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Non-linear Equation

Recall that a linear equation can take the form
ax+by+c=0

any equation that cannot be written in this form and has the degree larger
than one but not less than 2 is nonlinear. Such as

° logarithmic,
. trigonometric,

e  exponential or
e  power function of parameters or variables,

It forms a curve and if the value of the degree increases, the curvature of
the graph increases

linear nonlinear

90 4 450 1
80 4 400 1
70 4 350 -
60 - 300 -

50 - 250 -

f(x)
f(x)

40 4 200 A
30 4 150 4
20 100 4

10 4 50 -

The general representation of nonlinear equations is;

ax’*+by*+c=0
Where x and y are the variables and a, b and c are the constant values.
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Solution of Nonlinear Equations

Given a function f(x), we seek the value of x for which f(x) = 0.
Solution x is called a root of equation, or zero of function f(x). Thus, the
problem is known as root or zero finding.

Root of Equations

The general form of quadratic equation is:
ax*+bx+c=0

the value of x, can be find by using the quadratic formula

—b + Vb?% — 4ac
*12 = 2a

These values of x are called the “roots” of equation. They represent the
values of x that make equation equal to zero. Thus, we can define the root
of an equation as the value of x that makes f(x) = 0. For this reason, roots
are sometimes called the zeros of the equation.

Although the quadratic formula is handy for solving equation, there
are many other functions for which the root cannot be determined so
easily. For these cases, the numerical methods provide efficient means to
obtain the answer.

Finding for Roots of Nonlinear Equations

Consider the problem of finding the roots of the nonlinear equation
f(x) = 0, which is a scalar function of a single independent variable, x,
using numerical techniques. Since the roots of a nonlinear equation,
f(x) = 0, cannot in general be expressed in closed form, an approximate
methods must use to solve the problem.
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Usually, iterative techniques are used to start from an initial
approximation to a root, and produce a sequence of approximations,
which converge toward a root. Convergence to a root is usually possible
provided that the function f(x) = 0 is sufficiently smooth and the initial

approximation is close enough to the root.

Consider the equation

fx)=0

Roots of equation f(x) = 0 are the values of x which satisfy f(x) = 0,
also referred to as the zeros of an equation

b fix)

X, X, X X4 roots of f(x)

Notes on root finding

e Roots of equations can be either real or complex such that x = a is
a real number and x = a + ib isa complex number, where i = v/—1

e A large variety of root finding algorithms exist,

e Each algorithm has advantages and disadvantages, possible

restrictions, etc.
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Numerical Methods of Roots Finding of Nonlinear Equations

Numerical methods for finding Roots of the Nonlinear Equations
are:
e Bracketting Methods
o Bisection Method
o False Position (Regula Falsi
e Graphical Method
e Open Methods
o Newton-Raphson
o Secant Method

Noncomputer Methods for Determining Roots

Before the advent of digital computers, there were several ways to
find the roots of algebraic and transcendental equations. For some cases,
the quadratic formula. Although there were equations that could be solved
directly, there were many more that could not. For example, even an
apparently simple function such as

fx)=e*—x

cannot be solved analytically. In such instances, the only alternative is an
approximate solution technique.

One method to obtain an approximate solution is to plot the
function and determine where it crosses the x axis. This point, which
represents the x value for which f(x) = 0, is the root.

Although graphical methods are useful for obtaining rough
estimates of roots, they are limited because of their lack of precision. An
alternative approach is to use trial and error. This “technique” consists
of guessing a value of x and evaluating whether f(x) = 0. If not (as is
almost always the case), another guess is made, and f(x) is again
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evaluated to determine whether the new value provides a better estimate
of the root. The process is repeated until a guess is obtained that results
inan f(x) that is close to zero.

Such haphazard methods are obviously inefficient and inadequate
for the requirements of engineering practice. There are techniques
represent alternatives that are also approximate but employ systematic
strategies to home in on the true root. The combination of these systematic
methods and computers makes the solution of most applied roots-of-
equations problems a simple and efficient task.

Bracketing Methods

The techniques for finding the roots of equations deals that exploit
the fact that a function typically changes sign in the vicinity of a root are
called bracketing methods because two initial guesses for the root are
required. As the name implies, these guesses must “bracket,” or be on
either side of, the root. These methods employ different strategies to

systematically reduce the width of the bracket to find the correct answer.

As a prelude to these techniques, graphical methods for depicting
functions and their roots. Beyond their utility for providing rough
guesses, graphical techniques are also useful for visualizing the properties

of the functions and the behavior of the various numerical methods.

1. Graphical Methods

A simple method for obtaining an estimate of the root of the
equation f(x) = 0 is to make a plot of the function and observe where it
crosses the x axis. This point, which represents the x value for which
f(x) = 0, provides a rough approximation of the root.
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The Graphical Approach

Graphical techniques are of limited practical value because they are
not precise. However, graphical methods can be utilized to obtain rough
estimates of roots. These estimates can be employed as starting guesses
for numerical methods.

Aside from providing rough estimates of the root, graphical
interpretations are important tools for understanding the properties of
the functions and anticipating the pitfalls of the numerical methods.

For example, Figures below show a number of ways in which roots can
occur in an interval prescribed by a lower bound x; and an upper bound
Xy-

fx) J )

Figure 1. Figure 2.

Figure 1 and 2 depicts the case where a single root is bracketed by negative
and positive values of function f(x). In general,

> |If f(x;) and f(x, ) have opposite signs, then there are an odd number
of roots in the interval as shown by Figures 1 and 2. In Figures f(x;)
and f(x, ) are on opposite sides of the x axis, and three roots (odd
number) occur between the interval.
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> if f(x;)and f(x, ) have the same sign, as shown in Eigures 3 and 4,
then there are either no roots or an even number (two) of roots between
the values.

f(x) 4

f(x)

L

Ol

- —— e ———

Figure 3. Figure 4.

Although these generalizations are usually true, there are cases
where they do not hold. For example, Tangential and discontinuous
functions can violate these principles.

Tangential function in Figure 5 which is tangential to the x axis has
an even number of root of intersection x-axis although the end points are
of opposite signs. Also, discontinuous function in Figure 6 has an even
number of roots although the end points of opposite sign.

fx) 4

s

f(x) 4

X

e . . ———— —

Figure 5. Figure 6.
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An example of a function that is tangential to the axis is the cubic equation:
f)=(x-2)x-2)(x—-4)

Notice that x = 2 makes two terms in this polynomial equal to zero.
Mathematically, x = 2 is called a multiple root.

The existence of cases illustrated in Figures 5 and 6 makes it difficult
to develop general computer algorithms guaranteed to locate all the roots
in an interval. However, when used in conjunction with graphical
approaches, the methods for solving many roots of equations problems
are extremely useful confronted routinely by engineers and applied
mathematicians

Example : Use the graphical approach to determine the friction factor
needed for a parachutist of mass m = 68.1 kg to have a
velocity of 40 m/s after freefalling for time t =10 s. Where, the
parachutist’s velocity derived from Newton’s second law is

V= ?(1 — e_(%)t)

Solution:

To solve this problem using numerical methods, it is conventional
to re-express velocity equation by subtracting the dependent variable v
from both sides of the equation to have

m (£

f(c) = Tg(l —e (m)t) —v
Therefore, the value of friction factor ¢ that makes the function f(c) = 0
is the root of the equation. This value also represents the drag solves the

design problem.

Applying known parameters:
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m=681kg, v=40m/s, t=10s,and g=9.81m/s?

yields
f£(c) = 68.1 Xx9.81 (1 B e‘(ﬁ)xm) 40
Cc
668.06
= f(c) = . (1 _ e 015 c) — 40
f(c)
Various values of ¢ can be substituted
into the right-hand side of this equation <L
to compute f(c) and plot the obtained
points as shown in figure below. —
c f(c) 20
4 34.190
8 17.712
12 6.114 B
16 -2.23
20 -8.368 0
The resulting curve crosses the c-axis i

between 12 and 16. Visual inspection
of the plot provides a rough estimate
of the root of 14.75.

The validity of the graphical estimate can be checked by
substituting ¢ = 14.75 into equation of f(c) to give

668.06
£(14.75) =

1275 (1 _ e—0.146843><14.75) — 40 = 0.059

which is close to zero.

It can also be checked by substituting (¢ = 14.75) into equation of the
parachutist’s velocity using the known parameter values to have:
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 68.1x9.81
Y="14.75

14.75
(1 _ e (81 )Xl") = 40.059 m/s

which is very close to the desired fall velocity of 40 m/s.

=» Bisection Method for Finding Roots of Nonlinear Equations

The bisection method is a straightforward technique to find
numerical solutions of an equation with one unknown. Among all the
numerical methods, the bisection method is the simplest one to solve the
transcendental equation.

The bisection method, is an_approximation method which is also
called binary chopping, binary search method, interval halving, or
Bolzano’s method. It is one type of incremental search method in which
the interval is always divided in half. If a function changes sign over an
interval, the function value at the midpoint is evaluated. The location of
the root is then determined as lying at the midpoint of the subinterval
within which the sign change occurs. The process is repeated to obtain
refined estimates.

Consider the function f(x) shown in figure, which is defined on the
closed interval [a, b] given with f(a) and f(b) of different signs.

y=f(x)

N

\
=




65

By the intermediate theorem, there is a point (x,,,) belong to the interval
[a, b] for which f(x) = 0.

From the figures, it has observed that f(x) changed sign on opposite
sides of the root. In general, if f(x) is real and continuous in the interval
from a as lower bound (x;) to b as upper bound (x,, ), and f(x; )and
f(x, ) have opposite signs, that is,

fOa) f(xy) <0

then there is at least one real root between x; and x,,.

Bisection Method Algorithm

A simple algorithm for the bisection calculation is:

1. Choose two points, (x;) as a lower bound and (x,) as a upper
bound such that x; < x,, as guesses for the root such that the function
changes sign over the interval. This can be checked by ensuring that

fOx) - fx,) <O
then bracket the root because of it is calling bracket method

2. Find the midpoint x,,, between these two points such that
X + Xu
Xm = 2

as an estimate of the root.

3. Evaluate f(x;),f(x,),and f(x,) to determine in which
subinterval the root lies, and consider the product:

@ —— —
X Xm Xu

Lower bound  Mid-point Upper bound
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i. If f(x)f(x,) <0; Then x; = x; and x,, = x,,,, and the root
must lie in the interval [x;, x,,].

ii. If the product f(x;)f(x,,) > 0: Then x; = x,,, and x,, = x,,,
and the root must lie in the interval [x,, , x,].

iii. If f(x))f(x,,) = 0; Then x,, is the root of the equation and
stop the process

4. Repeat the process and find the new estimate of x,, by

xl+xu
Xm = >

5. Find the absolute relative approximate error by

xnew _ old
m m
|€a| = W x 100
Where, xp” — estimated root from present iteration

x0ld _ estimated root from previous iteration

6. Check if |e,| < €5: compare the absolute relative approximate
error [€,]| with the pre-specified relative error tolerance .

If [e,] > €, then go back to Step 2 to repeat the process, else stop
the algorithm.

7. Go back to step 3 and repeat the process until a certain level of
convergence has been achieved.

Note one should also check whether the number of iterations is more than
the maximum number of iterations allowed. If so, one needs to stop the
algorithm.
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® |nterval size, I, after n steps

I—b"_a"—bl_al \
2 2n A 1
=

® The interval size at any given iteration also corresponds to the
maximum error in x,, , therefore

by — a4
zn
® If wishing to limit the error to €

E, <

b, —a4
by —a, . bi—a n(Z71)
e = 2" < = n>

2n £ n2

by — a4
= n21.4431n< - )

Iterations must be applied to ensure the level of convergence

Example: Use the bisection method to determine the root of the equation
x* -3 =0forxe[1,2]
Solution:
let f(x)=x*-3=0

First of all_defining the lower bound x; and upper bound x,, guesses for
the root, so x; = 1 and x, = 2.
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Then check whether the function f(x) is changing sign, by evaluating its
valueatx; =1and x, =2
flx;=1)=12-3=-2<0
f(x,=2)=22-3= 1>0
The given function is continuous because it has value in the interval [1, 2],
and is changing sign over the interval, so the root lies in this interval and
can be checked by ensuring that

fx) f(x, ) <0
fx) f(x,)=-2%x1=-2<0

Since the function is continuous, and is changing the sign between 1 and
2, then there should be at least one root between 1 and 2. So, we have to
established that the lower and upper limit which are given for the root of
the equation are valid. That is the first important thing which we have to
do whenever we are going to apply bisection method. So let’s go ahead
and do iteration one:

Iteration 1:

Let “x,,” be the midpoint of the interval i.e.

1+2
X =5 =15

To determine in which subinterval the root lies, make the following
evaluation:

o If f(x;)f(x,,) <0 the root lies in the lower subinterval.

Therefore, set x; = x; and x,, = x,,, and return to step 2.

e If f(x;)f(x,,) >0 the root lies in the upper subinterval.

Therefore, set x; = x,,, and x,, = x,, and return to step 2.

e If f(x;) f(x,, ) = 0 the root is x,, stop the computation
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Therefore, the value of the function at “x,,,” is:
f(xm) =(1.5)2-3=2.25-3=-0.75<0

fx;) f(xy)=—2%x—-0.75=1.5>0

The function is not changing the sign between x; which is 1 and x,,, which
is 1.5, so the root cannot be between 1 and 1.5, thus it has to be between
1.5 and 2 because that is the upper limit is 2, the lower limitis 1 and x,,, is
1.5. The new interval is [1.5,2]and that reduce the interval which is
happening in the bisection method. So this is the end of the first iteration.

So x; = 1is replaced with x,,, = 1.5 for the next iterations, and the new
interval will be [1.5, 2].

Iteration 2:

2
=1.75

f(x;=1.5)=(1.52-3=2.25-3=-0.75<0
f(x, =1.75) = (1.75)2 — 3 = 0.0625 — 3 = 0.0625 > 0
f(x;) f(x,,) = —0.75 x 0.0625 = —0.0029 < 0

The function is changing the sign between x; which is 1.5 and x,,, which
is 1.75, so the root has to be between 1.5 and 1.75. So, the new interval is
[1.5,1.75]

The relative approximate error between the old value and new value is:

new old

Xm —Xm
ne
Xpew

l€,] = X 100

1.75-1.5

X 100 = 149
T75 | X 100= 14%

|€a| = |
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Compare the absolute relative approximate error |e,| with the pre-
specified relative error tolerance € which is:

x =3 =1.7320508... and — 1.7320508 ...

If [e,] > €4, then go to Step 3, else stop the algorithm

The iterations for the given functions are listed in the following table:

Iterations X Xy Xm f(x;) f(xy,) f(x,,)
1 1 2 1.5 -2 1 -0.75
2 15 2 1.75 -0.75 1 0.0625
3 1.5 1.75 1.625 -0.75 | 0.0625 | -0.359
4 1.625 1.75 1.6875 | -0.3594 | 0.0625 | -0.1523
5 1.6875 1.75 1.7188 | -01523 | 0.0625 | -0.0457
6 1.7188 1.75 1.7344 | -0.0457 | 0.0625 | 0.0081
7 1.7188 | 1.7344 | 1.7266 | -0.0457 | 0.0081 | -0.0189

Note one should also check whether the number of iterations is more than
the maximum number of iterations allowed. If so, one needs to stop the

algorithm.

So, at the seventh iteration, we get the final interval [1.7266, 1.7344]

Hence, 1.7344 is the approximated solution.

=» Newton-Raphson Method of Solving Nonlinear Equations

Newton-Raphson method is a method of finding the root of a
nonlinear equation.
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To develop or derive the formula of Newton-Raphson method for
finding the root of the nonlinear equation f(x) = 0, suppose we have the
function f(x) shown in figure

y =@ J)

N

fx)———— —— _ _ i[xi,f(xi)I

> f(x)
fi) b -~

I

I

I

I

I

I
—b—

Xir1 Xi-1 Xi
A\
Afunction rootY

(x; — x-1)

Starting with some initial guess point A[x;, f(x;)] and draw the tangent at
this particular point. Extending this tangent we will find out that is
crossing the x-axis at point x;_4. Then go back to the function to have new
guess point B[x;.q, f(x;+1)] and again draw tangent at this point.
Keeping on drawing tangents, it is seen that this tangent is eventually
going to pass very close to the zero of the function f(x), or to the root
where f(x) = 0, and this is what the basis of the Newton-Raphson method
is. Continually draw the tangents and see where it crosses the x-axis and
use it as new estimate of the root.

