease. le., at a segment
where there is a vertical point load, by a vertical straight line.

- Between any two vertical weights, the shear force will be constant. As a result,
the horizontal shear force between the two vertical loads will exist.

- At the two ends of a simply supported beam and at the free end of a cantilever,
the bending moment will be zero.

Shear Force and Bending Moment

Constant
Load ) (
== | }
| £ | ""l |
ke 3 ! wi
Constant | Constant
Sheal | oo | me—
| Linear Linear T SR R
Moment ; ;
= — l
0 Constant = Shear ﬁ
Load (L et i 7
Fa\ @ a\ (@} FAY [©) 2
Shear force diagram
Constant Linear Parabolic
Shear - | i
Linear Parabolic Cubic ‘L
Moment C
B | A A | Beading Moment diagram Moment




8.12. Examples
Example 1.

Draw shear force and bending moment of a simply supported beam (AB) shown
in figure, of span (2.0 m) is carrying two point loads as.

2 kN 4 kN
C D
A B
- 1 m :-I I-e Ilm — =
- 2.5m -
Solution:
|. Reactions
2X14+4Xx15—-—Rgx25=0
R _2><1+4><1.5_ 8 _ 39 KN
B~ 2.5 25 7
~, YXMg =0
4X14+2%X15—-—Ryx25=0
R _4><1+2><1.5_ 7 — 28 KN
AT 2.5 25 ©
Or
IF, =0

Ry—2—4+Rz=0
Ry,=2+4—-32=28KN




2. Shear force diagram:
YF, = 2.8 KN
YF. =2.8—2 = 0.8KN
YFp=28—2—4=—32KN
XFg=28—-2—-4+32=0KN
3. Bending moment:
M, = 0 KN.m
XM =28X%X1=28KN.m
Mp =2.8X 1.5—2x 0.5 =3.2KN.m
Mg =28%X25—-2%Xx15-4Xx1=0KN.m

2kN 4 kN
C D
(a) A * B
| ! A 32KkN
2.8 kN |= 1 m > - 1 m >
| : .
Ry | i :
| l
| [
| [
28 *) ! 08 5]
(b) T | c '
Al D
| i =) 3.2
: | L |
| | | 1
| 28, 132 ! T
| — T~ :
I L . 1
L ® |
{U] A |- ~! B
C D




Example 2.

Draw shear force and bending moment of a simply supported beam (AB) shown
in figure, of span (a m) is carrying two point loads as.

10 kN /m
i o
4 )
e 1 m I 2 m I 2m — =
- 5 m -
Solution:
|. Reactions
10X2%X2—-—RgXx5=0
R _1O><2><2_40_8KN
57 5 T 57
~, XM =0
10Xx2X3—Rpx5=0
10x2x3
Ry = =12 KN
5
Or
ZFy=0

Ry—10x2+Rg =0
Ry=20—8=12KN




2. Shear force diagram:
S.F. atpointA = 12 KN
S.F. atpoint C = 12 KN
S.F. atpointD =12 —10 X 2 = —8 KN
S.F. atpointA=12-10x2+8=0KN
3. Bending moment:
B.M. at point A =0KN.m
B.M. atpointC =12X1=12KN.m
B.M. atpointD =12X3—-2X10xXx1 =16 KN.m
B.M. atpoint B=12X5—-—10Xx2X3=0KN.m
We follow the following steps to find bending moment at paint (M):

From the figure of shear force:

_112_ (+)12 (
®» 4|

A C

]
1

S.F. atpointM = 0 KN
X _Z—x
12 8
8x=24—-12x

_24_12
X_ZO_ 2m

The bending moment: B. M. at point M




19.2KN.m

1.2

B.M. atpoint B=12x (1+12) - 10x 1.2 x —

b o s

) <<+>

|
12

D

M

10 kN/m




Example 3.

Draw shear force and bending moment of a simply supported beam (AB) shown
in figure, of span (1 m) is carrying two point |oads as.

8000 N 4000 N
1000 N/m 1600 N/m

Solution:

|. Reactions

1000 x 5% 2.5+8000x5+400x%x7.5—Rgx 125+ 1600 x 2.5 % 13.75
=0
R 1000 x 5 x 2.5 +8000 x 5+ 4000 x 7.5+ 1600 x 2.5 x 13.75
B =
12.5

137500
125

IF, = 0

= 11000 N

Rp — 1000 X 5—38000 — 4000+ Rz —1600x2.5=0

R = 1000 x5 + 8000 + 4000 — 11000 + 1600 x 2.5 = 10000N

2. Shear force diagram:
S.F. atpointA = 10000 N
S.F. atpoint C = 10000 — 1000 x 5 — 8000 = —3000 N
S.F. atpointD = 10000 — 1000 X 5 — 8000 — 4000 = —7000 N

S.F. atpoint B=10000— 1000 x 5 —8000 — 4000 + 11000 = 4000 N




S.F. at point B = 10000 — 1000 x 5 —8000 — 4000 + 11000 — 1600 x 2.5
=0N

3. Bending moment:

B.M. at point A = 0KN.m
B.M. at point C = 10000 x5 —1000 x5 x 2.5 =37500N.m

B.M. at point D = 10000 x 7.5 —-1000 x5 x 5 —38000 x 2.5
= 30000 N.m

B.M. at point B

= 10000 X 12.5 —-1000 x 5x 10 — 8000 x 7.5 — 4000 x 5
= —5000N.m

B.M. at point E=0N.m

1000 N/m — 1600 N/m

LEDNIOINIIN N TN

C D B X
m Jl 25m !— m m
|(x|>oo 5 5 5 s 25m  fe—
1(;1;0 —~ 5000 E 4(:)00
o 1, 9 c b O,
A: B !
' e © |
] T
37500 ! i
! 30090 ;
(©) 4 = : P B: i
C IN/ 5(;00
To locate the point (p) of contra flexure:
y _5-v
30000 5000
5000y = 150000 — 30000 y
_ 150000 _
Y= 35000 7™




Example 4.

Draw shear force and bending moment of a simply supported beam (AB) shown
in figure, of span (4 m) is carrying two point |oads as.

4.5 kN/m
y m c

B

- Im i ]m—-l

Solution:

|. Reactions
45X4X2—-Rgx3=0

45x4x2 36
Rg = e =< =12KN

~, XM =0
35X3X15—-RyXx34+45%x1x05=0

35x3%x154+45%x1x%x0.5
Ry = 3 =6 KN

F, = 0
Ry—45X4+Rz =0

Rpy=18—-12=6 KN

2. Shear force diagram:

S.F. atpointA = 6 KN




S.F. afterpointB=6 —4.5x3 =-75KN

S.F. atpointB=6—-45%x3+ 12 =4.5KN
S.F. atpointC=6x%x4—-45%x4+12=0KN
3. Bending moment:
B.M. at point A =0 KN.m
B.M. atpoint B=6X3—-45%Xx3Xx15=—-225KN.m
B.M. at point C = 0KN.m
We follow the following steps to find bending moment at point (M):

From the figure of shear force:

3 4.5 |
6 O _
L ‘M B @ 2 (,
() I ' f |
o 3 . "i © 7.5 |
| E |4 E
S.F. atpointM = 0 KN
X 3—x
6 7.5