Suppose that the angle of the tangent to the function f(x) is 8, then
from the figure we have,
f(x;)

Xi —Xi+1

tan 6 =
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Since the slope of the tangent line at a point on the function is equal to
the derivative of the function at the same point, thus we have

tan 0 = f'(x;)
S0,
f(x;)

= f'(x;))=tan @ =
' Xi — Xi+1

From this equation we can write
I 1620}
i+1 i f, (xi)
This equation is called the Newton-Raphson formula for finding the root of
an equation.

Newton-Raphson Method Algorithm

The algorithm for finding the root of the equation f(x) = 0 is:

i. Calculate f'(x) symbolically.
ii. Choose an initial guess (xg).
iii. Applying Newton-Raphson formula
MUY C7)
I (xo)

iv. Find the absolute value of relative approximate error,

X1 — Xp

le,| = |>< 100

X1

v. Check if relative approximate error, |g,| less than or equal to
pre-specified tolerance, &
|€q| < &
o If |, < &, then the process has to be stopped

o If not, then repeat this process again
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Example: Use the Newton-Raphson method to find the root of the
equation x3 = 20 with initial guess x, = 3 and conduct three
iterations.

Solution:

The first thing which have to understand that the Newton-Raphson
method is written for the case of f(x) = 0, so re-write the function in the
form

f(x)=x3-20=0

The general form of the Newton-Raphson method is:

x. = x —_ w
i+1 i f’(xi)
Iteration 1:
Start with i = 0, and x, = 3, we have
f(xo) x — 20
X1 = X9 — = X9 —
Y f Y 3
xO = 3:

= f(xo)=x3-20= f(3)=33-20=133-20=7
= fl(xg)=3x* = f'(x)=3x>=3x3%2=27

f(x0) 7
= x;=3-— =3-—=2.741
! f'(x0) 27
The absolute relative approximate error is:
e, = 220 « 100 = |2'741_3|x100—9 45 %
ol = |7y ~ 2741 —2E
Iteration2: i =1
f(x)) x3 —20 (2.741)3 - 20
Xy = X1 — =X{ — =2.741 — =2.715
2T )T T 3x2 3-(2.741)2
lal = 22— x 100 = |2'715_2'741 X 100 = 0.96 %
ol = |7, | 2715 IR
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Because the |g,| < 5, the number 2 is the correct significant digit in
answer since it is less than 5.

Iteration 3: i = 2

f(x) x5 — 20 (2.715)% - 20
—x, — = x, — =2.715 - = 2.714
X3 = X2 f(xy) X2 3x§ 3. (2.715)2
leal = | 22—22| x 100 = |2'714_2'715 x 100 = 0.009 < 0.05 %
Fal = T g T 2714 - o

If we look at the absolute relative approximate error, we find out that is
going from
9.45% = 0.96% = 0.009

So the Newton-Raphson method is converging very fast to the root, and it
is less than 5 % and less than 0.5 % and less than 0.05 % which means that
at least three significant digits are correct in the solution because for one
significant to be correct it needs at least 5 %, and for two 0.5 % and for
three 0.05 %. So, we can trust in 2 and trust in 7 and trust in 1. So we get
three significant digits which are at least correct in the root of the
equation:
x3-20=0

=» Secant Method of Solving Nonlinear Equations

The Newton-Raphson method of solving a nonlinear equation
f(x) = 0is given by the iterative formula

Xiv1 = Xj — Jx)

f'(x)
One of the drawbacks of the Newton-Raphson method is that you have to
evaluate the derivative of the function. However, this process still a
laborious process, and even intractable if the function is derived as part
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of a numerical scheme. To overcome these drawbacks, the derivative of
the function, f(x) is approximated as

flx) — f(xizq1)

f(x) = X — X1

Substituting this equation into Newton-Raphson formula gives

X; = X; — f(xi) = x: — f(xi)(xi - xi—l)
i+1 i f(xi) — f(xi—l) i f(xi) — f(xl-_l)
Xi — Xj-1

This equation is called the secant method. This method now requires two
initial guesses, but unlike the bisection method, the two initial guesses do
not need to bracket the root of the equation. The secant method is an open
method and may or may not converge.

However, when secant method converges, it will typically converge
faster than the bisection method. However, since the derivative is
approximated as given by above equation, it typically converges slower
than the Newton-Raphson method.

The secant method can also be derived from geometry, as shown in
figure below.

S(x) A

S(x)
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Taking two initial guesses, x;_; and x; , one draws a straight line between

f(x;) and f(x;_,) passing through the x-axis at x;,; . ABE and DCE are
similar triangles. Hence

AB DC _ fx) flxio1)

AE DE Xi— Xit1  Xi-1 — Xit1

On rearranging, the secant method is given as

Xoin = 3o — fx) (e —xiq)
1 of(x) = f(xq)

Secant Method Algorithm

The algorithm for finding the root of the equation f(x) = 0 is:

I. Choose i = 1.

ii.  Start with guesses (x;_1, x; ).
ii.  Use secant method formula.
iv.  Find the absolute value of relative approximate error,
Xi+1 — Xj

le,| = X 100

Xit+1

v.  Checkif relative approximate error, |&,]| less than or equal to pre-
specified tolerance, &g

|€al < &

o If|g,| < &, then the process has to be stopped.
e If not, then repeat this process again



Example: Use the secant method to find the estimate of the root of the
equation x3 = 20 with initial guesses x, = 4 and x; = 5.5,
after two iterations.

Solution:

Re-write the equation in the form f(x) = 0 as follows:

f(x)=x3-20=0
Applying the formula for the secant method

Xisi = x: — flx)(x; — x;-1)
1N TG — F(Xi)

Iteration 1:

X = Xe — f(x1)(x1 — x0)
277 f(xy) - fxo)

where x4 =5.5 and x,=4

~ [(5.5)3-20](5.5-4) _
= X =55 T 0] = 3353

X2 — X1

3.353 —-5.5
Ieal = :|

3.353

| X 100 = 63.92 %
X2

Iteration 2:

Xu = % _f(xz)(xz—x1)
3T flx) — f(xy)

where x;=5.5 and x, =3.353

_ 4 gs, [(3353)°-2013.353-5.5)
= X3 =338~ aee 20— (5.5 —z0] > *°?

3.059 - 3.353

X 100 = X100 =9.69179
00 | 3059 00=9.691%

X3 — X2

|£a| =

X3
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=» False-Position Method of Solving a Nonlinear Equation

The false-position method is very similar to bisection method.
However, the next iteration point is not midpoint of the interval [4, B] but
the intersection of x-axis with the line secant through these two points;

A[xli f(xl)] and B[xw f(xu)]

The false-position method is used to estimate the root by finding the
point at which a line drawn between x; and x,, crosses the x-axis. That is,
performing linear interpolation between x; and x,, to find the approximate
root.

Like the bisection method, the false-position method will always
converge, and generally it will converge faster than the bisection method.
Unfortunately, this general rule is not always true, and sometimes the
bisection method converges faster than the false-position method.

To get the formula for the false-position method, consider the
function f(x) drawn in the figure.

y = f(x)
N
f(x)

LA X, f(x)]

| ~

[x3, f(x3)] [x2, f(x2)]
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Recall that the equation of the line between the two points A[x;, f(x;)] and
B[x,, f(x,)]. which is given by

Y—=Y1_Y2—V1 or T 4 )’1(x x1)
X—X; X3—2Xq Y T T, 1
= 3o fow = FE LI
= 3= fu) + LI o

Hence, the intersection of this line with the x-axis, where y,. = 0, then the
equation will be as

fa) — f(x)

0=f(x,)+ X, — X, (xr_xl)
= G- TS g
_ —f(x)) — X
= =% = Fa— fay = O Fas e
x —xl

This leads directly to

x
%= 0= ) TS

This is the formula for the false-position method.

The next predicted root x,. would be closer to the equation root as
shown in the figure. The false-position method takes advantage of this
observation mathematically by drawing a secant from the function value
at x; to the function value at x,, , and estimates the root as where it crosses
the x-axis. Thus, the new upper and lower bounds are then established, and
the procedure is repeated until the convergence is achieved such that the
new lower and upper bounds are sufficiently close to each other.
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False-Position Algorithm

The steps to apply the false-position method to find the root of the
equation f(x) = 0 are as follows.

1. Choose x; and x,, as two guesses for the root such that

fx) f(xu) <0

or in other words, f(x) changes sign between x; and x,,

2. Estimate the root x,. of the equation f(x) = 0 as

Xu — X

f(xw) = f(x0)

F =% — f(xp)

o = Xof (x) — x1f(x9)
27 f(x1) = f(xo)

3. Check the following:

I. If the product f(x,)f(x,) < O0; Then x; = x,. and x,, = x,,,
the root must lie in the interval [x;, x,.].

ii. If the product f(x,)f(x,) > 0: Thenx; = x;and x,, = x
the root must lie in the interval [x,. , x,].

ii. If f(x,)f(x,) = 0; Then x,. is the root of the equation
and stop the process

4. Repeat the process to find the new estimate of the root x,.; by

x
1 = % = fO) F S

o = Xof (x) — x1f(x9)
27 f(x1) — f(xo)
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5. Find the step size €, and absolute relative approximate error |e,|

by
l€s] = [apew — xetd|
xnew _ xold
l€al = |— .
x;'zew
Where

xreW — estimated root from present iteration
x4 _ estimated root from previous iteration

Compare the absolute relative approximate error [€,] with the pre-
specified relative error tolerance ¢:

o If|e,| < €; stop the process
o If [e,] > €, then go back to Step 2 and repeat the process.

. Go back to step 2 and repeat the process until a certain level of
convergence has been achieved.

Note one should also check whether the number of iterations is
more than the maximum number of iterations allowed. If so, one
needs to terminate the algorithm.

Note that the false-position and bisection algorithms are quite
similar. The only difference is the formula used to calculate the new
estimate of the root x,. as shown in steps 2 and 4.

Example 1: Use a False-Position Method (Regula Falsi Method) to find

the root of the nonlinear equation
f(x) = x*-3,
if e, =0.01,e, = 0.01, and start with the interval [1, 2].

Solution:
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Rewrite the equation in the form
f(x)=x*-3=0

Letx; =1 and x, =2

Check if the function changes sign to ensure that the root lies between the
lower and upper bounds by applying the rule

fx) f(x,) <0
fx)=f1)=12-3=-2 and f(x,) = f(2)=22-3=1
fx) fx) =f1)-f(2)=-2x1=-2<0
Thus, the root lies between x; = 1 and x,, = 2.

Iteration 1:
Applying False-Position Method by using its formula

_ . xu—xl —_ 1 1 . 2 _ 1
%=1 = f) g TS = 1= )
— x,=1-(-2)"——_ =1.6667

1-(-2)
fOa) fOa) =) f(x) <O

f(1.6667) = (1.6667)* —3 = —0.2221
f(x,) f(x,) = f(1.6667) - f(2) = —0.2221 x 1 = —0.2221 <0
Thus, the root lies between x; = x,, = 1.6667 and x,, = 2.

Estep = |%, — x| = 10.6667 — 1| = 0.6667 > 0.01



e = xpew — x| |1.6667—1| —0.40> 001
fal = T ymew | T [T 16667 | '
Iteration 2:
x;=x,=1.6667 and x, =2
Xu—Xy
Xr1 =X — f(x,)
=% ) e T
= 1.6667 — (—0.2221) 2~ 1.6667
- ' 1-(—0.2221)

= xq = 1.7273
1) - fxy) <0

f(x,1) = f(1.7273) = (1.7273)%2 — 3 = —0.0164
f(xy1) f(xy) =—0.0164%x1=-0.0164<0
Thus, the root lies between x; = x4, = 1.7273 and x,, = 2.

Estep = |¥r1 — %] = [1.7273 — 1.6667| = 0.0606 > 0.01

o] = s |1.7z73 ~1.6667| 0.035 > 0.01

fal = [T ymew | T 1.7273 e '
Iteration 3:

X =x,4=17273 and x, =2
Xu—Xr1
Xy = Xp1 — X '
r2 rl f( rl) f(xu) _f(xrl)
2—-1.7273
= 1.7273 ~ (=0.0164) - y——=or s = 1.7317

f(x2) f(x) <0
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f(1.7317) = (1.7317)2 =3 = —0.0012
f(x,2) f(x,) =—0.0012 x 1 =—0.0012 < 0
Thus, the root lies between x; = x,, = 1.7317 and x,, = 2.

Estep = %2 — Xpq| = [1.7317 — 1.7273| = 0.0044 < 0.01

x11}ew _ xgld

leq| == = 0.0025 < 0.01

_|1.7317 - 1.7273
B | 1.7317

new
xT

Thus, with the third iteration, the last step 1.7273 = 1.7317 has step
size and |&,| = 0.0025 less than 0.01 , and therefore x,, = 1.7317 is an
approximation of the root.

Or finding the solution by making a table and insert all the obtained results
such as

0 (x| fe) |f@)| x| ) | Update | 2P
1 2] -2 1 |1.6667|-0.2221| x; = x, | 0.6667
16667 2 [ —0.2221| 1 |[1.7273]|-0.0164|x, = x,, | 0.0606
1.7273| 2 | -0.0164| 1 |[1.7317|-0.0012 | x, = x,, | 0.0044

Example 2: Use a False-Position Method to find the root of the equation
f(x) =e*(3.2sinx — 0.5 cosx),
on the interval [3, 4], the time with &, = 0.001,&, = 0.001

Solution:

Letx; =3 and x, =5

Check if the function changes sign and the root lies between the lower
and upper bounds by applying the rule



fCx) f(x,) <0

f(x)=f(3)=e33.2sin3 - 0.5cos3) = 0.0471 and

f(x,) = f(5) =e>(3.2sin5— 0.5 cos5) = —0.0384

Fx) f(x,) = f3)- f(5) = 0.0471 x —0.0384 = -2 < 0

Thus, the root lies between x; = 3 and x, = 5.
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x| % | @ | Fx) | % | FGe) | Update | 3P

3 4 0.0471 | —0.0384 | 3.5513| —0.0234 | x,, = x,- | 0.4487
3 |3.5513| 0.0471 | —0.0234 [3.3683| —0.008 |=x, =x,,|0.1830
3 |3.3683| 0.0471 | —0.008 |3.3149| —0.0022 | x, = x,, | 0.0534
3 |[3.3149| 0.0471 | —0.0022 [3.3010| —0.0005 |=x, = x,5 | 0.0139
3 13.3010] 0.0471 | —0.0005(3.2978| —0.0002 | x, = x,4 | 0.0032
3 13.2978] 0.0471 | —0.0002 | 3.2969 | —0.00004 | x,, = x,5 | 0.0009

Thus, after the sixth iteration, the final step, 3.2978 = 2.2969 has
step size 0.0009 and |&,| = 0.0003 less than the given 0.001 and therefore

Xr5 = 3.2969 is the approximation of the root.
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=» Fixed Point Iteration Method

To find the approximate solutions of the equation

fx)=0
First rewrite the equation in the form
x = g(x)

in such a way that any solution of this equation, which is a fixed point of g,
is a solution of the equation f(x) = 0.

The algorithm starts from any point x, and then to use the iteration
with an initial guess x, chosen, compute a sequence

Xpt1 =8k, n=0123,..

If the function f(x) is continuous and (x,,) converges to some [, then it
is clear that 1, is a fixed point of g and hence it is a solution of the equation
f(x). Moreover, x,, (for a large n) can be considered as an approximate
solution of the equation f(x) = 0.

Example: Find the root of the equation x3 — 7x + 2 = 0 using Fixed Point
Method. if £, = 0.0001.
Solution:
fX)=x3—-7x+2=0

To determine the interval between which the root is laying, guess the
lower and upper bound as follows:

x fx)
—2 +8
-1 +8

Thus, [0, 1] is the interval between which the root is laying
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Rewrite equation in the form

3 x3+2
Ix=x>+2 = x=T
Next, define the process by
x3 + 2
x3 + 2 03+2 2
X, =0 = xppy=——— = x;=——=—=0.286
7 7
x3 +2 (0.286)3 + 2 2
xn=1 — x1+1=—$ x2= =—=02891
7 7
g = |xnew — x5l4| = 10.289 — 0.286| = 0.003
X3 + 2 (0.2891)3+2 2
Kn=2 = Xp =0 X3 = > = 5 =0.2892

g = |xneW — x9!4| = 10.2892 — 0.2891| = 0.0001

Thus, x3 = 0.2892 is an approximation of the root.
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System of nonlinear equations

A system of nonlinear equationsis a system of equations
containing at least one equation that is of degree larger than one. Itis
a system of two or more equations in two or more variables containing at
least one equation that is not linear.