75x=18—-6x
_ 18 _ 1.33
*T135 0
The bending moment: B. M. at point M

1.33
B.M. at point B =6 X 1.33 — 4.5 x 1.33 XT =4 KN.m
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7
a,
/ 1
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_.._ M
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O

4.5 kN/m

Im

© ] ©
ﬂ_
/©
“— _..._.u \v_ ] G //
“w @ . /
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@ .. a, -+
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/ y
f y \\.
/ x‘.
-__ -
f -
[/ ©
= S 1 - S
\
= \
| N\
S S ES
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To locate the point (p) of contra flexure:

=0

M,

6y — 2.25y2 = 0
y(6—-225y)=0

6
o o 2.
Yy =555 = 267m
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9. Deflection of Beams

9.1. General Theory

When a beam bends it takes up various shapes such as that illustrated in figure 1. The
shape may be superimposed on an x — y graph with the origin at the left end of the beam
(before it is loaded). At any distance x metres from the left end, the beam will have a
deflection y and a gradient or slope dy/dx and it is these that we are concerned with in
this tutorial.

We have already examined the equation relating bending moment and radius of

; M E
curvature in a beam, namely T = )

M is the bending moment.

I is the second moment of area about the centroid.
E is the modulus of elasticity and

R is the radius of curvature.

|~
o] =

Rearranging we have

Figure 1 illustrates the radius of curvature which is defined as the radius of a circle that
has a tangent the same as the point on the x-y graph.

;T

Figure 1

Mathematically it can be shown that any curve plotted on x - y graph has a radius of
curvature of defined as

dZ
dx

{1 e i@}
dx

NN

x| =

0w




In beams, R is very large and the equation may be simplified without loss of accuracy to

L_d
R dy?
d’x M
hence —~ =
dy* EI
or M:Eli_f‘ ............ (14)
e

The product EI is called the flexural stiffness of the beam.

In order to solve the slope (dy/dx) or the deflection (y) at any point on the beam, an
equation for M in terms of position x must be substituted into equation (1A). We will
now examine this for the 4 standard cases.




9.2. Case |: Cantilever with Point Load at Free End

ylb
- x -
» X -
[ 1 v
& M
L L
F
Figure 2
The bending moment at any position x is simply -Fx. Substituting this into equation 1A
we have
) G A
dx”
dy Fx’
Integrate wrtx and we get EI e =——+A (2A)
X
3
Integrate again and we get Ely=- +AX+B.. (2B)

A and B are constants of integration and must be found from the boundary conditions.

These are atx=L, y=0 (no deflection)
at x =L, dy/dx = 0 (gradient horizontal)

Substitute x = L and dy/dx = 0 in equation 2A. This gives

2 2

EI(0)=—- F; +A hence A = FL

=

substitute A = % y =0 and x =L nto equation 2B and we get

3 3 3
EI(O):—FE +FL +B henceBz-F;

2 3

substitute A = % and B=- F;

into equations 2A and 2B and the complete equations are

E[ﬂ:_£+E .................. (20)
dx 2 2

Fx' FL’x FL’
Ely =— + —— e 2D
y Z 5 3 (2D)
The main point of interest is the slope and deflection at the free end where x=0.

Substituting x= 0 into (2C) and (2D) gives the standard equations.

Slope at free end gy = L (2E)
dx 2EI
Deflection at free end y= L (2F)

" 3EI




WORKED EXAMPLE No.1

A cantilever beam is 4 m long and has a point load of 5 kN at the free end. The
flexural stiffness is 53.3 MNm2. Calculate the slope and deflection at the free end.

SOLUTION
i. Slope

Using formula 2E we have g M =750x10° (no units)
dx 2EI 2x53.3x10°

ii. Deflection

_FL* _ 5000x4°
3EI  3x53.3x10°

Using formula 2F we have y= =-0.002m

The deflection is 2 mm downwards.

SELF ASSESSMENT EXERCISE No.1

. A cantilever beam is 6 m long and has a point load of 20 kN at the free end. The

flexural stiffness is 110 MNm2. Calculate the slope and deflection at the free end.
(Answers 0.00327 and -13 mm).

. A cantilever beam is 5 m long and has a point load of 50 kN at the free end. The
deflection at the free end is 3 mm downwards. The modulus of elasticity is 205 GPa.
The beam has a solid rectangular section with a depth 3 times the width. (D= 3B).
Determine

i. the flexural stiffness. (694.4 MNm2)

ii. the dimensions of the section. (197 mm wide and 591 mm deep).




9.3. Case II: Cantilever with Uniformly Distributed Load
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Figure 3

The bending moment at position x is given by M = -wx2/2. Substituting this into
equation 1A we have

A A
dx~”
3
Integrate wrtx and we get EId—y L. N BA)
dx 6
wx*
Integrate again and we get Ely=- 7y +Ax+B....eee. (3B)

A and B are constants of integration and must be found from the boundary conditions.
These are

atx=L, y=0 (no deflection)

atx = L, dy/dx = 0 (horizontal)

Substitute x = L and dy/dx = 0 in equation 3A and we get

3 3

EI(0)=— wé +A hence A= b
Substitute this into equation 3B with the known solution y = 0 and x = L results in
4 4 4
EI(0) = —V;I; PRLE T L, ¢

Putting the results for A and B into equations 3A and 3B yields the complete equations

3 3
E dy __wx wL
dx 6 6
4 3 4
et TR W, et (3D)
24 6 8
The main point of interest is the slope and deflection at the free end where x=0.

Substituting x= 0 into (3C) and (3D) gives the standard equations.

3
Slope at free end . L PO (3E)
dx 6EI
. wL!
Deflection at free end Y ——— s (3F)

~ 8EI




WORKED EXAMPLE No.2

A cantilever beam is 4 m long and has a u.d.l. of 300 N/m. The flexural stiffness is
60 MNm2. Calculate the slope and deflection at the free end.

SOLUTION
i. Slope

3 3
From equation 3E we have L — il = 300x 4 -=533x 10 (no units)
dx O6EI 6x60x10

ii. Deflection

; | by 300x 4*
From equation 3F we have y = — bl 2

= =-0.00016 m
8EI 8x60x10°

Deflection is 0.16 mm downwards.

SELF ASSESSMENT EXERCISE No.2

. A cantilever is 6 m long with a u.d.l. of 1 kN/m. The flexural stiffness is 100
MNm2. Calculate the slope and deflection at the free end.
(360 x 10-6 and -1.62 mm)

. A cantilever beam is 5 m long and carries a u.d.l. of 8 kN/m. The modulus of
elasticity is 205 GPa and beam is a solid circular section. Calculate

1. the flexural stiffness which limits the deflection to 3 mm at the free end.
(208.3 MNm2).

ii. the diameter of the beam. (379 mm).




9.4. Case lll: Simply Supported Beam With Paint In Middle

& &

Fi2 Fi2

Figure 4
The beam is symmetrical so the reactions are F/2. The bending moment equation will
change at the centre position but because the bending will be symmetrical each side of
the centre we need only solve for the left hand side.

The bending moment at position x up to the middle is given by M = Fx/2. Substituting
this into equation 1A we have

gy
dx® 2
F 2
Integrate wrt x once Elg—y e e (4A)
X
. Fx’
Integrate wrt x again  Ely = = +Ax+B............ (4B)

A and B are constants of integration and must be found from the boundary conditions.
These are

atx=0, y=0 (no deflection at the ends)

at x = L/2, dy/dx = 0 (horizontal at the middle)

putting x = L/2 and dy/dx = 0 in equation 4A results in

FL? FL?
EI(0)=—+A hence A=—-———
16 16

5

: FL :
substitute A = T y = 0and x =0 nto equation 4B and we get

EI(0)=B hence B=0

: FL . . ;
substitute A = BT and B =0 into equations 4A and 4B and the complete equations are

Elﬂ=£_£ __________________ (40)
dx 4 16
Fx’® FL’x
Ely = e s 4D
¥ 12 16 (4D)

The main point of interest is the slope at the ends and the deflection at the middle .
Substituting x = 0 into (4C) gives the standard equation for the slope at the left end. The
slope at the right end will be equal but of opposite sign.

dy _ + T (4E)
dx 16EI
The slope is negative on the left end but will be positive on the right end.

Substituting x = L/2 into equation 4D gives the standard equation for the deflection at
the middle:

Slope at ends

Deflection at middle y=———.............. (4F)




WORKED EXAMPLE No.3

A simply supported beam is 8 m long with a load of 500 kN at the middle. The
deflection at the middle is 2 mm downwards. Calculate the gradient at the ends.

SOLUTION

From equation 4F we have
3

=— and yis 2mmdown so y=-0.002m
Y= "4sE Y ¥
-0.002 =- S00x 8"
48El

El=2.667x10°Nm’® or 2.667 GNm’

From equation 4E we have

dy _pFL _, S00000x8" _.50410% (aounits)
dx 16EI  16x2.667x10

The gradient will be negative at the left end and positive at the right end.

SELF ASSESSMENT EXERCISE No.3

. A simply supported beam is 4 m long and has a load of 200 kN at the middle. The
flexural stiffness is 300 MNm2. Calculate the slope at the ends and the deflection at
the middle.

(0.000667 and -0.89 mm).

. A simply supported beam is made from a hollow tube 80 mm outer diameter and 40
mm inner diameter. It is simply supported over a span of 6 m. A point load of 900
N is placed at the middle. Find the deflection at the middle if E=200 GPa.

(-10.7 mm).

. Find the flexural stiffness of a simply supported beam which limits the deflection to
1 mm at the middle. The span is 2 m and the point load is 200 kN at the middle.

(33.3 MNm?2).




d.0. Case IV: SIMPLY SUPPORTED BEAM WITH A LINIFORMILY DISTRIBUTED LOAD

Y| w N/m

x i
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Figure 5
The beam is symmetrical so the reactions are wL/2. The bending moment at position x
is
Mo whx  wx’
2 2

Substituting this into equation 1A we have
d’y _whlx wx’
dx* 2 2

dy _ whx®  wx®

EIl

Integrate wrt x once  EI ——t A (5A)
dx 4 6
; whx®  wx*
Integrate wrt x again  Ely = T FAXF Bussss (5B)
A and B are constants of integration and must be found from the boundary conditions.
These are atx=0, y=0 (no deflection at the ends)

at x = L/2, dy/dx = 0 (horizontal at the middle)
Putting x = L/2 and dy/dx = 0 in equation 5A results in
wL'  wL’ wL
- +A hence A = -
16 48 24

3

substitute A = — i
24

EI(0) =

, vy = 0and x =0 nto equation 5B and we get

EI(0)=B hence B=0
3
substitute A = — s

and B =0 into equations SA and 5B and the complete equations are

2 3 2
gl M vk WL (4C)
& 4 6 24

Bly= W& WX LK i (4D)
12 24 24

The main point of interest is the slope at the ends and the deflection at the middle.

Substituting x = 0 into (5C) gives the standard equation for the slope at the left end. The
slope at the right end will be equal but of opposite sign.

dy_, wl
dx 24EI
The slope is negative on the left end but will be positive on the right end.

Substituting x= L/2 into equation 5D gives the standard equation for the deflection at
the middle:

Slope at free end

Deflection at middle y=———.............. (5F)




WORKED EXAMPLE No.4

A simply supported beam is 8 m long with a u.d.l. of 5000 N/m. Calculate the
flexuralstiffness which limits the deflection to 2 mm at the middle. Calculate the
gradient at the ends.

SOLUTION
Putting y = -0.002 m into equation 5F we have

B SwL!
384El
5x 5000 x 4*

-0.002=-—"———  EI=133.3x10°Nm” or 133.3 MNm’
384 x EI

From equation S5E we have

dy , 5000x8’

——=t+———————=4800x10"° (no units)
dx 24x1333x10

The gradient will be negative at the left end and positive at the right end.

SELF ASSESSMENT EXERCISE No.4

. A simply supported beam is 4 m long with a u.d.l. of 200 N/m. The flexural stiffness
is 100 MNm2. Calculate the slope at the ends and the deflection at the middle.
(5.33 x 10-6) and -6.67 x 10-6 m).

. A simply supported beam is made from a hollow tube 80 mm outer diameter and 40
mm inner diameter. It is simply supported over a span of 6 m. The density of the
metal is 7300 kg/m3. E=200 GPa. Calculate the deflection at the middle due to the
weight of the beam.

(-12 mm)

. Find the flexural stiffness of a simply supported beam which limits the deflection to
1 mm at the middle. The span is 2 m and the u.d.l. is 400 N/m.

(83.3 kNm2)




9.6. The Theory Of Superposition For Combined Loads

This theory states that the slope and deflection of a beam at any point is the sum of the
slopes and deflections which would be produced by each load acting on its own. For
beams with combinations of loads which are standard cases we only need to use the
standard formulae. This is best explained with a worked example.

WORKED EXAMPLE No.5

A cantilever beam is 4m long with a flexural stiffness of 20 MNmZ. It has a point
load of 1 kN at the free end and a u.d.l. of 300 N/m along its entire length. Calculate
the slope and deflection at the free end.

SOLUTION

For the point load only
_FL' _ 1000x 4°
3EI 3x20x10°

=-0.00106 m or -1.06 mm

For the u.d.1. only
wL'  300x4*

_48EI__8 P =-0.00048 m or - 0.48 mm
x20x

y:‘

The total deflection is hence  y=- 1.54 mm.

For the point load only
dy _FL* _ 1000x 4’

=—————=400x10"
dx 2EI 2x20x10
For the u.d.1. only
3 3
dy _wL' _ 300x4 ~160x10°

dx 6EI 6x20x10°

The total slope is hence dy/dx =560 x 10-6,




9.7. Macaulay's Method

When the loads on a beam do not conform to standard cases, the solution for slope and
deflection must be found from first principles. Macaulay developed a method for
making the integrations simpler.