A system of nonlinear equations has the form

f1(x1,x2,%3,,%,) =0
fa(x1,%x2,%3,,%,) =0

fa(xqg,x3,%3,,x,) =0

fan(x1,x2,%3,,%,) =0

A geometric representation of a nonlinear system when n = 2 is given in
the figure.

-
-

——
-
———
. ——
! ——
-
- —

Sixy, x3) =0
X ™ and
j}(.fl. .\'2) =0

A general system of n nonlinear equations in n unknowns can be
alternatively represented by defining a function F, by
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F(xq,x2,%3,,%) = [f1(x1,X2,X3,, X ), f2(X1, X2, %3, , X ),
f3(x1 yX2,X3,°, X )""'fn(xl yX2,X3,°, X )]t

the nonlinear system assumes the form
F(xl y X2,X3 ""'xn) =0

The functions f4, f2, f3, -, fn are the coordinate functions of F.

The substitution _method used for linear systemsis the same
method used for nonlinear systems. Solve one equation for one variable
and then substitute the result into the second equation to solve for another
variable, and so on. There is, however, a variation in the possible
outcomes.

An example is:

X2 —-6x+9=0
X — cosx = 25
e* + Inx? — xcosx =0

The techniques of solution that have been used were analytic and the
obtained results were precise and tailored to the type of equation

There is a crucial difference between the analytic and numerical
approach. With the analytic approach which starts with discussion of
domain of f, and then solve the equation using a type-tailored method.
Finally, check whether the solution belongs to the domain of f.

However, in the numerical approach, first of all must roughly
localize the solution and then either narrow the respective interval or
approach the solution using iteration. Thus, the methods of calculation in
numerical approach are divided into two groups:

I. Narrowing the interval or

iIi. Iteration from a given estimate.
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Methods for Solving a System of Nonlinear Equations

. Solve a system that represents the intersection of a parabola and a
line using substitution.

. Solve a system that represents the intersection of a circle and a
line using substitution.

. Solve a system that represents the intersection of a circle and an

ellipse using elimination.

=» Intersection of a Parabola and a Line

There are three possible types of solutions for a system of nonlinear
equations involving a parabola and a line.

Possible Types of Solutions for the Points of Intersection of a
Parabola and a Line

The graphs below illustrate possible solution sets for a system of
equations involving a parabola and a line.

(a) No solution: The line will never intersect the parabola (Figure a).

(b)One solution: The line is tangent to the parabola and intersects the

parabola at exactly one point (Figure b).

(c) Two solutions: The line crosses on the inside of the parabola and

intersects the parabola at two points (Figure c).
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No solutions One solution Two solutions
y

[
17

10 . gt+

) e

(a) (b) (c)

» Procedure of Finding the Solution of a System of Equations
Containing a Line and a Parabola

1. Solve the linear equation for one of the variables.

2. Substitute the expression obtained in step one into the parabola
equation.
3. Solve for the remaining variable.

4. Check obtained solutions in both equations.

Example 1: Solve the system of equations
x—y=-1
y=x%+1

Solution:

Solve the first equation for x:

x—y=-—1 = x=y-1

substitute the resulting expression into the second equation:
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y=x2+1=(@y-1?+1=y*-2y+1+1
= y2-3y+2=0 = (y-2)(y—1)=0
Solving forygives: y=2 and y=1
Substitute each value for y into the first equation to solve for x:
y=2 = x=y—-1=2-1=1
y=1 = x=y—-1=1-1=0
The solutions are: (1,2) and (0,1)
which can be verified
by substituting these

(x, y) values into both
of the original equations

Example 2: Solve the given system of equations by substitution.
3Ix—y=-2
2x2—y=0

Solution:

(—%,%) and (2, 8)
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Example 3: Find the solution to the system of linear equations given by
y=4x-—-1
y=x*-1

Solution:

(4,15) and (0,—1)

=» Intersection of a Circle and a Line

Just as with a parabola and a line, there are three possible outcomes
when solving a system of equations representing a circle and a line.

Possible Types of Solutions for the Points of Intersection of a
Circle and a Line

The graphs below illustrate possible solution sets for a system of
equations involving a circle and a line.
(a2) No solution: The line does not intersect the circle.

(b)One solution: The line is tangent to the circle and intersects the

circle at exactly one point.

(c) Two solutions: The line crosses the circle and intersects the circle at

two points.

No solutions One solution Two solutions
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» Procedure of Finding the Solution of a System of Equations
Containing a Line and a Circle

1. Solve the linear equation for one of the variables.

2. Substitute the expression obtained in step one into the circle

equation.
3. Solve for the remaining variable.

4. Check obtained solutions in both equations.

Example 4: Find the intersection of the given circle and the given line by
substitution

Solution:
Substitute y = 3x — 5 into the equation for the circle, yields
x*+y*=x*+Bx—-5)*=5
= x2+9x?-30x+25=5 = 10x*-30x+20=0
= 10(x*—-3x+2)=0
Factor and solve for X, yields
x-2)(x—-1)=0 = x=2 and x=1

Substitute the values of x into the equation for y, we have

x=2 = y=32)-5=1
x=1 = y=3(1)—-5=-2

The line intersects the circle at two points: (2,1) and (1,—-2),
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which can be verified by substituting these values into both of the original
equations.

Example 5: Solve the system of nonlinear equations

x> +y* =10
x—3y=-10
Solution:
(-1,3)

Example 6: Solve the following system of non-linear equations
(x —10)% + (y — 8)%2 = 100
—-3x+y=8
Solution:
(0,8) and (2,14)

Solving a System of Nonlinear Equations Using Elimination

It has seen that substitution is often the preferred method when a
system of equations includes a linear equation and a nonlinear equation.
However, when both equations in the system have like variables of the

second degree, solving them using elimination by addition is often easier
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than substitution. Generally, elimination is a far simpler method when the
system involves only two equations in two variables (a two-by-two
system), rather than a three-by-three system, as there are fewer steps. As
an example, it will be investigated the possible types of solutions when

solving a system of equations representing a circle and an ellipse.

Possible Types of Solutions for the Points of Intersection of a
Circle and a Line

The figures below illustrate possible solution sets for a system of
equations involving a circle and an ellipse.
(2) No _solution: The circle and ellipse do not intersect. One shape is
inside the other, or the circle and the ellipse are a distance away from
the other

(b) One solution: The circle and ellipse are tangent to each other and

intersect at exactly one point.

(c) Two solutions: The circle and ellipse intersect at two points.

(d) Three solution: The circle and ellipse intersect at three points.

(e) Four solution: The circle and ellipse intersect at four points.

oleOrS

No solution One solution Two solutions Three solutions Four solutions
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Example 7: Find the solution set of the given system of nonlinear

equations
x% + y% =26 (1)
3x% + 25y% = 100 (2)

Solution:
Multiply Eqg. (1) by (—3) and add to the Eq. (2), yields

—3x% + -3y =-78 (1)
3x% + 25y% =100 (2)
22y% =22

Solve for y, we have
22y =22 = y*=1 = y=+1
Substitute y = +1 into one of the equations and solve for x, we get

x2+12=26 = x*=25 = x=15
x*+(-1)2=26 = x*=25 = x=45

Thus, there are four solutions
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Example 5: Solve the following system of nonlinear equations
4x% + y* =13
x*+y*=10

Solution:
(1,3),(1,-3),(—1,3),and (—1,-3)

Iterative Methods for Solving System of nonlinear equations

A system of nonlinear equationsis a system of equations
containing at least one equation that is of degree larger than one. Itis
a system of two or more equations in two or more variables containing at

least one equation that is not linear.

A system of nonlinear equations has the form

f1(x1,x2,%3,,%,) = 07
f2(x1,%2,%3,,%,) =0
fa(xy,%3,X3,,X,) =0 = oo (1)

fn(xl 1x21x3'"'1xn) = 0./

Algebraic and transcendental equations that do not fit this format are, For
example,

x>+ xy =10
y + 3xy? = 57

are two simultaneous nonlinear equations with two unknowns, x and .
They can be expressed in the form of Equation (1):

u(x,y) =x>+ xy —10=0
v(x,y) =y +3xy?—57=0
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Thus, the solution would be the values of x and y that make the functions

u(x,y) and v(x,y) equal to zero. Most methods for determining such

solutions are extensions of the open methods for solving single equations

such as fixed-point iteration and Newton-Raphson iteration method.

=» Fixed-Point Method for Solving a Nonlinear System

The fixed-point-iteration method can be modified to solve two
simultaneous, nonlinear equations. This method is illustrated in the
following example.

Example: Use fixed-point iteration to determine the roots of the following
two nonlinear equations
x>+ xy =10
y + 3xy? = 57
Note that a correct pair of roots is x = 2 and y = 3. Initiate the
computation with guesses of x =1.5and y = 3.5.
Solution:
Rewritten the equations in the form:

y =57 — 3xy?
Using the initial guesses, x = 1.5 and y = 3.5, yields

_10-x; 10— (1.5)

= = 2.214
*1 Yo 3.5

y1 =57 —3x0y3 =57 - 3(1.5)(3.5)? = —24.375

Thus, the approach seems to be diverging.
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_10-xf 10 - (2.214)?
X2 =T T T T 24375

=-0.209

y, =57 —3x,y3 = 57 — 3(2.214)(—24.375)>?
= y, =429.709
Obviously, the approach is deteriorating.

Now repeating the computation but with the original equations set up in

a different format as follows:

x>+ xy =10 = x=./10—-=xy

57—y
3x
Applying the given initial guesses, x = 1.5 and y = 3.5, yields

y+3xy? =57 = y=

x; =+/10 — xoyo = /10 — (1.5)(3.5) = 2.179

B 57—y0_ 57—(3.5)_
h—j 3x, —j 3(1.5) = 2.861

Now the results are more satisfactory

x; =410 —x;y; = /10 — (2.179)(2.861) = 1.941

~ ,57—y1_ 57 — (2.861)
Y2 = |7 3%, _J 32.179) 509

Thus, the method is converging on the true values of x =2 andy = 3.
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Thus, even where the convergence is possible, divergence can occur if the
initial guesses are insufficiently close to the true solution. So, it can be
concluded that the sufficient conditions for convergence for the two-
equation case are:

6u| Jdu

—|+ =<1 d
ax | an

0v| v
ay

—|+ =<1
6x+6y|<

These criteria are so restrictive that fixed-point iteration has limited
utility for solving nonlinear systems.

u(x,y) =x2+ xy-10

v(x,y) =y + 3xy? —57

_3y2-|-|-|— xy— . + +6 15 35

=69.25 > 1

=» Newton-Raphson Method for Solving a Nonlinear System

Recall that the Newton-Raphson method was predicated on
employing the derivative (that is, the slope) of a function to estimate its
intercept with the axis of the independent variable (that is, the root as
shown in figure.
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J(x) 4

Slope = f'(x))

fix)

- fx) -0

S

The estimate was based on a first-order Taylor series expansion

f(Xiv1) = fF(x) + (i1 — x3) ()

where x; is the initial guess at the root and x;,, is the point at which the
slope intercepts the x axis. At this intercept, f(x;,1) by definition equals
zero and equation can be rearranged to yield

f(x)

Xi+1 = Xj F(xp)
4

which is the single-equation form of the Newton-Raphson method. The

multiequation form is derived in an identical manner.

For the two-variable case, a first-order Taylor series can be written

for each nonlinear equation as:
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aui
ay

Uiy = U + (K41 — ;) + YVis1 — Vi)

dv;
Vit1 =V + (X410 — ;) + (Vis1 — }’i)a

Just as for the single-equation, the root estimate corresponds to the values
of x and y, where u;,; and v;,; equal zero. For this situation, equations
can be rearranged to give

aui aui aui aui
Bx Y1t EYHI = Uit Xt )’iw

dv; dv; dv; dv;
Bx Fitl +Wyi+1 =Vt Xi5 Ox + Vi 3y

Because all values subscripted with i’s are known (they correspond to the

latest guess or approximation), the only unknowns are x;,, and y. Thus,
equations are of two linear equations with two unknowns. Consequently,

algebraic manipulations (for example, Cramer’s rule) can be employed to
solve for

dv; Jdu;

l ay l ay
du; dv; O0du; dv;
dx dy 0y 0x

aul adv;

_ . Vigx " Wigx
Yirt = Vi T 5y 9v,  ou, dv,
dx dy 0y 0x

Xiv1 = Xi —

The denominator of each of these equations is formally referred to as the
determinant of the Jacobian of the system. Equations are the two-
equation of the Newton-Raphson method. As in the following example, it
can be employed iteratively to home in on the roots of two simultaneous
equations.
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Example: Use the multiple-equation Newton-Raphson method to
determine roots of equations
x*+ xy =10
y + 3xy? = 57
Note that a correct pair of roots is x =2 and y = 3. Initiate the
computation with guesses of x =1.5and y = 3.5.
Solution:
First compute the partial derivatives and evaluate them at the
initial guesses of x, = 1.5 and y, = 3. 5:

auo

— =2x9+7yY9=2(1.5)+3.5=6.5
ax

du,

W=XO=15

o _ 332 = 3(3.5) = 36.75

ax V0T ST

v,

Thus, the determinant of the Jacobian for the first iteration is:

aui avi 6ui avi
dx dy OJy Odx

=6.5(32.5) — 1.5(36.75) = 156.125

Evaluate the functions at the initial guesses as:
Uy = x3 + x9yo — 10 = (1.5)%2 + (1.5)(3.5) —10 = —2.5
Vo = Yo + 3x0¥5 — 57 = (3.5) + 3(1.5)(3.5)2 — 57 = 1.625

Substitute these values into equations of Newton-Raphson method to give
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avO auo

Up 3y Vo 9y
6u0 avO auo avO
dx dy 0y 0x

X1 = Xg —

~ (—2.5)(32.5) — (1.625)(1.5) _
= x;,=15- Tte 18 =2.036

du, v,
Vogx ~%ogx
duy dvy  duy Ay
dx dy OJdy 0x

Y1 =Yoo —

5 _ (1.625)(6.5) — (—2.5)(36.75)

156.125 = 2.844

= y1:3

Thus, the results are converging to the true values of x =2 and y = 3. The
computation can be repeated until an acceptable accuracy is obtained.

Just as with fixed-point iteration, the Newton-Raphson method will
often diverge if the initial guesses are not sufficiently close to the true roots.
Whereas graphical methods could be employed to derive good guesses for
the single-equation case, no such simple procedure is available for the
multiequation method. Although there are some advanced approaches for
obtaining acceptable first estimates, often the initial guesses must be
obtained on the basis of trial and error and knowledge of the physical
system being modeled. The two-equation Newton-Raphson approach can

be generalized to solve n simultaneous equations.



Numerical Differentiation

In calculus the derivative of a function is defined as the limit of a
difference quotient

) Y i T A0 — £

dx Ax-0 Ax

then proceed in evaluating a few of these limits as examples:

d
If f(x) =4x3+3x*+6x—7 then f'(x)= d_{c =12x*+6x+6

If f(x) = 5cos (3x) then f'(x) = % = —15sin (3x)

d
If f(x) =7e*1* then f'(x) = d—i = 14.7e*1*

In calculus, the value of the derivative for some value of the
independent variable, say X = X, gives the slope of the line which is
tangent to the curve represented by the function itself at the point x = Xo.
This is geometrically shown in the graph below.

y

N

A 4
x

Notice that the process of the limit is also shown with Ax representing
the horizontal distance between the two points A and B of the secant
line AB.

e The light blue line is a secant AB of the curve with a large Ax,
e The darker blue line is another secant AB’ with smaller Ax and

e The red line is the tangent ( a secant with Ax equal to zero).



There are many instances when the analytic calculation of the
derivative of a given function is not possible. This may occur when the
function under consideration is not one of the standard
functions. Trying to evaluate the derivative by mimicking the process
of the limit numerically. Use the secant to represent the tangent (and
its slope produces the value of the derivative). Taking progressively
closer points (smaller Ax) until the value of the slope stops changing
significantly.

It can be seen that as the two intersection points get closer, the
secant will look more like a tangent.

How supposed to move the points so that they get close together?

Depending on the answer to this question there are three different
formulas for the numerical calculation of derivative.

e |If fix the point A and keep bringing the point B closer to the left,
then will obtain the forward derivative at point A.

o |ffix the point B and keep moving point A closer then will obtain
the backward derivative at point B.

e If fix the middle point of the interval between point A and point
B and keep bringing both point A and B closer to the center, then
will obtain the central derivative at the midpoint between point
A and point B.