The basic equation governing the slope and deflection of beams is

d’y

e, =M Where M is a function of x.
2

EI

When a beam has a variety of loads it is difficult to apply this theory because some
loads may be within the limits of x during the derivation but not during the solution at a
particular point. Macaulay's method makes it possible to do the integration necessary by
placing all the terms containing x within a square bracket and integrating the bracket,
not x. During evaluation, any bracket with a negative value is ignored because a
negative value means that the load it refers to is not within the limit of x. The general
method of solution is conducted as follows. Refer to figure 6. In a real example, the
loads and reactions would have numerical values but for the sake of demonstrating the
general method we will use algebraic symbols. This example has only point loads.

o x -
« L »
b
Qa—b{
Xy 4 o
f f
Ry Rq
Figure 6

1. Write down the bending moment equation placing x on the extreme right hand end of
the beam so that it contains all the loads. write all terms containing x in a square
bracket.

B8 Y o =R, ] - B [ —a]- B,k ~B]-E[x—6]

S

2. Integrate once treating the square bracket as the variable.
Y og B pI-al o x-OF pIx—c ,
dx 2 2 2 ) 2

3. Integrate again using the same rules.
X [x—al _ [x=b]

_E [x—c]’
6 ' 6 6

+Ax+B

Ely=R, F,

4. Use boundary conditions to solve A and B.

5. Solve slope and deflection by putting in appropriate value of x. IGNORE any
brackets containing negative values.




WORKED EXAMPLE No.6
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The beam shown is 7 m long with an E I value of 200 MNmZ2. Determine the slope
and deflection at the middle.

SOLUTION

First solve the reactions by taking moments about the right end.
30x5+40x25=7R; hence R; =35.71 kN

Ry =70-35.71=3429 kN
Next write out the bending equation.

EI ng =M =35710[x] - 30000[x — 2] - 40000[x — 4.5]

Integrate once treating the square bracket as the variable.

EId—z = 35710% 2300002728 40000245 L o4 (1)

Integrate again

Ely = 35710 T 3000021 40000 =451, Ax 4B @)
6 6 6

BOUNDARY CONDITIONS

x=0,y=0 andx=7 y=0
Using equation 2 and putting x =0 and y = 0 we get

[0-2] [0-4.5]
6

3
EI(0) = 35710%-300007-40000 +A(0)+B

Ignore any bracket containing a negative value.
0=0-0-0+0+B henceB=0

Using equation 2 again but this time x=7 and y = 0

3 _a13 _ 3
EI(0) = 35710[76] -30000% -40000%

+A(7)+0

Evaluate A and A =-187400




Now use equations 1 and 2 with x = 3.5 to find the slope and deflection at the

middle.

Elj—y:357]0[3'5]- [3-5221 4500033 =451

X

-30000

-187400

The last bracket is negative so ignore by putting in zero

351 3000032221

200x10° ﬂ = 35710[
dx

-40000 % -187400

200x10° % =218724-33750—-187400 = -2426
X

% = ﬁ —0.00001213 and this is the slope at the middle.
X X
3 A3 _ 3
Ely = 35710% - 30000u - 40000M —187400[3.5]

200x10°y = 255178 16875 — 0~ 655900 = —417598
_ —417598

y= i 0.00209 m or 2.09 mm
200x10




WORKED EXAMPLE No.7
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The beam shown is 6 m long with an E I value of 300 MNm2. Determine the slope
at the left end and the deflection at the middle.

SOLUTION

First solve the reactions by taking moments about the right end.
30x4+2x6%2=6R| =156 hence R] =26 kN

Total downwards load is 30 + (6 x 2) =42 kN
Rp=42-26=16kN

Next write out the bending equation.
d’y

=

2
WX

EI M =R, [x]-30000[x — 2]

2000x >

EI:% — 26000[x] - 30000[x — 2] -
=

Integrate once treating the square bracket as the variable.

2 A2 3
E1Y - 26000 30000 X221 | 2000IxT”  (yy
dx 2 2 6
Integrate again
3 . 3 4
Ely = 26000% _30000X =21 _ 20020££x] +Ax+B.....(2)

BOUNDARY CONDITIONS
x=0,y=0 andx=6 y=0

Using equation 2 and putting x = 0 and y = 0 we get
3 _ a8 i
E10) = 260001 - 30000 [0 =21 _ 2000(0]
¢ 6 24

Ignoreany bracket containing a negative value.
0=0-0-0+0+B henceB=0

+A0)+B

Using equation 2 again but this time x =6 and y =0




3 _ 3 4
EI(0) = 26000ﬂ -30000 L) - atllld
6 24
EI(0) = 936000 - 320000 - 108000 + (6) + 6A
6A =-508000
A =-84557
Now use equations 1 with x = 0 to find the slope at the left end.
2 72 3
Eld—y = 260000& - 30000M - 2000ﬂ -84557
dx 2 2 6
Negative brackets are made zero

+A(6)+0

300x10° d_y =-84557
dx

dy  —84557

e B 0.000282 and this is the slope at the left end.
X X

Now use equations 2 with x = 3 to find the deflection at the middle.

3 E 4
Ely = 2600021 3000032221 20001 _ g45577;
6 6 24
300x10°y = 117000 — 16875 — 6750 — 253671 = —160296
~ —160296

y= - -0.000534 m or 0.534 mm
300x10




SELF ASSESSMENT EXERCISE No.5

1. Find the deflection at the centre of the beam shown. The flexural stiffness is 20
MNm?2. (0.064 mm)

ranNSm 1UDN2m

e ' Bme\ i

2

Ry Ro

Figure 9

2. Find the deflection of the beam shown at the centre position. The flexural stiffness is
18 MNm’. (1.6 mm)

9 kN 2 kN
5 15m | 1m y 25m h
d rl - L
1.5 kiN/
YL&‘ i i/ i
Ry Ry
Figure 10

3. Find value of E I which limits the deflection of the beam shown at the end to 2 mm.
(901800 Nm?2)

1200 N

~18m | 12m

= L e bl
400 N/m

! % % v,

Figure 11

4. A cantilever is 5m long and has a flexural stiffness of 25 MNm2. It carries a point
load of 1.5 kN at the free end and a u.d.l. of 500 N/m along its entire length.
Calculate the deflection and slope at the free end.

(-4.06 mm and 1.167 x 10-3)

5. A cantilever beam is 6 m long and has a point load of 800 N at the free end and a
u.d.l. of 400 N/m along its entire length. Calculate the flexural stiffness if the
deflection is 1.5 mm downwards at the free end.

(81.6 MNm?2).




6. A simply supported beam is 6 m long and has a flexural stiffness of 3 MNm2. It
carries a point load of 800 N at the middle and a u.d.l. of 400 N/m along its entire
length. Calculate the slope at the ends and the deflection at the middle.

(1.8 x 10-3 and 3.45 mm).

7. Calculate the flexural stiffness of a simply supported beam which will limit the
deflection to 2 mm at the middle. The beam is 5 m long and has a point load of 1.2
kN at the middle and a u.d.1. of 600 N/m along its entire length.

(4 MNm2).

The beam has a solid rectangular section twice as deep as it is wide. Given the
modulus of elasticity is 120 GPa, calculate the dimensions of the section.
(168 mm x 84 mm).




9.8. Encastre Beams

An encastré beam is one that is built in at both ends. As with a cantilever, there must be
a bending moment and reaction force at the wall. In this analysis it is assumed that

o there is no deflection at the ends.

e the ends are horizontal.

o the beam is free to move horizontally.

Figure 12

First let us consider two standard cases, one with a point load at the middle and one with
a uniformly distributed load. In both cases there will be a reaction force and a fixing
moment at both ends. We shall use Macaulay’s method to solve the slope and
deflection.

9.8.1. Paint Load

In this case RA = Rg =F/2

X
<hf§ Mg  The bending moment at distance x from the left
F £) 2
A L4 NS M:EIj—f:RAx—F[x—%}MA
it' L Jil end is : & . L
L S
Ra Rg Eldxz—Fz F[x Z}LMA
Figure 13
dy _x° F[x_;]
Integrate EI—y:Fx———+MAx+A
dx 4

Since the slope is zero at both ends it then putting j_y =0and x =0 yieldsthat A=0
X

Ij 2

dy __x* F[X_z}
ElY =2 L =) iM,x
dx 4 2

3
N F|:x - ]2“} ,
X" X"
Ely=F—————=+M,—+B
T 6 *
Since the deflection is zero at both ends then putting y =0 and x =0 yields that B=0

3
3 F[x—§:| 2
Ely=Fo——-L %] 3, 2
12

Integrate again




The constants of integration A and B are always zero for an encastré beam but the
problem is not made easy because we now have to find the fixing moment M.

Equations 1 and 2 give the slope and deflection. Before they can be solved, the fixing
moment must be found by using another boundary condition. Remember the slope and
deflection are both zero at both ends of the beam so we have two more boundary
conditions to use. A suitable condition is that y = 0 at x = L. From equation 2 this yields

L 3
, FL-— ,
FL 2] M,I?
+

EI(0)= — —
©=1 6 2
3
3 F = 2
_FC_12] ML
12 6 2
3 3 2
o FL' FL' M,L
12 48 2
3 2
03U M,L
148 2
M,L*  3FL
2 148
M, —_IL

A

If we substitute x = L/2 and Mp = -FL/8 the slope and deflection at the middle from
equations 1 and 2 becomes :
dy _
e

FL’

~T192EI




9.8.2. Uniformly Distributed Load

In this case RA = Rg = wL/2

X
M ‘—F‘ Mg  The bending moment at distance x from the left
d W O end is :
AN YA Y Y YV Y YY ~ d’y -
; L =?' M:Eldx—2:RAx_ +MA
R R 2 2
A B EIdYZWLx_wx M,
dx” 2 2
Figure 14
dy wLx® wx’
Integrate El—= -——+M,x+A
dx 4 6

Since the slope is zero at both ends it then putting %}i =0and x =0 yieldsthat A=0
X

d_y_wsz wx®
dx 4 6 A

EI

Integrate again Ely = - +—2_ 4B
& g Y 12 24 2

Since the deflection is zero at both ends then putting y =0 and x =0 yields that B=0

3 4 2
EIy:WLX WX +MAx
12 24 2

As in the other case, A and B are zero but we must find the fixing moment by using the
other boundary condition of y =0 when x =L

LY wlt M,
EI0)=2— ¥~ ;T

12 24 2
OZWL“+MAL2

24 2

wi?

M, =-
- 12

If we substitute x = L/2 and Mp= -wL2/12 into equations 1 and 2 we get the slope and
deflection at the middle to be
dy wL*

—=0and y=-
dx 384EI

The same approach may be used when there is a combination of point and uniform
loads.




SELF ASSESSMENT EXERCISE No. 6

1. Solve the value of EI which limits the deflection under the load to 0.05 mm.
(Ans. 1.53 GNm2)

Y 4m 80 kN
- » Mg
S5kNim 4
Cs HHHHHHHQ
6 m J
Ra RlB
Figure 15

2. Solve the value of EI which limits the deflection under at the middle to 0.2 mm
(Ans. 11 MNm?2)

M Jmytm , am,
é 51rkN kaN MB
2 S22222222.00)

P * * %

. 5 khNim

|
|
Ra Rp

Figure 16
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Chapter 10

Theories of Failure

Theories of failure, also called failure criteria, attempt to answer the question: Can

data obtained from a uniaxial tension or compression test be used to predict failure

under _more complex loadings? By failure we mean either yielding (resulting in

excessive permanent deformation) or actual rupture, whichever occurs first. Failure
resulting from local buckling or elastic instability is not considered here.

In general, there are two groups of failure criteria: one for brittle materials that fail by
rupture, and the other for ductile materials that exhibit yielding. In this chapter, we

consider only failure criteria for plane stress; that is, we assume that o, = 0.

10.1 The maximum stress theory

The maximum stress theory (sometimes call the maximum principal stress theory)
proposed by W.J.M. Rankine (1820-1872) is the oldest as well as the simplest of all the
theories. It is based on the assumption that a material fails by fracturing when the

largest principal stress exceeds a limiting value, the limit being the yield point in a

simple tension test (or ultimate strength, 0y, , if the material is brittle). Although the
maximum tensile or compressive stress alone is not sufficient to define yielding, this
theory does give results that agree well with test results from brittle materials, such as

cast iron or concrete.

A =SF1 oor &= £1 (10.1)
O-ull O_ull
LB
1.0 O-uh
1.8 165
O-ulr
-1.0

Figure 10.1 Fracture criterion based on maximum stress.




(a) Pure shear (b) Pure tension
Figure 10.2 Mohr’s circle of material element
Although the maximum principal stresses are equal in Figure 10.2(a) and (b), (a) has

twice the shearing stress of (b).

10.2 The Maximum Strain Theory

According to the maximum strain theory, which is credited to B. de Saint Venant, a
ductile material begins to yield when the maximum principal strain reaches the strain
at which yielding occurs in simple tension or when the minimum principal strain (i.e.

the compressive strain) equals the yield point strain in simple compression.

B, = %[O’A_—v(a}&o;)] (10.2)

£, = %[o‘_‘_—v(az+0'x)] (10.3)

£,\= %[O'Z—V(O"\.'f'O'",)] (10.4)
We see that when o = -0, =-0_, the maximum strain is g[l +2v]. Vice versa, when
-0, =-0, =-0,,as in hydrostatic compression, the maximum strain is %[1—2‘/].

.". Different strains may appear with the same maximum stress.

10.3 The Maximum Shear Theory

The maximum shear theory, also known as the Guest’s theory or the Tresca yield

criterion in recognition of the contribution of H.E. Tresca (1814-1885) to its application,




was proposed by C.A. Coulomb (1736-1806). This theory assumes that yielding will start

when the maximum shearing stress in the material equals the maximum shearing stress
developed at yielding in a simple tension test. Since the maximum shearing stress is
equal to one-half the difference between the principal stresses, the condition for

yielding is

- . (o
TW s max min _ P (105)

1
< 01/0yp

Figure 10.3 Yield criterion based on maximum shearing stress

The maximum shear stress theory for plane stress can be expressed for any two in-

plane principal stresses as o, and o, by the following criteria:

o, = o, .

| | = o,, 0, have same signs

Tal = P

|O',—0'2 = 0, o,, o, have opposite signs

Experimental work shows best agreement with this theory when applied to ductile

materials.

10.4 The Mises Yield Theory

The Mises yield theory, also known as the maximum shear distortion theory, was

proposed by M.T. Huber in 1904 and further developed by R. von Mises (1913) and H.