Taylor Series Review

If expand function f around x; and f is (n+ 1) — times
continuously differentiable on an open interval containing x;, Taylor’s
theorem with the remainder term says that if x;,4 is another point in
this interval, then:

Ax Ax? Ax3
friva) = fx) + f'(x) ETH f”(xi)j t+ f’”(xﬂ)?

n

Ax
ot f(")(xi)w + Ry,
Where:



1'=1x1=1
21=1x2=2
3'1=1Xx2X3=6

n=1x2x3X:--Xn
and
R, = f(n+1) (f)(Ax—)nH
n+1)!
&: i1s a number in the open interval between x; and x;. 1.
Ax = h =x;,1—x;

f(Xiy1) = f(x; + Ax) = f(x; + h)

Mean Value Theorem

The appearance of &, a point between x; and x;, 4, suggests that
there is a connection between this result and the Mean Value Theorem,
which states that given a planar arc between two endpoints, there is at
least one point at which the tangent to the arc is parallel to the secant
through its endpoints(see figure below).

tangent line = f'(&)

secant
line

>

T; £ Tit1
If a funcuon y 1s conunuous on |x;,x;,1] ana dirferentiable on
(x;,x;+1), then there exists a point ¢ such that:

e f(xip1) — f(x)
f&= Xiv1 — X




Mean Value Theorem and Tavlor’s Theorem

A slope = f'(£)

slope ‘
orde‘!“ n=0 If (i)
>
ZI; g Iit1

Back to the Taylor series, for n = 0:

f(xir1) = f(x) + Ry
where: Ry =f'(§)Ax and Ax=h=x;,1—X;
Then f(xipq) = f(x) + 16 (xi11—x;)

Where § is between x; and x;,.4. This is the Mean Value Theorem,
which is used to prove Taylor’s theorem. Also can regard a Taylor

expansion as an extension of the Mean Value Theorem.

Approximation of First Order Derivative

Let choose three points on the curve of the function f(x) as
shown in the figure

Yi
Yi+1

Yi-1

c——><——>
Ax=h Ax=h

v

Li—1 Iy Ti+]



point i sx; o fi = f(xp)
point i+ 1:x;.4 > fiy1 = f(x

pOint i— llxi_l - fi—l = f(x

1. By Forward Difference

i+1)

i—1)

Truncating the Taylor series after the first derivative yields

f(xiv1) = f(x) + f(x)Ax

Rearranging equation gives

/ _fCya) — f(xg)
f(x) = Ax

Forward difference is the

slope of the line that connects
points [x;, f(x;)] and
[Xi41, f(xi41)]

2. By Backward Difference

f(z)

N

true derivativi

!\

approximated
derivative
<«<——>
Ax=h

The Taylor series can be
expanded backward to f
calculate a previous 1
value on the basis of
a present value.

Ax = x; — x;_4
= Xj_1 =X; — Ax

f(xiq) = f(x; — Ax)
f(xicg) = f(x) — f(x)Ax +

()

i

g Ti+1

true derivative

approximated
derivative
<«<——>
Ax

Truncating the expansion afte

i1 Ty Tiil

f(xi—1) = f(x) — f(x)Ax

Rearranging the equation gives

fxi)—f(xioq)

f'(x) =

Backward difference is the slope of the line that connects points

[xi—1,f(xi—p)] and [x;, f(x;)]

Ax

v



3. By Central Difference

The third way to approximate the first derivative is by
subtracting backward difference from forward difference

sz " AX3
f(xi+1) Ef(xl)+f,(xl)Ax+f”(xl)T+f (xl)T-i-
i sz " Axg
f(xi—l) = f(xi) - f,(xi)Ax + f”(xi)T — f (xi)T + ...

Ax3
F i) = FGi) = 2 (R)AX + 27 () ——+ =

f (I) true derivative

A

approximated
derivative

————>

Li—1 Iy Tit1

Truncating the expansion after the first derivative yields
f(xiz1) — f(xiq) = 2" (x)Ax
Rearranging the equation gives

, - f(xivq1) — fxi-q)
f(x;) = 2 Ax
Central _difference is the slope of the line that connects points

[xi—1, f(xi—p)] and [xi4q4, F(Xi41)]
The following table lists difference formulas, of various

accuracy, that can be used for approximating first derivatives:



Method

Formula

Two-point forward
difference

1
£ = = [f (i) = 2]

Three-point
forward difference

1
f'(x) = 2 A% [—3f(x) + 4f(xi11) — F(xiz2)]

difference

Two-point , 1

backward difference | f (*1) = Ax [f (xi) — f(xi-1)]

Three-point , 1

baCkWsrd difference f (X) = m [f(xi—Z) - 4'f(xi—1) + 3f(xl)]
Two-point central 1

f(x) = 2% [f(xir1) — F(xiz1)]

Four-point central
difference

Fx) = f(xi—2) —8f(xi_1) + 8f(xi41) — f(xiy2)
B 12 Ax

All these three formulas give approximations to the derivative at the

point x;. It can be shown that the third formula is more accurate than

the others as follows:

Example 9: Approximate the derivative of the function

f(x)=x*+2xatx =3

using the Forward, Backward, and Central Difference
method and step size 1.

Solution:

x;=3 and Ax =1,s0

xi+1=xi+Ax:3+1:4

xi_1=xi_Ax=3

-1=2

The values of the corresponding functions are:
fii)=f(2)=2*+2(2)=8

f(x)

=f(3)=3%2+23)=15

f(xi1) = f(4) = 4% + 2(4) = 24
f(Xiv1) — F(x)

FDA: f'(x) ~

Ax
f3)=

f@-f(3) 24-15
1 1




f(x) = fxi-1)

BDA: f'(x;) =

Ax
3)-f(2) 15-8
f,(g)zf()lf(): —°_,
coa: (xp ~ <xi+1)zz / (*i1)
4)-f(2) 24-8
f,(g)zf() ) _ g

2x1 2
The actual value of the function is:

fO=x*+2x = f(x)=2x+2 = f3)=2x3+2=8

Example 10: Consider the table given below which lists the values of a
function f(x) for various values of x ranging from
x =—1.0 to x = +2.0 at uniform increments of 0.25.

X f(x)
—-1.0 —0.841
—0.75 —0.682
—0.50 —0.479
—0.25 —0.247
—0.00 —0.00

+0.25 | +0.247
+0.50 | +0.479,
+0.75 | +0.682
+1.00 | +0.841
+1.25 | +0.949
+1.50 | +0.997
+1.75 | +0.984
+2.00 | +0.909

Use Forward, Backward, and Central Difference method
to find the approximate derivative at point x = 0.5.

Solution:
e The Forward Difference Approximation (FDA) at point x; = 0.5
IS:

f() = TXir) — f(x) _ 0.682-0.479
Ax 0.25

f(x+Ax) — f(x) 0.682—0.479
B Ax -7 0.25

= 0.812

f(x) =0.812




e The Backward Difference Approximation (BDA) at point

Xi = 0.5is:
/ _ f(x;) — f(xi—1) _ 0.479 — 0.247 B
i _f( ) %Ec A )_ 0 4709250 24-7_ Vo
x)— f(x—Ax . —0.
f'(x) = o = 025 =0.928
e The Central Difference Approximation (CDA) at point x; =
0.5is:
o f(xip1) = f(xi-) 0.682—0.247
o= 20x =" zxo025 870
, o fx+Ax)—f(x—Ax) 0.682—0.247 _
= 2Ax =" 2x025 0870

> Notice that all three are different. Also, the central difference is the

average of the other two.

0.812 + 0.928
> =0.87

This is NOT a coincidence.

» Also notice that at the points x = —1.0 and x = +2.0 ( the end
points of interval) cannot be calculated more than a single
approximation.

If the calculation of the derivative at all points of the table, then a

spreadsheet is very appropriate for this type of problem. Enter the

table to a sheet and then can use the formulas to generate three more
columns, which will contain the approximations to the derivative.

x f(x) Forward | Backward | Central
—-1.0 —0.841 0.636
—0.75 —0.682 0.812 0.636 0.724
—0,50 —0.479 0.928 0.812 0.870
—0.25 —0.247 0.988 0.928 0.958
—0.00 —0.00 0.988 0.988 0.988
Xi-1| 40.25 +0.247 0.928 0.988 0.958
X; | +0.50 +0.479 0.812 0.928 0.870
Xi+1l +0.75 +0.682 0.636 0.812 0.724
+1.00 +0.841 0.432 0.636 0.534
+1.25 +0.949 0.192 0.432 0.312
+1.50 +0.997 —0.052 0.192 0.070
+1.75 +0.984 —0.300 —0.052 —0.176
+2.00 +0.909 —0.300
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Example 10: Using Three — Point Forward Difference, Backward
Difference, and Central Difference Formula to find
solution f'(1.10).

X 1 1.05 1.10 1.15 1.20 1.25 1.30
f(x) 1 1.02470{1.04881|1.07238{1.09545|1.11803|1.14018
Solution:

Three — Point Forward Difference Formula:

1
f'(x) = 2 Ax [=3f(x;) + 4f (xi41) — f(xi42)]
From the table it is evident that the values ranging from
1.0 to x = 1.30 at uniform increments of 0.05. Thus,

Ax = 0.05
Then,
f'(1.10) = 2(0.05) [-3f(1.10) + 4f(1.15) — f{1,10 + 2(0.05)}]
f'(1.10) = 0.—110[—3]”(1. 10) +4f(1.15) — f(1,20)]

f/(1.10) = ﬁ [—3(1.04881) + 4(1.07238) — (1,09545)]
=  f'(1.10) = 0.4764

Three — Point Backward Difference Formula:

F'(x) =5 [f (xi2) = 4f (xi-1) + 3f (x0)]

f(1.10) = 2 0.05) [f{1.10 — 2(0.05)} — 4f(1.10 — 0.05)
+ 3f(1 10)]

f(110) =5 10[f(1) 4£(1.05) + 3f(1.10)]

f/(1.10) = == [1 - 4(1.0247) + 3f(1.04881)] = 0.4763

Three — Point Central leference Formula:

f( )_ [f( l+1) f(xl 1)]

[£(1.15) — £(1.05)] = 5—-[1.07238 — 1.0247]
=  f'(1.10) = 0.4768

F =579
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Example 12: Use Three — Point Forward Difference, Backward
Difference, and Central Difference Formula to find
solution of f'(2.5) if h = 0.5 of the function

f(x)=2x3+x* -4
Also find the exact value of f'(x) and absolute error
for each estimation.

Solution:

fX)=2x3+x*-4 = f'(x)=6x*+2x

Exact value of f'(2.5)is:

f'(2.5) =6(2.5)* +2(2.5) = 42.5

Three — Point Forward Difference Formula:

1
f(x) = 2 A% [—3f(x) + 4f (xip1) — F(xiz2)]

Three — Point Backward Difference Formula:

1
f(x) = 2 Ax [f(xi—2) — 4f(xi—1) + 3f(x;)]

Three — Point Central Difference Formula:
1

F'(x) = o [f (Xiva) — f(xi-n)]
From the formula for each method it is clear to find f'(2.5), the
points that needed are:
x;i=2.5
Xi;1=2.5+0.5=3
Xi2 =2.5+2(0.5)=3.5
Xi_1=2.5-0.5=2
Xi_» =2.5—-2(0.5)=1.5
Thus, it is needed to find:
f(x) = f(2.5) =2(2.5)3 +(2.5)> —4 =33.5
flxin) =f(3) =23+ (3)* -4 =59
f(xii2) = f(3.5) =2(3.5)3+ (3.5 -4 =94
fxii) =f(2)=2(2)*+(2)*-4=16
f(xi_z) = f(1.5) =2(1.5)3+ (1.5)2 -4 =5

X 1.5 2 2.5 3 3.5

f) | 5 16 | 335 | 59 94
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Three — Point Forward Difference Formula:

1
f(x) = 2 A% [—3f(x) + 4f(xi11) — F(xiz2)]

f'(2.5) = [-3(33.5) + 4(59) — (94)] = 41.5

2 (0.5)

Absolute error
&€ = |Exact value — Approximated value|

£=142.5-41.5|=1

Three — Point Backward Difference Formula:

1
f(x) = 2 Ax [f(xi—2) — 4f(xi—1) + 3f(x;)]

f'(2.5) = [5 —4(16) + 3(33.5)] = 42.5

2 (0.5)

Absolute error

£=142.5-42.5/=0

Three — Point Central Difference Formula:

1
f(x) = 2 Ax [f(xir1) — F(xi-1)]

f'(2.5) =

2005 [59 — 16] = 43

Absolute error:

£=[42.5-43]=0.5

The same approach used to develop finite difference formulas for
the first derivative can be used to develop expressions for higher-
order derivatives.
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Approximation of Second Order Derivative

1. By Forward Difference
To approximate 2" order derivatives, write a forward Taylor
series expansion for f(x;,,) in terms of f(x;):

()

v

f(xiv2) = fx) + f(0)(28x) + (%) +f"(%)

Truncating the expansion after the second derivative gives

N Ax)2
f(xiv2) = f(x) + f1/(0)(24%) + f7 (%)
Rearranging yields
f(xis2) = f(x) + 2 (0)(Ax) + 2 £ (x) (Ax)?
Truncating the forward difference after the second derivative and
multiplying by 2 yields
2 f(xip1) = 2 fx) + 2 f'(x)Ax + f" () (A%)?
Subtracting from above equation yields
f(Xir2) = 2 f(xi) = —f(x) + ' (x) (Ax)?
Rearranging the equation yields

" ) =2 f(xip1 ) + f(xiy2)
) = (Ax)?

(2Ax)? (2 Ax)3
2

2. By Backward Difference
The same manipulations can be employed to derive a 2" order
backward difference:

" fx) =2 f(x_1)+ fxiz2)
frx) = s
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3. By Central Difference

y (i) =2 f(x) + f(xio)
f(x;) = (Ax)?

As was the case with the first derivative approximations, the central
difference is more accurate.

Approximations of higher derivatives f"’(x), f® (x) etc. can be
obtained in a similar manner. The following table lists difference
formulas, of various accuracy, that can be used for numerical
evaluation of second derivatives. The formulas can be used when the
function that is being differentiated is specified as a set of discrete
points with the independent variable equally spaced.

Method Formula
Three-point NE _ .
forward f(x;) = fx) — 2 fﬁzl"‘)lz) + f(xi42)
difference X
Four-point NE _ L .
forward f(x;) = 2f(x) -5 f(xl+1()A+)‘:f(x1+z) f(Xiv3)
difference X
Three-point y_o _ .
backward £ (x) = f(xi—2) f(xlz—l )+ f(x)
difference (Ax)
Four-point _ _ _ — _ _
backward f”(xi) ~ f(xl—S) + 4 f(xl—Z ) _ 5f(xl_1) + Zf(xl)
difference (Ax)
Three-point N . .
central f(x;) = f(Xiv1) — 2 f(xlz) + f(xi-1)
difference (Ax)
Eé\rlligg)'()lnt fu(x_) ~ _ f(xi—Z) + 16 f(xi—l ) - SOf(xl) + 16f(xi+1) - f(xi+2)
difference l 12(Ax)?

. . 2%
Example 13: Consider the function f(x) = — - Calculate the second

Solution:

derivative at x = 2 numerically with the three-point
central difference formula using points x = 1.8,x = 2,
and x = 2.2. Then compare the results with the exact
(analytical) derivative.

e Analytical differentiation:

Zx

The second derivative of the function f(x) = —is:
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2* x 1—x (In2) 2* 2% 2%

! — —_—— 2 J—
f(x) e 2 2z

. (2x) x 2* — x? (In2)2* 2% 2%
f'(x) = o —In2 (ﬁ—lnzy)

X X X

2
17 _ 2 - - _
= f"(x) =(In2) p 2 (In2) ™ + 2 o
and the value of the second derivative at x = 2 is:
= f"(2) = 0.57462

e Numerical differentiation:

The numerical differentiation can be done by using the three-

point central difference formula

" f(xiz) =2 f(x) + f(xi41)
fx) = (Bx)?2

where
x;_1=x=1.8,
x; =x=2,and
Xip1 =Xx=2.2
Ax =x41—x; =2.2—-2=0.2

and the values of the corresponding functions are:

21.8
f(xi) = f(1.8) = 72 =1.9346
22
fixp) =f2) = - =2
2.2

substituting the values of the function at points in the formula gives

1.93456 — 2 (2) + 2.08854

() = 0.2)? =0.5775
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E;=0.5775—-0.5746 = 0.0029

_0.5775-0.5746

X = (.59
@ 0.57462 100 = 0.5%

The result shows that the three-point central difference formula gives
a quite accurate approximation for the value of the second derivative.