Hencky (1925). In this theory, failure by yielding occurs when, at any point in the body,

the distortion energy per unit volume in a state of combined stress becomes equal to

that associated with yielding in a simple tension test.




If o, > o, > o, are the principal stresses and o, is the yield strength in simple

tension, this concept gives

- +low-a +lon-aif } = o, ~of +lo-0F +o-0, } } - 27,

(10.6)
from which we obtain
[0,-0.F +[o,-0,f +[oy, -0, = 207, (10.7)
Since o, = 0 for plane stress problem then the criterion for yielding becomes
o} —0,0,+0, = 0, (10.8)
G,/0,,
,:.L_\'M) s i % ;
s n

:I-/J ;.: "‘{"*O‘/Gyp o, Ag G
v A

TR )
| O3

(a) (b) (c)

Figure 10.4 Yield criterion based on distortion energy: (a) plane stress yield ellipse; (b)

a state of stress defined by position; (c) yield surface for triaxial state of stress.
The Mises yield theory of failure finds considerable experiment support in situations

involving ductile materials and plane stress. For this reason, it is in common use in

design.

10.5 The Mohr’s Theory

The Mohr theory of failure is used to predict the fracture of a material having different
properties in tension and compression when results of various types of tests are
available for that material. This criterion makes use of the well-known Mohr’s circle
stress, which relies on stress plots in O; T coordinates.

If the data describing states of limiting stress are derived from only simple tension,
simple compression, and pure shear tests, the three resulting circles are adequate to

construct the envelope. The Mohr envelope thus represents the locus of all possible

failure states.




T "3(9 c T

7 2
/ Simp! A g ,tension
Af C _ cg:]n%?ession 4/

Simple

3 O » O
O3 (o)) 0'1 B'

(a) Al Torsion
Failure envelope

(b)

Figure 10.5 (a) Mohr’s circles of stress; (b) Mohr’s envelopes.

10.6 The Coulomb-Mohr Theory

The Coulomb-Mohr or internal friction theory assumes that the critical shearing stress
is related to internal friction. If the frictional force is regarded as a function of the
normal stress acting on a shear plane, the critical shearing stress and normal stress can

be connected by an equation of the following form

T =aC+b (10.9)
The constants a and b represent properties of the particular material. This expression

may also be viewed as a straight-line version of the Mohr envelope.

Simple (o

. Simple
compression

___tension

Figure 10.6 (a) Straight-line Mohr’s envelopes; (b) Coulomb-Mohr fracture criterion.

For the case of plane stress, G5 = 0 when O is tensile and O, is compressive. The

maximum shearing stress T and the normal stress G acting on the shear plane are
given by

o4 —O0. o, +0
T-+—2g-12 (10.10)
2 2

Introducing these expressions into Eg. (10.9), we obtain




(o, JA—a)— (0, ) A+ a) -2 (10.11)

To evaluate the material constants, the following conditions are applied:

0y =0y when0y =0
0, =—0, wheng; =0 (10.12)

Here 0y, and O-l,l, represent the ultimate strength of the material in tension and

compression, respectively. If now Egs. (10.12) are inserted into Eq. (10.11), the results

are
(0, )X —a)=20and (6,)(1 + @) =20
from which
L oy 0'1,1, _ (ou )(0'7) (10.13)
oy +oy oy toy

These constants are now introduced into Eq. (10.11) to complete the equation of the
envelope of failure by fracturing. When this is done, the following expression is
obtained, applicable for G; > 0, G, < 0:

0'_1 g

2 (10.14)

oy Ou
In the case of biaxial tension (now O,,, = Os = 0, O; and O, are tensile), fracture

occurs if either of the two tensile stresses achieves the value G,,. That is,
For biaxial compression (now O, = O3 = 0, G; and O, are compressive), fracture

. . . . !
occurs if either of the compressive stresses attains the value Oy;:

0, =—0,,0; =—0y (10.16)

The figure above is a graphical representation of the Coulomb-Mohr theory plotted in
the Oy, G, plane. Points lying within the shaded area should not represent failure,
according to the theory. In the case of pure shear, the corresponding limiting point is

g. The magnitude of the limiting shear stress may be graphically determined from the

figure or calculated from Eq. (f) by letting 07 = —05 :

!
0 =Ty :%)f:zﬁi) (10.17)




10.7 Examples

Example 1: Use Maximum Shear Stress theory to determine the Factor of Safety Ny , when
the stress at a point is given by S; = -10,000 psi, S;=20,000 psi, S;=0, and the yield strength of
the part matenial S,,=51,000 psi.

S,
max{S, — S, S, — S;|; |S; - §,[} = =2
fs
v S, B 51,000 _5L000 _ ...
5 max{s, - S,k|S, - S;|Ss = [} |-10,000 -20,000) 30,000
T Taax=Max Radius = 15,000

S 1= -10. ~
$:=20.000

Mobhr Circle

Example 2: Use Maximum Shear Stress theory to determine the Factor of Safety Ny, , when
the stress at a point is given by §; = 10,000 psi, S;=20,000 psi, S;=0, and the yield strength
of the part material S,,=51,000 ps1.
S 51,000 51,000

’ = =2.76

e — = =
S, - S3l:[S; =8, [0-20000) 20,000

s max{]Sl -5,

*

Tma=Max Radius = 10,000

/

. 520000

S|_= “]

Mohr Circle




Example 3: The stresses on a Class 25 Gray Cast Iron part is shown below. Find the factor
of safety.

From table 14-16 in textbook for Class 25 Grey 10 kpsi

CI 1

Sur = 25,000 psi & Syc =100,000 psi
20 kps1 —* +— 20 kps1
The Max Tensile stress = 10,000,
Ngr= 25,000/10,000= 2.5 l
The Max Compressive stress = 20,000, 10 kpsi

Nge = 100,000/20,000 = 5

The Ng, of the part 15 2.5 (smaller of the two).

Example 4:

Use Von Mises-Hencky theory to determine the Factor of Safety N, , when the stress at a point
1s given by 5, = -10,000 psi, S,=20,000 ps1, 5:=0, and the yield strength of the part materal
S,p=51,000 psi1.

2
TZ Sr? .512 T T T Sr o o ‘Sr_l'p
Ll+L2+L3_LlL2_L2L3_L3LI_ hr
S

A.r — e
S o 7 7 . - o
‘JLS[ +a.2 +153_ _LSILSE _LSELSB_LSJSI
B 51,000
J- 10,0007 + 20,0007 + 0 — (10,000 x 20,000) — (20,000 x 0) — (0 x 10,000)
B 51,000
\/— 10,000% + 20,000% - (=10,000 x 20,000)

51,000

=1.93

J10° +4x10° +2x10%)




Example - 5 The ultimate strength of a brittle material is 40 MPa in tension and 50

MPa in compression. Use Mohr’s failure criterion to determine whether the plane state

of stress in Fig. Ex10.1(a) would result in rupture of this material.

th MPa
= — 10 MPa

AL

—‘; ) =5t

(a)

Given state of stress

I ]? 20 o (MPa)
\\\: _IIO
@ Tension test

(®)
Figure Ex10.1 (a) state of stress; (b) Mohr’s failure envelope

Compression
test

Solution: We first draw the Mohr’s circles representing the states of stress at rupture
for uniaxial tension and for uniaxial compression, as shown in Fig. Ex10.1(b). We
complete the failure envelope by drawing tangent lines to the two circles. Any state
of stress with a Mohr’s circle that lies entirely within the failure envelope (the shaded
area in the figure) is deemed to be safe against rupture. Otherwise, failure is predicted.
The Mohr’s circle representing the given state of stress is also shown in Fig. Ex10.1(b).
Because the circle lies within the failure envelope, this state of stress would not cause

rupture.