Runge — Kutta Methods

Runge — Kutta method is an effective and widely used method for
solving the initial-value problems of differential equations. Runge — Kutta
method can be used to construct high order accurate numerical method by
functions' self without needing the high order derivatives of functions.

In numerical analysis, the Runge-Kutta methods (English: rona'kota)
are a family of implicit and explicit iterative methods, which include the Euler
method, used in temporal discretization for the approximate solutions of
simultaneous nonlinear equations. These methods were developed around

1900 by the German mathematicians Carl Runge and Wilhelm Kutta.

Euler's Method

If an initial value problem

d
y =—t=f&y. y&x)=y @

cannot be solved analytically, it is necessary to resort to numerical methods to

obtain useful approximations to a solution of Equation (1).

If interesting in computing approximate values of the solution of the
Equation (1) at equally spaced points x4, x1,X2,...., X, =b In an
interval [xg, b ]. Thus,

xisz+ih, i=0,1,2,...,n

where h =

Denoting the approximate values of the solution at these points
bY v, V1, V2, - -, Y, thus, y; is an approximation to y(x;). calling

e; =y(x;) —y;
the error at the ith step. Because of the initial condition



y(x9) = yo
always will have ey = 0.
However, in general
e;#0 iifi>0
Encountering two sources of error in applying a numerical method to solve an
initial value problem:
The formulas defining the method are based on some sort of approximation.
Errors due to the inaccuracy of the approximation are called truncation
Errors.
Computers do arithmetic with a fixed number of digits, and therefore make
errors in evaluating the formulas defining the numerical methods. Errors due

to the computer’s inability to do exact arithmetic are called roundoff errors.

1. Euler method (1%t order derivative)

The simplest numerical method for solving Equation (1) is Euler’s
method. This method is so crude that it is seldom used in practice; however, its
simplicity makes it useful for illustrative purposes. Euler’s method is based
on the assumption that the tangent line to the integral curve of
Equation (1) at [x;, y(x;)] approximates the integral curve over the
interval [x;, x;;11].

Since the slope of the integral curve of Equation (1) at [x;, y(x;)] is:

Y (xi) = flx, y(x;)]

the equation of the tangent line to the integral curve at [x;, y(x;)] is:

y =yx) + flx, y(x)](x — x;) (2)



Setting x = x;,1 = x; + h , yields
Yir1 = Y(xp) + hf[x;, y(x;)] 3)

as an approximation to y(x;,1).

Since y(xy) = y, is known, Equation (3) can be used with i = 0 to compute

¥y1 =Yo + hf(x0,¥0)

However, setting i = 1 in Equation (3) yields

Y2 =Yy1+hf(x1,y1)

Having computed y,, can compute

y3 =¥z + hf(x3,¥2)

In general, Euler’s method starts with the known value y(xy) = yo and

computes y4,y2, ¥3, ..., Yn Successively by with the formula

Yir1 =Yithf(x;y) 0<i<n-1
The next example illustrates the computational procedure indicated in Euler’s

method.

Example 1: Find y (0.2) for
xX—Yy

=2 =1

with step length 0.1 using Euler method.
Solution:



Given: y' = f(x,y) ="2—y , y(0)=1, h=0.1, y(0.2) =?
0-1
y1=y0+hf(x0,y0)=1+01f(0,1)=1+01(T>
= y,=1-0.05=0.95
Y2 =Yy1+ hf(xl,yl) =0.95+ 0. 1f(01, 095)

0.1-0.95

=0.95 O.1<
* 2

) =0.95+0.1-(—0.425)

=y, =0.95—0.0425 = 0.9075

y(0,2) = 0.9075

Example 2: Use Euler’s method with h = 0.1 to find approximate values for
the solution of the initial value problem

y +2y=x3¢"%, y(0)=1 at x=0.1,0.2,0.3

Solution:
Rewriting equation as
y =-2y+x3e?*, y(0)=1

which is the form
fx,y)=-2y+x3e?*, xo=0andy, =1

Euler method
y1 =90+ hf(x0,¥0) =1+ (0.1)f(0,1) =1+ (0.1)(-2) = 0.8
Y2 =y1+ hf(x1,¥1) = 0.8+ (0.1)f(0.1,0.8)

= 0.8+ (0.1)[-2(0.8) + (0.1)3e72(®D] = 0. 6401
y3 =¥, + hf (x5,7;) = 0.6401 + (0.1)£(0.1,0.6401)

= 0.6401 + (0.1)[—2(0.6401) + (0.2)3e720D] = 0.5126
¥4 =y3 + hf(x3,¥3) = 0.5126 + (0.1)£(0.3,0.5126)

= 0.5126 + (0.1)[—2(0.5126) + (0.3)3e72(03] = 0.46496



2. Euler method (2" order derivative)

Y1 =Yo + hf(xo +yo + 2¢)

Example 1: Find y(0. 1) for
y'=1+2xy—x%z, x=0, yo=1, y,=0, 2z;3=0
with step size 0.1 using Euler method (2" order derivative)

Solution:

Put % = z and differentiate with respect to x, yields

dz d*y
dx dx?
Thus, the system of equations is:
Y = fyn)
dz )
F 1+ 2xy—x“z=g(x,y,2)

Euler method for second order differential equation:
y1=2Yo+ hf(xo+yo+29) =1+0.1f(0,1,0)
=1+4+0.1[1+2(0)(1) — 03(0)] = 1.1
y(0.1) =1.1

Runge—Kutta Methods

The most widely known member of the Runge — Kutta family is
generally referred to as "RK4", the "classic Runge — Kutta method" or simply

as "the Runge — Kutta method".

Let an initial value problem be specified as follows:

d
y' = d_::’ =fty). y(ty) =yo



Here y is an unknown function (scalar or vector) of time ¢, from which would
like to approximate; we are told that %, the rate at which y changes, is a

function of t and of y itself. At the initial time ¢, the corresponding y value is

¥o. The function f and the initial conditions tq , yo are given.

Now picking a step — size h > 0 and define:

1
Yni1 = Yn t+ g(k1 + 2k, + 2k3 + k4)h

t,1=t,+h
forn=0,1,2,3, ..., using
kl = f(tn: yn):
h k4
k = f(tn + 5 Yn + h7>

h k,
k3 = f(tn +E'yn + h?);

k, = f(tn + g,yn + hkg).

Here y,,.1 is the "RK4" approximation of y (t,,1), and the next value (y,+1)
is determined by the present value (y,) plus the weighted average of four
increments, where each increment is the product of the size of the
interval, (h), and an estimated slope specified by function(f) on the right —
hand side of the different equation

e k, isthe slope at the beginning of the interval, using y (Euler's method);

e k, is the slope at the midpoint of the interval, using y and k; ;

e k3 is again the slope at the midpoint, but now using y and k,;

e k,is the slope at the end of the interval, using y and k.

In averaging the four slopes, greater weight is given to the slopes at the
midpoint. If f is independent of y, so that the differential equation is

equivalent to a simple integral, then RK4 is Simpson's rule.



The RK4 method is a fourth — order method, meaning that the local
truncation error is on the order of 0(h%), while the total accumulated error
is on the order of 0(h?*).

In many practical applications the function f is independent of ¢ (so called
autonomous system, or time — invariant system, especially in physics), and
their increments are not computed at all and not passed to function f, with

only the final formula for ¢, ;used.

Explicit Runge—Kutta methods

The family of explicit Runge—Kutta methods is a generalization of the
RK4 method. It is given by

S
Yn+1 =Yn t+ hz b;k;
i=1

where,
ki =f(tn, yn),
kz = flt, + c2h, yy, + h(az1k,)],
k3 = flty, + c3h y, + h(az1ky + azz k)],

ks = f[tn + csh: Yn t+ h(aslkl + asZkZ + et as,s—lks—l)]'

To specify a particular method, one needs to provide the integer s (the
number of stages), and the coefficients a;; (for 1 <j <), b; (fori =
1,2,-,S) and ¢; (for i = 1,2,-,5). The matrix [a;] is called the Runge —
Kutta matrix, while the b; and c; are known as the weights and the nodes. These

data are usually arranged in a mnemonic device, known as a Butcher tableau
(after John C. Butcher):



C2| Az1

C3| az1 Qs

Cs| g1 Qg2 -+ Qgg1q
by by -+ bg_ 4 bg

A Taylor series expansion shows that the Runge—Kutta method is consistent

if and only if

A
Zbi == 1
i=1

There are also accompanying requirements if one requires the method to have
a certain order p, meaning that the local truncation error is 0(h?*1). These
can be derived from the definition of the truncation error itself. For example,

a two-stage method has order 2 if

1 1
b1 + bz =1 , szz = E , and b2a21 = E
Note that a popular condition for determining coefficients is:
i-1
Zaij = C; for i= 1,2,"',S
j=1

This condition alone, however, is neither sufficient nor necessary for consistency.

In general, if an explicit S — stage Runge—Kutta method has order p, then
it can be proven that the number of stages must satisfy § > p, and if p > 5, then
S > p + 1. However, it is not known whether these bounds are sharp in all
cases; for example, all known methods of order 8 have at least 11 stages, though
it is possible that there are methods with fewer stages. (The bound above
suggests that there could be a method with 9 stages; but it could also be that the

bound is simply not sharp.)



Indeed, it is an open problem what the precise minimum number of
stages Sis for an explicit Runge-Kutta method to have order p in those cases
where no methods have yet been discovered that satisfy the bounds above with

equality. Some values which are known are:

P 1 2 3 4 5 6 7 8
min § 1 2 3 4 6 7 9 11

The provable bounds above then imply that cannot find methods of orders
p =1,2,..,6 that require fewer stages than the methods for these orders.

However, it is conceivable that might find a method of order

p = 7 that has only 8 stages, whereas the only ones known today have at least
9 stages as shown in the table.

Example: The RK4 method falls in this framework its tableau is:

1 | 1

2 | 2

1 1

2 |0 2

1 ({ 0 0 1
1 1 1 1
6 3 3 6

A slight variation of "the" Runge — Kutta method is also due to Kutta in 1901
and is called the 3/8 — rule. The primary advantage this method has is that
almost all of the error coefficients are smaller than in the popular method, but

it requires slightly more FLOPs (floating-point operations) per time step. Its
Butcher tableau is:
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However, the simplest Runge — Kutta method is the (forward) Euler method,
given by the formula

Yn+1 = Yn + R f(tn, Yn)

This is the only consistent explicit Runge — Kutta method with one stage. The
0
1
x —_—

/ y
y' = > , X =0, y(0)=1

with step length 0.1 using Runge — Kutta 2 method (1% order derivative).
Solution:

corresponding tableau is:

Example 1: Find y (0.2) for

x_
Given: y’:f(x,y)zTy , X0 =0,y(0)=1,h=0.1, y(0.2) =?
k; +Kk
Y1=Yo+ 12 2

# Method — 1: Using formula
Kk, = hf(xo + h,yo + kq)
Second order R — K method
k; = hf(xg,y9) =0.1f(0,1) =0.1-(—0.5) = —0.05
Ky, =hf(xg+hyo+ky) =0.1f[0+0.1,1+ (—0.05)]
=0.1f(0.1,0.95) = 0.1-(—0.425) = —0.0425
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k; + Kk, —0.05 + (—0.0425)
=1+
2 2
y; = 0.9538

Y1=Yot =1-0.04625 =0.9538

ki +Kk;

Y2=Y1+
k, = hf(xy,y,) = 0.1£(0.1,0.9538) = 0.1 (—0.4269) = —0.0427
k, = hf (x; + by, + ki) = 0.1f[0.1 + 0.1,0.9538 + (—0.0427)]
=0.1f(0.2,0.9111) = 0.1- (-0.3555) = —0.0356
k, +k, ~0.0427 + (—0.0356)

Y2 =Yy1 + =0.9538 + >
y, =0.9538 — 0.0391 = 0.9146
Ky + ks
Y3 =Y t+ >

ky = hf (x5, ¥,) = 0.1£(0.2,0.9146) = 0.1 - (—0.3573) = —0.0357
k, = hf(x; + h,y, + ki) = 0.1f[0.2 + 0.1,0.9146 + (—0.0357)]
= 0.1f(0.3,0.8789) = 0.1 (—0.2895) = —0.02895

k, + k, —0.0357 + (—0.0289)
—=10.9146 + >

y3; = 0.9146 — 0.0323 = 0.8823
y(0.2) = 0.83823

y3 =Yz +

# Method — 2: Using formula

Y1 =Yo+tKk;
k —h( i +k1>
2 = hf(xg 2:)’0 2
ki = hf(x9,¥0)
Second order R — K method
Y1 =Yo+tk;

ky, = hf(x0,¥9) = 0.1f(0,1) = 0.1 - (—0.5) = —0.05
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ky =h ( i +k1)—01 [0+0'1 1+( 005)]

=0.1f(0.05,0.975) = 0.1 (—0.4625) = —0.04625
y1 =Yoo+ Kk, =1+ (—0.0462) = 0.9538

y2=y1t+Kks
k, = hf(x1,y,) = 0.1£(0.1,0.9538) = 0.1 (—0.4269) = —0.0427
h ky 0.1 0.0427
k, = hf(xo +5Y0 +7) = O.1f[0.1+T,0.9538+ (— a )]

=0.1f(0.15,0.9324) = 0.1-(-0.43912) = —-0.0391
y, = y1 + Ky = 0.9538 + (—0.0391) = 0.9146
y3 =¥z + K
k, = hf(xy,y,) = 0.1f(0.2,0.9146) = 0.1 (—0.3573) = —0.0357
0.0357)}

h k, 0.1
k, = hf(xz +E,y2 +?> = 0. 1f[0.2 +T,0.914-6+ (—

=0.1f(0.25,0.8968) = 0.1-(—0.3234) = —0.0323
y3 =y2 + Kk, =0.9146 + (—0.0323) = 0.8823

#Third order R — K method

1
Y1=2Yo +g(k1 + 4Kk, +Kk3)
ki = hf(x0,¥0)

k—h( ML +k1>
2 = hf(xg 2:)’0 2

k3 = hf(xO + h,yo + Zkz - kl)

Example 2: Find y (0.2) for

, y
y' = , X =0, y(0)=1

with step length 0.1 using Runge — Kutta 3 method (1% order derivative).
Solution:

x —
Given: y' = f(x,y) = Ty , Xo=0,y(0)=1,h=0.1, y(0.2) =?



1
Y1=2Yo +g(k1 + 4k; + Kk3)

ky = hf(xo,¥0) = 0.1£(0,1) = 0.1- (—=0.5) = —0.05

2 2
=0.1f(0.05,0.975) = 0.1-(—0.4625) = —0.04625

k3 = hf(xo + b, yo + 2k; — k)
= 0.1f[0 +0.1,1 + 2(—0.04625) — (—0.05)]
= 0.1f[0.1,1 + 2(—0.04625) — (—0.05)] = 0.1£(0.1,0.9574)
=0.1-(—0.42875) = —0.04288

h kq 0.1 0.05
k; = hf(Xo+E,y0+—) = O.1f[0+—,1+(_T)]

1
Y1=Yo +g(k1 + 4k; + Kk3)
1
=1+ E[—O. 05 + 4(—0.04625) + (—0. 04288)] = 0.95369
1
Y2 =Y1 +g(k1 + 4Kk; + Kk3)

ky = hf (x4, ¥1) = 0.1£(0.1,0.9537) = 0.1 - (—0.4268) = —0.0427

h ky 0.1 0.0427
kz=hf(x1+§,y1+7)=0.1f[0.1+7,0.9537+(— > )]

=0.1f(0.15,0.9324) = 0.1-(—-0.3912) = —0.03912
k3 = hf(x1 + b ys + 2Kk, — Kq)

= 0.1f[0.1 + 0.1,0.9537 + 2(~0.03912) — (—0.0427)]

=0.1£(0.2,0.91814) = 0.1-(—0.0359) = —0.0359

1
Y2 =1 +g(k1 + 4Kk, + k3)
1
=0.9537 + g [—0.0427 + 4(—0.0391) + (—0. 0359)] = 0.91451
1
Y3 =1Y2 +g(k1 + 4k, + k3)

ky = hf (x,¥,) = 0.1£(0.2,0.9145) = 0.1 - (—=0.35725) = —0.0357

0. 0357>]
2

h ky 0.1
kz = hf(.xz +E,y2 +7> = Olf[02+7,0914-5+(—

=0.1f(0.25,0.8967) = 0.1-(—0.3233) = —0.0323

13
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k3 = hf(xz + h,yz + Zkz — kl)
= 0.1f[0.2 + 0.1,0.9145 + 2(—0.0323) — (—0.0357)]
=0.1f(0.3,0.8856) = 0.1-(—0.2928) = —0.0293

1
Y3 =Y2 +g(k1 + 4k, + Kk3)

1
=0.9145 + 6 [-0.0357 + 4(—0.0323) + (—0.0293)] = 0.8823

y(0.2) = 0.8823

#Forth order R — K method

1
Y1 =Yo +g(k1 + Zkz + 2k3 +k4)
Ky = hf(x0,¥0)

k—h( b +k1>
2 = hf|x 2'3’0 2

k—h( o +kz)
3 = hf | x 2'3’0 2

k4 = hf(xo + h,yo + kg)

Example 2: Find y (0.2) for
y_X7Y
y=— , X =0, y(0)=1
with step length 0.1 using Runge — Kutta 4 method (1% order derivative).