Example - 6 A thin-walled tube is fabricated of a brittle material having ultimate
tensile and compressive strengths o, = 300 MPa and o, = 700 MPa. The radius and
thickness of the tube are r = 100 mm and t = 5 mm. Calculate the limiting torque that
can be applied without causing failure by fracture. Apply (a) the maximum stress theory
and (b) the Coulomb-Mohr theory.

Solution: The torque and maximum shearing stress are related by the torsion formula:

Te (T)G) = ()()() (1)(z) = 27(100mm)’ (Smm)(¢)
= (314.159x10*)(7) N -mm

(a) Maximum stress theory:
N

>

Because we have o, = o, = 300

1l
~

mm-




mm-

T= (3]4.159><10" mm")(300 NJ =9424770 kN -mm

(b) Coulomb-Mohr theory:
T -7
300x10° 700x10°
From which t = 210 MPa, Then

T= (2)(7)(r) (1)(x)

= (2m)(100 mm)? (5 mm) (210

N
mm?

) = 65.9 kN*m
Based on the maximum stress theory, the torque that can be applied to the tube is

thus 30% larger than that based on the Coulomb-Mohr theory. To prevent fracture,

the torque should not exceed 65.9 kN-m.

Example - 7 A torsion bar-spring made of ASTM grade A-48 cast iron is loaded as
shown in figure below. The stress concentration factors are 1.7 for bending and 1.4 for
torsion. Determine the diameter d to resist loads P = 25 Nand T = 10 N*m, using a

factor of safety FS = 2.5. Apply (a) the maximum stress theory and (b) the Coulomb-

Mohr theory.
f P
0.1Tm]0.1m
-2 m—»’*—>4—>|
= . - Y
.__y—>_ ) (-——;
B = o) ==y = |—>>>

Figure Ex10.3 A torsion-bar spring.

Solution: The stresses produced by bending moment M = 0.1P and torque T at the

shoulder are
Ox = (kb ) (%)
v = (k, )(1”) (Ex10.3.2)

nd?

The principal stresses are then

o1z = (7:76) (k,, MF [kZM? + k3T2> (Ex10.3.b)




Substituting the given data, we have

i = (;763) [1.7(0.1 x 25) F \/(1.7 x 0.1 x 25)? + (1.4 x 10)?

The foregoing results in
_ 96.16 52.87

(Ex10.3.0)

0 = a3 y O3 = d3

The allowable ultimate strengths of the material in tension and compression are %
= 68 MPa and % = 260 MPa, respectively.
(a) Maximum stress theory

96.16
5= 68X 10°

Jod=112mm Ans.
Similarly, —% =
(b) Coulomb-Mohr theory:

96.16 -5287

(68x10%)(a®)  (260x10° )(a%)

S =T Ans.

68 X 10° gives d = 9.2 mm.

1

The diameter of the spring based on the Coulomb-Mohr theory is therefore about
4.5% larger than that based on the maximum stress theory. A 12-mm-diameter bar, a

commercial size, should be used to prevent fracture.

Example - 8 The steel pipe as shown in Figure Ex10.4.a has an inner diameter of 60

mm and an outer diameter of 80 mm. If it is subjected to a torsional moment of 8

kN-m and a bending moment of 3.5 kN*m, determine if these loadings cause failure as

defined by the Mises yield theory. The yield stress for the steel found from a tension
test is gy, = 250 MPa.

_ () _ (8000 N -m)(0.04 m)

B [gj[(om m)* —(0.03)*]

_ M)(c) _ (3500 N-m)(0.04 m)

Ty [%)[(0.04 m)* —(0.03)° ]

=116.4 MPa

=101.9 MPa

o4

Mohr’s circle for this state of plane stress has a center located at
_(0-1019) _

avg

=-50.9 MPa




A
| 116.4 MPa

101.9 MPa

101.9 MPa

1164 MPa  <—

116.4 MPa

e
101.9 MPa

Figure Ex10.4 (a)

o, =-50.9 + 127.1 = 76.2 MPa
o, =-50.9 - 127.1 = -178.0 MPa
(07 -00,+03) < 0,
[(76.27 - (76.2)-178.0) + (-178.0)°] < (250.0)*
51100 < 62500
Since the criterion has been met, the material within the pipe will not yield (“fail”)

according to the Mises yield theory.

Example - 9 A circular shaft of tensile strength o,, =350 MPa is subjected to a

combined state of loading defined by bending moment M = 8 kN*m and torque T =




24 kN-m. Calculate the required shaft diameter d in order to achieve a factor of safety

FS = 2. Apply (a) the Guest’s theory and (b) the maximum shear distortion theory.

Solution: For the situation described, the principal stresses are

2 4 2
o o MG ) (Ex10.5.1)

O = -
2 2
where
M
0= = 2. = 22U (Ex10.5.2)
g md
7T =2 (Ex10.5.3)
T ml
Therefore

o), = [%}[M tM*+T 2] (Ex10.5.9)

(a) For the state of stress under consideration, it may be observed from Mohr’s circle
that o, is tensile and o, is compressive. Thus,

G b/

1;; = Jo2+ar?) (Ex10.5.5)
or

(o}
w { o }/(M%TZ) (Ex10.5.6)

FS l’
After substitution of the numerical values, Eq. (Ex10.5.6) gives d = 113.8 mm.
(b)

O
P - [(o?+3c%) (Ex.10.5.7)




o
woo_ [ﬁ} (4M*+377) (Ex10.5.8)

IS d?
Substituting the data into Eq. (Ex10.5.8) and solving for d, we have d = 109 mm.
The diameter based on the Guest’s theory is thus 4.4% larger than that based on the
maximum shear distortion theory. A 114-mm shaft should be used to prevent

initiation of yielding.

Example - 10 A steel conical tank, supported at its edges, is filled with a liquid of
density ¥. The yield point stress (0, ) of the material is known. The cone angle is 2QL.
Determine the required wall thickness t of the tank based on a factor of safety FS.

Apply (a) the maximum shear theory and (b) the maximum shear distortion theory.