Solution:

x —
Given: y' = f(x,y) = Ty , X0 =0,y(0)=1,h=0.1, y(0.2) =?

1
Y1 =y0+g(k1+2k2+2k3+k4)

ky = hf(xo,¥o) = 0.1£(0,1) = 0.1- (—=0.5) = —0.05

ky =h ( 4o +k1)—01 [0+0'1 1+( 0'05)]
2=hf(x%+5.y0+5)=0.1f > :

=0.1f(0.05,0.975) = 0.1-(—0.4625) = —0.0463
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ke = I ( +h +k2>_01 [O_I_O.l 1+< 0.0463)}
3 = hf | xo 2:)’02—-f > >

=0.1£(0.05,0.9769) = 0.1(—0.46344) = —0.0463
=0.1£(0.1,0.9537) = 0.1(—0.4268) = —0.0427

1
Y1 =Yo +g(k1 + Zkz + 2k3 + k4)
1
=1+ 6 [—0.05 + 2(—0.0463) + 2(—0.0463) + (—0.427)]
y, = 0.9537

1
Y2 =y1+g(k1+2k2+2k3+k4)

ky = hf(x1,y1) = 0.1£(0.1,0.9537) = 0.1 - (—0.4268) = —0. 0427

h k, 0.1 0.0427
kz=hf(x1+—,y1+—)=0.1f[0.1+—,0.9537+<— )]
2 2 2 2
=0.1£(0.15,0.9323) = 0.1-(—0.3912) = —0.0391
h k, 0.1 0.0391
k3=hf<x1+§,y1+7>=O.1f[0.1+7,0.9537+(— 2 )]

= 0.1f(0.15,0.9341) = 0.1(—0.3921) = —0.0392
ky = hf(x; + h,y; + K3) = 0.1[0.1 + 0.1,0.9537 + (—0.0392)]
=0.1f(0.2,0.9145) = 0.1(—0.3572) = —0.0357

1
Y2 =Y1 +g(k1 + Zkz + 2k3 + k4,)
1
=0.9537 + 6 [—0.0427 + 2(—0.0391) + 2(—0.0392) + (—0.0357)]
y, = 0.91451
1
Y3 =Y +g(k1 + Zkz + 2k3 +k4)

ky = hf (x3,¥,) = 0.1£(0.2,0.91451) = 0.1 - (—0.35725) = —0.0357

h kq 0.1 0.0357
kz=hf(xz+§,y2+7)=0.1f[0.2+7,0.91451+(— : )]

=0.1f(0.25,0.73589) = 0.1 (—48589) = —0.0486
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h k, 0.1 0.0486
k3:hf<x2 +§:y2 +7>=0.1f[0.2+7,0.91451+<— 2 )]

= 0.1f(0.25,0.6716) = 0.1(—0.4216) = —0.0422
ks = hf (X, + b, ¥, + k3) = 0.1[0.2 + 0.1,0.9145 + (—0.0392)]
=0.1£(0.3,0.8753) = 0.1(—0.5753) = —0.05753

1
Y3 =Y2 +g(k1 +2k2 +2k3 +k4)

1
=0.9145 + 3 [-0.0357 + 2(—0.0486) + 2(—0.0422) + (—0.05753)]

y3 = 0.7824
Second — order methods with two stages

An example of a second — order method with two stages is provided

by the midpoint method

1 1
Yurr = Vnt B f [t + SR,y +5 R F(E0 )|

The corresponding tableau is:

1
2

|NIH <

0 1

The midpoint method is not the only second-order Runge — Kutta method

with two stages; there is a family of such methods, parameterized by « and given

by the formula

1 1
Ynit = Y+ R [(1=50) ftn, ya) + 5 Flltw + @B,y + ahf (tn y0))

Its Bucher tableau is:

(=

In this family,
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B a= 2 gives the midpoint method

B a=1 is Heun's method

B o= 3 is Ralston's method

Use
As an example, consider the two-stage second — order Runge — Kutta

method with a = % also known as Ralston method. It is given by the tableau

0
2|2
3(3
1 3
4 4
with the corresponding equations
ki = f(tnf yn)'
2 2
k,=f [tn + gh:J’n + §hk1],

1 3
Yurr = ¥n+ (ko +5Hr)
The method is used to solve the initial — value problem

d
d—}tlztan(y)+1 , yo=1,te(1,1.1)

with step size h = 0.025, so the method needs to take four steps.
The method proceeds as follows:

t():l:
Yo=1

t, = 1.025:
Yo=1

k, = 2.557407725



2 2
k, = f(to +3h.yo+ §hkl) = 2.7138981400

1 3
Y1=Yot h(Zkl + Zkz) = 1.066869388

tz = 1. 05
y, = 1.066869388
k, =2.813524695

2 2
kz =f<t1 +§h,y1 +§hk1)

1. 3
Y2 =y + h(Zkl + Zkz) = 1.141332181

t; = 1.075:
y, = 1.141332181
k, = 3.183536647

2 2
k, = f(t2 +3h.ys + §hk1) = 2.7138981400

1 3
y3 =Yy + h(Zkl + Zkz) =1.227417567

t4, =1.1:
ys = 1.227417567
k, = 3.796866512

2 2

1 3
Y4 =Yy3+ h(Zkl + Zk2> =1.335079087

18
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Second Order R — K Method (Second Order Differential Equation)
# Method — 1:

ki +k
Y1=Yo Tt ! 2 Z

ki = hf(xg,¥0,2o)

kz = hf(x() + h,yo + k1,Z0 + ll)

I, = hg(xo, Y0, 2o)

lz = hg(xo + h, Yo + kl,Zo + ll)

# Method — 2:

Y1 =Yo0 t Kz

kz = hf(xo +,—l,y0 +E,Z0 +l_1>
2 2 2

ki = hf(xo,¥0,20)

I, = hg(xo, Y0, 2o)

l—h( PR +ll)
2 = ngl Xy 2»3’0 Z’ZO 2

Example: Find y(0.1) for
y' =1+ 2xy —x*z
using the initial conditions, xo =0, yo = 1,and zo, = 0 with step

length 0. 1 using Runge — Kutta 2 method (2" order derivative).

Solution:
. . d*y )
The Given equation is: y'' = i 14 2xy —x“z
put 2 = 7 and differentiate with tto x, yields 22 = 42
u dx = Z an liferentiate with respect to X, yields dx2 = dx
Thus, the given equation becomes:

dzy_dz_l_i_2 )
dx2  dx ry—xz



with y(0) =1,y'(0) =0,xo =0,h = 0.1, y(0.1) =?
Thus, the system of equations is:
d
2 =z2=f(x.2)

Y 142 ’z =
I xy—x“z=g(x,y,2)

# Method — 1: Using formula

ki + Kk,
2

ki = hf(xo,¥0,29) = (0.1)f(0,1,0) = (0.1)-(0) =0

ky = hf(xo + h,yo + k1,29 + 1)

l; = hg(xo,¥0,20) = (0.1)g(0,1,0)

= (0.1)[1+2(0)(1) — (0)2(0)] = 0.1
=k, =(0.1)f(0+0.1,1+0,0+0.1) = (0.1)f(0.1,1,0.1)
=(0.1)(0.1) = 0.01

l, =hg(xg+hyy+kyzog+1;) =(0.1)g(0+0.1,1+0,0+0.1)
=(0.1)g(0.1,1,0.1) = (0.1)[1 + 2(0.1)(1) — (0.1)2(0.1)]
=(0.1)(1+0.2-0.001) = (0.1)(1.199) = 0.1199

ki+k; _ X 0+0.01

Y1=Yot

= Y1=Yot > + 2 = 1.005
y(0.1) = 1.005
# Method — 2: Using formula
y1=Yo+ Kk
k, = hf(xo +,—l,y0 +ﬁ,zo +l—1>
2 2 2

ki = hf(x0,¥0,29) = (0.1)f(0,1,0) = (0.1)- (0) =0
I, = hg(xo,¥0,2¢) = (0.1)g(0,1,0)
= (0.1)[1+2(0)(1) - (0)%2(0)] =0.1

20
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0.1 0 0.1
— ky = (0. 1)f<0 R +T) — (0.1)£(0.05,1,0.05)

= (0.1)(0.05) = 0.005

l—h( L. +ll)—(01) <0+0'11+00+0'1)
2 = Ng{Xo 2:)’0 2120 2 )~ Df 5 X 2

= (0.1)g(0.05,1,0.05) = (0.1)[1 + 2(0.05)(1) — (0.05)2(0.05)]
= (0.1)(1.099875) = 0.10998751
= y; =y +Kk, =1+ 0.005 = 1.005
y(0.1) = 1.005

Third Order R — K Method (Second Order Differential Equation)

1
Y1 =J’0+g(k1 + 4k, + ks3)

ki = hf(x9,¥0,2¢)
I, = hg(xo, Y0, 2p)

h ky L
kz = hf<x0+§,y0+—,zo +_)

2 2
l—h( L. +ll)
2 = ngl Xy 2:)’0 2120 2

k3 = hf(xO + h,yo + 2k2 - k1,Z0 + 2[2 - 11)
13 = hg(xo + h, Yo + Zkz - k1,Z0 + le — ll)

Example: Find y(0.1) for
y"' =1+ 2xy — x*z
using the initial conditions, x5 =0, yo = 1,and z, = 0 with step
length 0. 1 using Runge — Kutta 3 method (2" order derivative).
Solution:

2
The Given equation is: y"' = d_x); =1+ 2xy — x%z

put 2 = 7 and differentiate with tto x,yields =2 = %2
u dx—zan liferentiate with respect to x, yields dxz = dx
Thus, the given equation becomes:
d*’y dz
—_— = — —_ 2
A - dx 1+2xy—x°z

with y(0) =1,y'(0) =0,x, =0,h = 0.1, y(0.1) =?
Thus, the system of equations is:
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i 1+2xy—x%z=g(x,,2)

Third Order R — K Method

1
Y1 =J’0+g(k1 + 4k, + ks3)

ki = hf(x¢,¥0,29) = (0.1)f(0,1,0) = (0.1)-(0) =0
l; = hg(xo,¥0,20) = (0.1)g(0,1,0)
=(0.)[1+2(0)(1) - (0)%2(0)]=0.1

k —h( L. +11>—(01) <0+0'11+00+0'1)
2_ fxO Z’yo 2'ZO 2 - " f 2 ) 21 2

= (0.1)(0.05) = 0.005

l—h( L. +ll)—(01) (0+0'1 1+00+0'1>
2 = ng\Xg 2:)’0 Z'ZO 2 )~ 18 2 X >

= (0.1)g(0.05,1,0.05) = (0.1)[1 + 2(0.05)(1) — (0.05)2(0.05)]
= (0.1)(1.099875) = 0.10998751
ks = hf (xo + h, yo + 2k, — kq, 2o + 21, — 1)
=(0.1)[0+0.1,1+2(0.005) — 0,0 + 2(0.10999) — 0.1]
=(0.1)(0.1,1.01,0.11998) = (0.1)(0.12) = 0.012
I3 = hg(xog+ h yo+ 2k, —kq,z9 + 21, — 1)
=(0.1)g[0+0.1,1 + 2(0.005) — 0,0 + 2(0.10999) — 0.1]
=(0.1)g(0.1,1.01,0.11998)
= (0.1)[1 + 2(0.1)(1.01) — (0.1)2(0.12)] = (0.1)(1.20202)
=0.1202

1
= Y1 =}’o+g(k1+4kz+k3)

1
=1+ 3 [0 + 4(0.005) + 0.012] = 1.0053

y(0.1) = 1.005
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Fourth Order R — K Method for 29 Order Differential Equation)

1
Y1 =y0+g(k1+2k2+2k3+k4)

ki = hf(x9,¥0,20)
I, = hg(xo,¥0,2o)

h k, L
kz = hf(x0+—,y0+—,zo +—>

2 2 2
l—h( PR +ll)
2 = ngl Xy 2,)’0 Z;ZO 2

k—h( L. +lz>
3 = hf(xo 2»3’0 2;20 2

l—h( PR +lz)
3 = Ng\| Xp 2:)’0 2»20 2

k4 = hf(xO + h,yo + k3,Z0 + lg)
l4_ = hg(xo + h, Yo + k3,ZO + 13)

Example: Find y(0.1) for
y' =1+ 2xy — x%z
using the initial conditions, x5 = 0, yo = 1,and zo, = 0 with step
length 0. 1 using Runge — Kutta 4 method (2" order derivative).
Solution:
dZ

The Given equation is: y'' = d_x}zl =1+ 2xy —x%z
put 2 = 7 and differentiate with tto x, yields Y =
u dx = Z an lIferentiate with respect to x, yields dxz = dx
Thus, the given equation becomes:
d*y dz
— — 2
W—a— 1+2xy—x Z

with y(0) =1,y'(0) =0,x =0,h = 0.1, y(0.1) =?
Thus, the system of equations is:

i 1+2xy—x*z=g(x,y,2)
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Fourth Order R — K Method for 2" order differential equation)

1
Y1 =y0+g(k1+2k2+2k3+k4)

ki = hf(x0,¥0,29) = (0.1)£(0,1,0) = (0.1)- (0) =0
I, = hg(xo,¥0,20) = (0.1)g(0,1,0)
=(0.1)[1+2(0)(1) — (0)%2(0)] = 0.1

ke = hf ( LS. S )—(o1)(+011+°o+°1)
2 = hf|x 2:)’0 2’ v Zy f(o 2 2 2
=(0.1)(0.05) = 0.005

R+ +ll)—(01) (0+0'1 1+00+0'1>
2’ Yo T 205 )= 08 2 TV T
— (0.1)g(0.05,1,0.05) = (0. D[1 + 2(0.05)(1) — (0.05)2(0.05)]

=(0.1)(1.099875) = 0.10998751 = 0.11

lz = hg (xO +

h k, L
k3—hf<.X'0+ ,y0+7 Zo+2)

_ 0.1 (0+0'1 1+0.005 0+0.11)
= (0.1f 2’ 2 2

=(0.1)£(0.05,1.0025,0.055) = (0.1)(0.055) = 0.0055

Wk L,
lg—hg<x0+ ,y0+2 Z0+2)

0.1 0.005 0. 11)

_(01)f( =0

= (0.1)£(0.05,1.0025,0.055)
= (0.1)[1 + 2(0.05)(1.0025) — (0.05)?(0.055)]
=(0.1)(1.1001) = 0.11
ky =hf(xg+ h,yo+ ks, zy + 13)
=(0.1)f(0+0.1,1 +0.0055,0 + 0.11)
=(0.1)£(0.1,1.0055,0.11) = (0.1)(0.11) = 0.011
ly = hg(xg+hyy+ k3 zy+13) =
=(0.1)g(0 +0.1,1 + 0.0055,0 + 0.11)
=(0.1)g(0.1,1.0055,0.11) = (0.1)



= (0.1)[1 + 2(0.1)(1.0025) — (0.1)2(0.055)]
= (0.1)(1.9995) = 0.12

1
= Y1 =y0+g(k1+2k2+2k3+k4)

1
=1+ 6 [0+ 2(0.005) + 2(0.0055) + 0.011] = 1.0053

y(0.1) = 1.005
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Numerical Integration

The area under curve is one of the common most application for
“Numerical Integration” because the “Analytical Methods” are
difficult solution or there’s no solution in this way.

It is known that a definite integral of the form
b
J f(x)dx
a
Represents the area under the curve
y=fx)
enclosed between the limits x = a and x = b.

Thus, the goal is to approximate the definite integral of a function f(x)
over the interval [a.b] by evaluating the function f(x) at a finite
number of sample points. Thus, the process of finding the
approximation to the definite Integral is known as Numerical

Integration.

[ ()

Let xp.x1.X,.::-.Xx, Dbe given set of observations, and let
Yo -Y1-Y2 -+ .Y be the corresponding values for the curve y = f(x).

Suppose thata = x5 < x1 < x5 < - < x,,, < b.



A formula of the form:

QUT= D" wief () = Wo f(x) + Wi f(x2) + -+ Wi £Ctn)

with the property that:

b
[ reax = et + £17)

is called a numerical integration or guadrature formula.

e The term E[f] is called the truncation error for integration.
o The values {x;}}=, are called the quadrature nodes and
o {w,liL, are called weights.

Closed Newton-Cotes Quadrature Formulas

The Newton - Cotes Integration formulas are the most
numerical integration schemes. They are based on the strategy of
replacing a complicated function or tabulated data with an
approximating function that is easy to integrate:

ja o = j ' 0dx

n

fa(0) = ) af (x) = aof (xo) + @1 f (1) + -+ + auf ()

i=0
where

X, =X¢9g+nAx . n=number of subintervals=1,2,3,-

Xn — Xp

= Ax=
n

are equally spaced nodes and

fn=Ff(xa).



The first four closed Newton-Cotes quadrature formulas are:

1 Ax

f f(x)dx = > fo+f1) ———————-— the Trapezoidal Rule
X0

Ax . N

f fx)dx = ?(fo +4f, + f,) — — — —the Simpson’s 1/3 Rule
X0
*3 3Ax ] .

.f f(x)dx = T(fo +3f1+3f, + f3) the Simpson’s 3/8 Rule
X0

*4 2Ax
J f(x)dx = 4—5(7f0 +32f, +12f, + 32f; + 7f,) the Boole's Rule
X0

& Trapezoidal Rule

A
1= 2 [(F0) + 2(F(xa) + F(x2) + F(x3) + 4 fCna} + F)]

Here n is a number of intervals, and

. whenn=1 = Ax=b—a

f(x)

7
///////////%//




Lagrange Interpolation:

X—X X—X

1 1
L =
() = o FGx0) + - fx)
Let a=xy , b=x; , Ax=b—a
_x—a d _dx
f_b—a f_Ax

x—a a-—a
x=a = &= = —ﬂ

( b—a b-—-a
x—a b-—a

b—a b—-a

= L) =A-=-8f(a)+ () f(b)

Integrating to obtain the rule:
b b 1

I= ff(x) dx ~ fL(x) dx = ijL(E) dé
a a 0

1 1
= Ax f(a) f (1— & dg + Ax f(b) f L(E) d¢
0 0

1 1

52
+ A.X'f(b)7
0

2
- sxf@(¢-%)

0

Ax
= I= 7[f(a) + f(b)]



Example 1: Evaluate the integral by using Trapezoidal method
4

Jxezx dx
0

Solution:

e The exact solution is:

4 u=x—- du=dx
xezxdxzfudvzuv—jvduz e%x
j dv =e*dx = v=—
0 2
B er erxd B 1 - er4'
=X = Sdx=|sxe 2
0 0

X 1 L | 4
— |Zp2x _ _ ,p2x — 2x2 -1
[ze 2 ¢ ]0 3¢ (2x-1)

=5216.93

e Trapezoidal Rule:

leta=xyp=0 .b=x1=4 = Ax=x1—%x=4—-0=4

: ) Ax 4
1= [ xerdx = S IGo) + FGx)] = 5 £0) + F(4))

0

= 2(0 + 4€3) = 23847.66

_|5216.926 — 23847.66

= X 100% = .129
Za 5216.926 00% = 357.12%




@ Simpson's 1/3 rd Rule

Approximate the function by a parabola

Ax
I= 3 [(f(x0) + 4f (x1) + f(x2)]

1 7r®

L
f(x) =

g e
§O§@§§§§§§§

§<§§\ §§&§§§

.

\

2
a

b
Lagrange Interpolation:
_ (x—x1) (x—x3) (x—x1) (x—x3)
L= (%o — x1) (X9 — x2) f(xo) +

(1 —x0) (r1 — 1) 1 OV

(x —xgp) (x—2xq)

(x2 — xp) (X2 — x1) f(x2)

b—a
Let a=x b=x, ,Ax= 2 =X1— X9 =X —Xq
a+b a+b
X1 = 2 =Xx9+Ax , x; = 2 =Xx9 +2Ax =xq +Ax
X=X d _dx
= Ax ’ E_Ax
x=x9 = &=-1
x=x;4 = &=0
x=x, = ¢&¢=1
$(1-%) $(E+1)
= L) = 2 flxo) + (1 —&E)f(xy) + f(x2)

2



Integrating to obtain the rule:

b 1
I= jf(x) dx ~ Ax fL(f) dé
a . -1 )
Ax
—f) 5 [ £ - Dag+fo ax [(1- ) ag
-1 -1
Ax g
HeD S [ §E+1as
-1

A 3 2\ 1
- re 5 (5-%)

1

6:3
+ f(x1) Ax <f - §>

-1

A 3 2\ |1
+f(x2)7x(%+%>

-1

-1

K Ax
- 1= j F0) dx ~ [ (x) + 4f (x0) + £ (x2)]

& Simpson's 3/8 th Rule

Approximate by a cubic polynomial

3
I~ gAx[f(xo) + 3f(x1) +3f(xz) + f(x3)]

[ f(®)

- — - -~ — -

Xo Ax X4 Ax

=

~
>
“

&



Lagrange Interpolation:

(x—x1) (x—xz) (x—x3)
(%0 — x1) (X9 — x2) (x0 — x3)
(x—x9) (x—2x3) (x—x3)
(1 — %) (X1 — x2) (%1 — x3)
(x—x9) (x—x7) (x—2x3)
" (%2 — xoo) (22 — 3511) (22 — x33) f(x2)
(x—x9) (x—2x1) (x—x3)
(x3 — x9) (x3 — x1) (x3 — x2)

L(x) = f(xo)

f(x1)

f(x3)

Integrating to obtain the rule:

b

I=jbf(x)dszL(x)dx ) Ax =

a

b—a
3

. 3Ax
—1= f f0) dx = 2 (x) + 3£ Cen) + 3£ () + (x)]

Note the 3/8 in the formula, and hence the name of method as the

Simpson’s 3/8 rule.

Example 2: Evaluate the following integral using Simpson 1/3 and

Simpson 3/8 rule and then compare with exact value
4
Jx e** dx

0
Solution:

The exact solution is:

4

4
x 1 1 1
jx e** dx = [— e?* — — er] =— e**(2x—-1)| =5216.93
J 2 1 ],7 1 .



e Simpson 1/3 rule
4

I= jxezx dx ~ A3_x[f(0) +4f(2) + f(4)]

2
= Jx e?* dx = 3 [0 +4(2e*) + 4e*] = 8240.41
0

_5216.93 — 8240.41

= — 0
5216.93 >7.96%

&

e Simpson 3/8 rule

I= fx €2 dx ~ %[f(u) +3f (g) 4+ 3f (g) +f(4)]
0

L 404
*=73 73
3(3)
= 1~ —32[0 + 3(19.18922) + 3(552.33933) + 11923.832]
— 6819.21
5216.93 — 6819.21

5216.93

Example 3: A certain fluid has volume (0.08 m?®) is expansion
reversibly in a cylinder behind a piston according to a lawPV = 0.25
to become (0.09 m3), where (P) pressure in (kPa) and (V) volume in (m?3).
Find by Trapezoidal Rule work done from

W= [,;*PdV and n=5.
Solution:

By numerical integration:



b—a 0.09-0.08

10

Ax = =0.002
n 5

v — 008 by 025_025
v o=V =5 =508~
Vi=Vy+0.002 _ _0.25_ 0.25 B

=0.082 P, =fWVy) = v, _0.082_3'0487

= 0.084 P, =f(V2) = v, _0.084_2'9762
Vs =V, +0.002 _ ~0.25_ 0.25 _

— 0.086 P3; = f(V3) = v, =0 ose ~ 2907
Vy,=V3+0.002 _ _0.25_ 0.25 B

= 0.088 Py=fVy) = v, _0.088_2'841
Vs =V, + 0.002 _ ~0.25_0.25 _

— 0.09 Ps = f(Vs) = 7 =909 = 27777

v,

Ax

41
0.002

2

[3.125 4+ 2(3.0487 + 2.9762 + 2.907 + 2.841)

+2.7777]
= W = 0.02944 kJ

The exact solution is:
Vs 0.09

0.25 005
W = f PdV = f TdV = 0.25[InV]yog = 0.02944 kj
V1

0.08
_0.02944 - 0.02944

0.02944

£ %

Example 4: The vertical distance covered by a rocket fromx =8tox =

30 seconds is given by

30
140000

$= j [2000 In (140000 ~2100 x) —9.8 x] dx
8

Use Simpson 3/8 rule to find the approximate value of the

integral.
Solution:
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b—a 30-8
Ax = = = 7.3333
n 3

3
I~ §Ax[f(x0) + 3f(x1) + 3f(x2) + f(x3)]

Xo=a=28

140000
140000 - 2100 x 8

f(xo) = 2000 ln( ) ~9.8 x8=177.2667

x; = X + Ax = 8 + 7.3333 = 15.3333
140000

140000 — 2100 x 15.3333

f(x1) = 2000 ln(
= 372.4629

) —9.8 x15.3333

X, = Xo + 2Ax = 8 + 2(7.3333) = 22.6666

140000
140000 — 2100 x 22.6666

f(x;) = 2000 ln(
= 608.8976

) — 9.8 X 22.6666

X3 = X + 3Ax = 8 + 3(7.3333) = 30

140000
140000 — 2100 x 30

f(x3) = 2000 ln( ) —~9.8 x30 =901.6740

Substituting these values into the formula for Simpson 3/8 rule, yields

3
I = 3 X 7.3333 X (177.2667 + 3 X 372.4629 + 3 X 608.8976
+901.6740) ~ 11063.31

The exact answer can be computed as

Ipace = 11061.34
~ 11061.34 — 11063.31

= = — 0
£ 1106134 178.098%
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& The Boole's Rule

Boole's rule is a method of numerical integration to approximates
an integral

X4
j f(x) dx
X0
by using the values of the function f(x) at five equally spaced points
Xo -
X1 = Xp + Ax.
Xy = Xo + 2Ax.
X3 = Xo + 3Ax.
X4 = Xo + 4Ax
It expressed as
4 2Ax
[ r00 ax = 207 £0r) + 327 G) + 120 () + 32 (x3) + 7 0]
X0

it is applicable only when the number of subintervals is a multiple of
4 (n=4.8.12.---) . Thus dividing the range into four equal parts.

Example 5: Apply the various quadrature formulas to evaluate the
integration of the function
f(x) =1+ e *sin(4x)
over the interval [0.2] with equally spaced quadrature
nodes
X0 =0, x1=05, x,=1, x3=1.5, x4, =2
Solution:
The step size is:
Ax=x1—xp=0.5-0=0.5

and the corresponding function values are:
fo=f0)=1+e%in(4x0)=1
f1=7(0.5)=1+e %sin(4x0.5) =1.55152
fo=f(1)=1+elsin(4x1)=0.72159
f3=f(1.5)=1+e15sin(4x1.5) = 0.93765
fi=f2)=1+e%sin(4 x2) =1.13390
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> The Trapezoidal Rule

x1 0.5 Ax 0.5
f f(x)dx = j;) f(x)dx = 7(f0 + f1) = T(l + 1.55152)

~ 0.63788

» The Simpson's 1/3 Rule

X2 1 Ax
| feoax= | xS (fo+ 4f1 4 £

0.5
=3 [1+4(1.55152) + 0.72159] = 1.32128

» The Simpson's 3/8 Rule

1.5

3 3Ax
[ rwax= [ rear==E o+ 3£+ 304 £

0

3(0.5)
= —g— (1+3(1.55152) + 3(0.72159) + 0.93765)

=1.64193

> The Boole's Rule

x4 2 2Ax
f f(x)dxzf f(x)dsz(7f0+32f1+12f2+32f3+7f4)
X0 0
2(0.5)
==, [7(1) +32(1.55152) + 12(0.72159)

+32(0.93765) + 7(1.1339)] = 2.29444

In this example the quadrature rules with Ax = 0.5 have been applied.

If the endpoints of the interval [a, b] are held fixed, the step size
must be adjusted for each rule as follows:
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Ax=h=b—a  Fortrapezoidal rule

b —
Ax = h = 5 a For Simpson's 1/3 rule
b—a ) .3
Ax =h = 3 For Simpson sgrule, and
Ax = h = b ; a For Boole's rule

The next example illustrates this point.

Example

Solution:

6: Evaluate the integration of the function
f(x) =1+ e *sin(4x)
over the interval [a, b] = [0,1] by applying the various

guadrature formulas.

» For the trapezoidal rule, where

The step size is:

f(x)

a=x9=0 b=x;=1

X1 1 Ax
| reodx= [ peoax~ T o+ £



TTTTT

1

X2 1 A
| reoax= [ reodx~ 3o+ af1+ 2

fo=f0)=1+e%in(4x0)=1
f1=700.5) =1+ e %sin(4 x0.5) =1.55152
fo=f(D)=1+elsin(4 x1) =0.72159
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Thus,

X2 1 Ax
| reodx= [ rdx =T o+ ari+ )
X0 0

0.5
=3 [1+4(1.55152) + 0.72159] = 1.32128

» For the Simpson’s 3/8 rule, where

The step size is:

1 r®

o o o - - - - -

X

a=xy=0 Ax Ax X AX: b=%s=1

Ry

*3 1 3Ax
| reodx= [ reodx = 2o+ 3114304 £
X0 0

The values of the corresponding function are:

fo=f0)=1+e%in(4x0)=1
f1=f1/3)=1+e13sin(4x 1/3) = 1.69642
f=f12/3)=1+e?3sin(4x2/3) =1.23447
fs=f(1)=1+elsin(4x1)=0.72159

Thus,
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*3 ! 3Ax
| roodx= [ reodx = 2o+ 314304 £
X0 0

3(1/3)
8

=1.3144

(1 + 3(1.69642) + 3(1.23447) + 0.72159)

> For the Boole's rule

Since this rule is applicable only when the number of subintervals is a
multiple of 4 (n = 4, 8,12, ---). Thus dividing the range [0, 1] into four

equal parts by taking Ax = 1/4

X4 1 2Ax

The corresponding function values are:
fo=f0)=1+e%in(4x0)=1

fi=f(1/4)=1+e V*sin(4 x1/4) = 1.65534
fo=f1/2)=1+e12sin(4 x1/2) = 1.55152
fs=f(3/4)=1+e3*sin(4x3/4) = 1.06666
fai=f(1)=1+elsin(4x1)=0.72159

2(1/4)
45

+32(1.06666) + 7(0.72159)] = 1.30859

1
= f fx)dx = [7(1) + 32(1.65534) + 12(1.55152)
0

The true value of the definite integral is:

1 21 e — 4 cos(4) — sin(4)
f fx)dx = —1.308251
0

17 e

The approximation from Boole’s rule is the best,
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=» Composite Integration

To make a fair comparison of quadrature methods, the same
number of function evaluations in each method must be used. The
final example is concerned with comparing integration over a fixed
interval [a, b] using exactly five function evaluation f; = f(x), for
k=0,1,2,3,4 for each method.

w Composite Trapezoidal Rule

The trapezoidal rule when is applied on the many subintervals

[xo, xl] ’ [x1; xZ] ’ [xZ'x3] "t [xm—lem—l] ’ [xm—l 'xm]

itis called a composite trapezoidal rule.