Figure Ex10.6.1 Cross section of conical tank

Solution: The variations of the circumferential and longitudinal stresses in the tank

are, respectively

tana
B 1= (7)(a—y)(y)[ } (Ex10.6.1)
tcosa
o, - (y)(a—gy)(y)[ s ] (Ex106.2
2 3 2tcosa o
The principal stresses have the largest magnitude:
= |2 [tana] aty= £ (Ex10.6.3)
1, max 4t || cosa 2
o = | O [ta”“} i 20 (Ex10.6.4)
2, max 167 | cosa 4




1

(a) Because 0, and 0'2 are of the same sign and ’O'l‘ > ‘0'2’ , we have

(e} 2
wo_|m [tana} (Ex10.6.5)
FS 4t | cosa
The thickness of the tank is found from this equation to be
a’)(FS) [ tana
i 0.25{(7)( X )}[ } (Ex10.6.6)
o8 cosa

(b) It is observed in Egs. (Ex10.6.3) and (Ex10.6.4) that the largest values of principal
stress are found at different locations. We shall therefore first locate the section at
which the combined principal stresses are at a critical value. For this purpose, we insert
Eq. (Ex10.6.6) into

O-ip tana ||’ 2 tana ||
s {(7)(%)/)0/)[’005“} + {(7)(tt*§y)(y)[2’cosa ]}

-{(y)(a—y)(y)[ tana ]} {(y)(a—zyxw[ fana }} (Ex10.6.7)
tcosa 3 2t cosa

Upon differentiating Eq. (Ex10.6.7) with respect to the variable y and equating the result

to zero, we obtain

y = 0.52a (Ex10.6.8)
Upon substitution of this value of y into Eq. (7), the thickness of the tank is determined:
a*)(FS) [ taner
. m{m( I )}{ } -
o, cosa

Example - 11 Determine the width b of the cantilever of height 2b and length 0.25
m subjected to a 450-N concentrated force at its free end. Apply the Mises yield theory.
The tensile and compressive strengths of the material are both 280 MPa.

Solution:

= (35 Jom@smy < (2o m'

o . (125N-m)(b) 16875 N

(i)(bf b om

(4sozv)[(bm)(bm)(gmﬂ 33750 N

L ](%)

)0 (2omre) "

3




450 N 33750 N

168.75 N T
25 Ne -
112.5 N-m l B 5
C 168.75 N

0.25m - 337.50 N b om?
450N ' . b m
: i SFD
A
(N)
-450.0'« ¥.450.0
5 | BMD
i N-m
-112.5 ' ( )

911 Mohr’s circle

=T - (P o)
iy & )
o2 M

e
g
\]
i
3| =
;/
/—\
]
=2
wn
3|=
ol
L — |

o [84375 N) (84375 ﬁj +[337.5 NJZ
2 3 b om’

) (z)l(84);3‘75 ;LVJ ”\/{84}.}3375 rivJ+[33b75 ’:/”




84375 NY (3375 N Y
= (2) 3 2 T 2 2
b m b" m

84375 N 84375 N\ (3375 NY
- (2) T 2 3 ool STl
m b m b m

3375 N]l

(oo} [ S2X

2 2 2
(0, -0,0,+0;) < o,

84375 NY (3375 NY 84375 NY (3375 N Y
(2) | T 2 7| * (2) |t 2 .2
b’ m” b- m’ b° m’ b~ m’
{ﬂﬁ,] g(zsoxloﬁﬁ,]
b m m*

(4)[84375 N] +(3){33z.5 ﬁ] ) [280x106ﬂ,j
b~ m m-

)
m

3 2 2
(284765625><10 N> J+(341.71875x10 N ] {78400x101,N ]

m' b* m*
28.4765625x10° ) +[ (341.71875x10%) (6 ) | < [(78400x10™ )(5°)]
[(78400x10" )(p°)] - (28.4765625x10°) [ (341.71875x10)(v*) ] 2
(6*)[(78400x10” )(b*)~(341.71875) | 2 (28.4765625)

. b 2 8448 mm. Ans.

Example - 12 Determine the required diameter of a steel transmission shaft 10 m in
length and of yield strength 350 MPa in order to resist a torque of up to 500 N-m. The
shaft is supported by frictionless bearings at its ends. Design the shaft according to the
maximum shear stress theory, selecting a factor of safety of 1.5, (a) neglecting the shaft
weight, and (b) including the effect of shaft weight. Use Y = 77 kN/m® as the weight

per unit volume of steel and G = 70 GPa.

Solution:




(a) T _—(T)(l")
s
(@@
32
d
T :(1.5)(0.5kN-m)(5 mj w0
[wxdm)“] ()
32
1NN T;b; = %
12000 ﬁia

Ans.

— +

o0 N (1.5)[(96250)(;z)(d)2](%Jﬁ




d

()4 9] a025)() (][ 3

(11.550x10°)
4w

(11.550x10°) w 500 v
d m 12000 5 7xins |
(7)(d)

Imi

5
{ 12000 *“77”“(}‘\??

: m-

(7)(d)

(11.550x10°) N
d




(11.55)(10(’

————— |+0
itk 100 d J _(5775x10°\ N _ | %79
2 2 d m’ 2

=

2 6 B ]
=0, b g o fSTIXE N[ B0 gy B
> » d m’ d) m-

(7)(
max O-miu = O-'W
2 2
6 2 ’
2) (5.775;10 NJ +[ 120000 7710¢ N]
) =) ")) 350x10° N
2 ) 2 m’
6\2 >
[5.775x10 ] . 12000}+0'77X106 _ BpEsE s
d (7)(d)

33.3506%5><10” N 144}x10{f‘ +18480><}0" +0.5929x102 = 30625 x 102
d? (7°)(a®)  (=)(a*)
33350625x10"  144x10°  18480x10° _ 30694 407]1x 10"
@) @) '
144x71()'6 +(18480><10’ )(d)
(=) (7)
. . (18480x10 (‘)(d“) 144%10°6
30624.4071)(d" )—(33.350625)(d" ) - = =0
( )~ (33 350629)(a*) =5 =
cod =36.695 mm. Ans.

(33.350625)(d*) + - (30624.4071)(d°)

Example - 13 A solid cylinder of radius 50 mm is subjected to a twisting moment T

and an axial load P. Assume that the energy of distortion theory governs and that the
yield strength of the material is O'W = 280 MPa. Determine the maximum twisting

moment consistent with elastic behavior of the bar for (a) P = 0 and (b) P = 4007T kN.

Solution:




(7)(d)" _ (7)(100mm)"

(TR TR (3.125x10°) () mm*
o - AEOm) () (s0mm)
i 7 [(3,1257r><106) mm4]

(16x10°)(T) n

N (16x10°)(T) N

T INNI:

T INIH:

amax = (T'\j, )2 = Tmax = 02

2 2 2
(07 —0,0,+0;) < Oy

2
(o} —(= o )(Eam )+ (7 ) (280 N J

(3) 6x10°)T) N | ((p50 ¥

(7) mm* | mm*
ST =317 kNem., Ans.
© T =2605kNm. Ans.

Exambple - 14 A thin-walled cylindrical pressure vessel of diameter d = 0.5 m and
wall thickness t = 5 mm is fabricated of a material with 280-MPa tensile yield strength.

Determine the internal pressure p required according to the following theories of

failure: (@) maximum distortion energy theory and (b) maximum shear stress.




(@) p = 6.466 MPa.
B oo = (p)(250mm) _ (50)(p) N

: ((S;Em) ) mm®
250mm N
oy - (DI (25)(5) 2

T(S())(m mm’

(25)(p) mm’
—_—

(25)(p) 2
l mm
(50)(p) & .

mm-

10 Mohr’s circle

o, +to, |_ ||o,—0O, i
e { 2 }\/( 2 J #(e)




Because 0, and 0, have same signs

T Omax T
abs = =
max 2 2

(50)(p) = 280
5P = 5.60 MPa
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