4

f(x)

?
\

r 1
X4 Xm-2 Xm-1 Xy

The composite trapezoidal rule for n subintervals can be expressed as:

b A
[ £ = S 17Gr) + 207G + FG) + -+ £ om0} + £Gon)]
Proof:

Suppose that the interval [a,b] is subdivided into

subinterval [xy, , xj41] of width
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b—a
Ax =h = - where n = number of subintervals

by using equally spaced nodes
x,=a+ kAx for k=0,1,23,:-,m

Applying the trapezoidal rule over each subinterval and use the

additive property of the integral for subintervals:

b X1 X7 Xm
j f(x)dx=J f(x) dx+J f(x)dx+---+J f(x)dx
Ax Ax
~ [f(x0) + f(x1)] + > [f(x1) + f(x2)] + -
Ax
+ 5 Gt + ()]

A
~ 7" [F(x0) + 2f (1) + 2F (%) + - + 2f () + F )]

A
~ 7x [f(x0) + 2{f (x1) + f(x) + -+ fxm-1)} + f(x)]

Example 7: Use the composite trapezoid rule to evaluate the integral
4

jxezxdx
_ 0
Solution:
>»n=1, szb;a:ﬂzél
n 1
Ax
=I= T[f(O) + f(4)] = 23847.66
£ =-357.12%
>n=2,Aa=22-2%_>
n 2

=1~ % [£(0) + 2f(2) + f(4)] = 12142.23
~132.75%

£ =
b—a 4-0

>‘11==11,A17=:———-=:———
n 4

=1~ % [£(0) + 2f(1) + 2f(2) + 2f(3) + f(4)] = 7288.79

£=-39.17%
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>n=8 Ax=2"-%2_¢5
n 8

— 1~ % [£(0) + 2f(0.5) + 2f(1) + 2f(1.5) + 2f(2) + 2f(2.5)

+2f(3) +2f(3.5) + f(4)] = 5764.76

e=-10.50%

>n=16 Ax=22=-22_90.25
n 16

==~ %[f{O) +2f(0.25) + 2f(0.5) + -+ 2f(3.5) + f(4)]

= 5355.95
£=-2.66%

Example 8: Use the composite trapezoidal rule with 11 sample points
to compute an approximation to the integral of the function
f(x) = 2 + sin(2Vx)
taken over [1,6].
Solution:

To generate 11 sample points, we use n = 10 and

A _h_b—a_6—1_05

S T I
x | 1115 2 25| 3|35 4 |as| 5 [55] 6
fx)| 291264231198 168|144 |1.241,11]1.03]1.00]1.02

6 A
J| a0~ FIFGr) + 207 Gen) + ) + -+ Flaxs)) + £Cxo)

A
~ S [f(D +2(f(1.5) + f(2) + f(2.5) + f(3)

+ f(3.5) + f(4) + f(4.5) + f(5) + f(5.5}
+ f(x¢)] = 8.19386
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«» Composite Trapezoid Rule with Unegual Segments

Example 9: Use the composite trapezoid rule to evaluate the integral
4

f x e** dx
0
with (Ax); =2, (Ax), =1,(Ax)3 =0.5, (Ax), =0.5
Solution:

2 3 35 4
I= j f(x)dx+j f(x) dx+j f(x)dx+ | f(x)dx
2 35

- & )l[f(0)+f(2)] & )2 [F(2) + £(3)]

( )3 Ax),
2

[f3)+ f(3.5)] + [f(3.5) + f(4)]

N

1 0.5
~—[0+2e*]+=[2e*+3e®]+—[3e®+3.5€"]
2 2 2

0.5
+T[3.567 +468] = 5971.58
5216.93 — 5971.58

= - 0,
€ 5216.93 14.47%

& Composite Simpson’s Rule

Simpson's rule can also be used in same manner as for

trapezoidal rule when is applied on the many subintervals it is called

a composite Simpson rule.

Suppose that [a, b] is subdivided into n subintervals [xj,xy+1] Of

equal width
b—a
n

Ax =

by using
xy=a+iAx for i=0,1,23,-,2

The composite Simpson rule for 2m subintervals can be expressed as:



22

b A
f f(x)dx ~ ?x [f (x0) + 4f (x1) + 2f (x2) + 4f (x3) + -
+'2f(xn—2)*'4f(xn_1)4'f(xn)]

n-1 n—2
A
~ | f(@) +4 Z flx) +2 ZZ f(x) + f(b)
i=odd i=even

When Simpson's rule is applied on the two subintervals [x,, x5] and

[x5, x4], can be expressed by
X4 X2 X4

j f(x)dx = j f(x)dx + j f(x)dx
X0 X0 X2

Ax Ax

Ax
z?(lr0'|'4f1‘|‘2fz +4f3+ f4)

Example 10: Use the composite Simpson's rule with 11 sample points
to compute an approximation to the integral of the
function

f(x) = 2 + sin(2Vx)
over the interval [1,6].
Solution:
To generate 11 sample points, use n = 10 and
_b-—a 6-1_

Ax = 0.5
*="n 10

x 1 |15 2 |25 3 |35 4 | 45| 5 [55] 6

f(x)]291(264]23111.98(168|14411.24|1,11]1.03|1.00]{1.02

b A

j F0)dx ~ ?x [F(1) + 4f(1.5) + 2f(2) + 4f(2.5) + 2f(3)
+4f(3.5) + 2f(4) + 4f(4.5) + 2f(5) + 4f(5.5)
+ f(6)]
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b A n-1 n-2
o [ feodn = [f(a) +4) f(x)+2 ) f(x)+ f(b)]
Thus, - -
o 0.5
[ reax =22
1
+4{f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5)}
+2{f(2)+f3)+f4)+ f(5)}+ f(6)] =8.18302

> Piecewise Quadratic approximations

b—a

Ax = n = number of subintervals

n

> Multiple applications of Simpson’s rule

| fdx = J " G0 dx+ | " peodx o+ [ feodx

Xn-2

Ax
A
F o [f ) + 4 Cea) + F@)] + -+

Ax
+ 3 [f(x—2) + 4f(x,_1) + f(x)]
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A
= S [F o) + 4£ (1) + 20 () + 4 (x3) + 2 (x)

+ o+ 4f(x2i-1) + 2f (x9;) + 4f (X2i41)
+ o +2f(xp_2) + 4f (xp-1) + f(x,)]

Example 11: Use composite Simpson's rule to evaluate the integral
4

jxezxdx
0
withn=2, Ax=2and n=4, Ax=1

Solution:

e n=2, Ax=2

Ax 2
I~—[f(0) +4f(2) + f(1)] = 35[0 +4(2 e*) + 4e®)]
= 8240.41
5216.93 — 8240.41
g = = —57.96%

5216.93

e n=4,Ax=1
1~ SEIF0) + 47 (1) + 26(2) + 4(3) + F(4))
=§[0+4(e2)+2 (2e*)+4 (3e® +4e?)
= 5670.98
_5216.93 — 5670.98

e —t—— 0
€ 5216.93 8.70%
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s Composite Simpson’s Rule with Unequal Segments

Example 12: Use the composite trapezoid rule to evaluate the integral
4

f x e** dx
0
Solution:
3 4
I= d d
j FGodx + j3 f(x) dx
( )1

[f(0) +4 f(1.5) +2 f(3)]
L@ )z

f(3)+4f(3.5) +2 f(4)]

U1|—|

.5 0
—T[O+4f(1.5e3)+366]+T[3e6+4(3.5e7)+4e8]
= 5413.23

_521693-5413.23

€= 5216.93 - 70

Example 13: Evaluate the integration of the function
f(x) =1+ e *sin(4x)
over the interval [a, b] = [0, 1].Use exactly five function
evaluations and compare the results from the composite
trapezoidal rule and composite Simpson's rule.

Solution:
Since it is required five function evaluations, the uniform step

size has to be:

Ax = 1/4.
The composite trapezoidal rule produces:
1 1/4
[ redx= | reoax
0 0
1/2 3/4 1
+ f(x)dx + f(x)dx + f(x)dx
1/4 1/2 3/4

Ax
z7(f0‘|'2f1‘|'2f2‘|'2f3 + f4)
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Utfar () )2 () o)

The corresponding function values are:

fo=f(0)=1+e%in(4x0)=1

fi=f(1/4) =1+ e V*sin(4 x1/4) = 1.65534
fo=f1/2)=1+e?sin(4 x 1/2) = 1.55152
fs=f(3/4)=1+e3*sin(4 x3/4) = 1.06666
fa=f(1)=1+elsin(4x1)=0.72159

1
j f(x)dx = %[1 + 2(1.65534) + 2(1.55152) + 2(1.06666)
0

+0.72159] = 1.28358

» Using the composite Simpson's rule yields:

1 Ax
| Fedx~ o+ 4f1+ 22+ 42 4 £

Ll ()nr () () o)

1
=12 [1+4(1.65534) + 2(1.55152) + 4(1.06666)

+0.72159] =1.30938
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«» Combined Simpson’s—1/3 & Simpson’s—3/8

Example 14: Integrate the data listed in the table by using Simpson's
1/3 rule and Simpson's 3/8 rules.

i 0 1 2 3 4 3) 6 7
x 10 | 11 | 12 | 13 | 14 | 15 | 16 | 1.7
f(x)|1.543]11.669]1.811]1.971|2.151|2.352|2.577|2.828

Solution:
8 abscissas (values of X) = n =7 subintervals. So

o Simpson’s—1/3 rule cannot be used alone (n is not divisible by 2) or

o Simpson’s-3/8 rule cannot be used alone (n is not divisible by 3).
However, in this problem can combine the methods by appropriately
dividing the interval:
1. Using Simpson’s—1/3 rule on interval [1.0, 1.4] (4 subintervals is
divisible by 2), and
2. Using Simpson’s—3/8 rule on interval [1.4, 1.7] (3 subintervals is
divisible by 3).
This way consistent accuracy can be obtained on the entire interval
[1.0, 1.7].
» Using Simpson’s—1/3 rule on interval [1.0,1.4],
(1.0 > 1.2and 1.2 - 1.4) we have 4 subintervalsi.e. n =4
b—a_ 1.4—1.0_0.4_
n 4 4

0.1

= Ax =

1.4 Ax
f()dx ~ 3

1.0

[f(0) +4f(1) +2f(2) + 4f(3) + f(4)]

0.1
= —-[(1.543) + 4(1.669) + 2(1.811) + 4(1.971) + 2.151]

=0.7292
» Using Simpson’s—3/8 rule on interval [1.4,1.7], Ax =0.1
b—a 1.7-1.4 0.3
n 3 3

0.1

= Ax =
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1.7 3Ax
f)dx ~ == [f(4) +3£(5) + 3f(6) + £(7)]
14
= 3(% D [(2.151) + 3(2.352) + 3(2.577) + 2.828]
=0.74123
Now add the results
1.7 14 1.7
f(x)dx = f(x)dx + f(x)dx
1.0 1.0 1.4

=0.7292 + 0.74123 = 1.47043

NOTE: Alternatively, Simpson’s—3/8 rule could be used on interval
[1.0, 1.3] and Simpson’s—1/3 rule on interval [1.3, 1.7] to
obtain a different approximation: 1.47044.

BE CAREFUL.:

e Could use

o Simpson’s—1/3 rule on interval [1.0, 1.6] (6 subintervals
is divisible by 2) and

o the Trapezoidal rule on interval [1.6, 1.7], but why
wouldn’t we?

e Could also

o use Simpson’s—3/8 rule on interval [1.0, 1.6] (6
subintervals is divisible by 3) and

o the Trapezoidal rule on interval [1.6, 1.7], but why
wouldn’t?

< If Even number of Intervals are there, it is preferred to use

Simpson’s %rd Rule (or) Trapezoidal Rule.

S If Number of Intervals is multiple of 3, then use Simpson’s %th

Rule (or) Trapezoidal Rule.

< If Odd number of Intervals are there, and which is not multiple of
3, then use Trapezoidal Rule.

< For any number of Intervals, the default Rule we can use is
Trapezoidal



Approximating Definite Integrals Using Rectangles

» Rectangles and areas

To compute the area between the curve y = f(x) and the horizontal
axis on the interval [a, b]:

a b

One way to do this would be to approximate the area with rectangles. With
one rectangle a rough approximation will gotten:

.

Two rectangles might make a better approximation:



1 e

a b
With even more, a closer, and closer, approximation will be gotten:

u

s

a b
Definition: Approximating the area between a curve and the X — axis
on the interval [a, b]:with n rectangles of width Ax, then

b—a
Ax =

n




Q/ Suppose is wanted to approximate the area between the curve

y=x%+1
and the x — axis on the interval [—1,1]:, with 8 rectangles. What
Is Ax?
Solution:
From the problem statement, it is given:
a=-1, b=1, and n=38
Then,

b-a 1-(-1) 2

n 8 §

=0.25

. 1
= 4

As adding more rectangles, more closely approximating the area are

obtained:

i

h ?? \
1
??
—

It could find the area exactly if could compute the limit as the width of the
rectangles goes to zero and the number of rectangles goes to infinity.

Definition: For approximating an area with nn rectangles, the grid points
X0, X1, X2, X3, ", Xn

are the x — coordinates that determine the edges of the

rectangles. In the graph below, the rectangles have been

numbered to show the relation between the indices of the grid

points and the i*" rectangle.



a= Xy X1 X2 X3 X5 b = X5

Note, if approximating the area between a curve and the horizontal
axis on interval [a, b] with n rectangles, then it is always the case that

x=a and x,=Db

Q/ If approximating the area between a curve and the horizontal axis
with 11 rectangles, how many grid points will be?
Solution:
They will be 12 grid points, because for 2 — points will be one

rectangle, for 3 — points, will be two rectangles and so on, as it illustrated

in table below:

Number of | Number of
points Rectangles

2 1

3 2

4 3

5 4

6 3

7 6

8 i

9 8

10 9

11 10

12 11




When n rectangles are used for computing the area under a curve, the
width of each rectangle is:
b—a
n

Ax =

It is clear that
Ax = x; — X;_4 for i=1,23,:-,n.
But how to determine the height of the rectangle?
Answer:
Choosing a sample point x; and evaluate the function at that point.

The value f = (x;) determines the height of a rectangle.

Definition: Approximating an area with rectangles, a sample point is
the x — coordinate that determines the height of
ith rectangle.

Fori=1,2,3,:--,nasample point is denoted as:

Xi
and the value
f =)
is the height of the i** rectangle.
Q/ What is the area of the i" rectangle shown in the figure below?

y
A

y=f) ax




A=Ax

A = Ax f(x)

A= (DfD)

A = Dxf(x})
A=xf(x)

A=1iAi

A= fxp) e — x3-1)

There are three options for the sample points that can be considered.

There are three types of rectangles when approximating definite

integrals:
e Left—endpoints,
e Right-endpoints, and

e Midpoint Rule.
and different results they do give.

1. Rectangles defined by left — endpoints

The rectangles can be set up so that the left — endpoint determines

the height of the rectangle.

i

[ = -




The i rectangle’s left — endpoint of the base determines the height of the
rectangle.

2. Rectangles defined by right — endpoints

The rectangles can be set up so that the right — endpoint

determines the height of the rectangle.

—

Mg

The i rectangle’s right-endpoint of the base determines the height of the

rectangle.

3. Rectangles defined by midpoints

The rectangles can be set up so that the midpoint of the base

determines the height of the rectangle.
Y

/

m//

=
%)}

g
ke
3

where,



The midpoint of the base of the i rectangle determines the height of the

rectangle.

> Riemann sums and approximating area

Once identifying the rectangles, can compute approximations of

some areas. If approximating area with n rectangles, then

n
Area = (width of i*" rectangle) x z(hight of i*" rectangle)
i-1

= Area=Ax ) f(x) = Bx[f(xs) + F(x2) + f(xs) + -+ F(x)]
i=1

Definition: A sum of the form:

Ax Z f(x) = Ax [f(x1) + f(x2) + f(x3) + -+ + f(xn)]
i=1

is called a Riemann sum, pronounced “ree-mahn” sum.

A Riemann sum computes an approximation of the area between
a curve and the x —axis on the interval [a, b]. It can be defined in several
different ways such as:
1. Left—endpoints,
2. Right —endpoints, and
3. Midpoints.



Approximating Definite Integrals Using Left, Right, and

Midpoint Riemann Sums with Uniform Partitions

Riemann sums are used to approximate the area under a curve. The
areas of a series of n rectangles are summed in which the height of each
rectangle is given by the right or left — hand side of the rectangle.

Riemann Sums require both the width and the height of a series of

rectangles in order to compute and sum the areas.

1. Left Riemann Sums

It can be seen the explicit connection between a Riemann sum
defined by left — endpoints and the area between a curve and the x —axis

on the interval [a, b]:

)

f(xs5)
Fx){ | Axf(x)| Axf(xz)| Axf(xs)| Axf(xs)| Axf(xs)

@ @ @ T

Ax x, Ax x3 Ax x4 Ax x5 Ax

X1

and here is the associated Riemann sum

5
Ax z f(x) = Ax [f(x1) + f(x2) + f(x3) + f(x4) + [ (x3)]
i=1
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Steps for Approximating Using Left Riemann Sums are:

Step 1: Calculate the width, Ax, of each of the rectangles needed for the
Riemann sum. In case of uniform partitions, the width of each
rectangle is equal. For n subintervals (or rectangles),

b—a
Ax =

n
where a is the lower bound of the definite integral and b is the

upper bound of the definite integral.

Step 2: Find the x — coordinates of the left — hand side of the
rectangles, x; using
xi=a+ (i—1)Ax

for each of the n subintervals.

Step 3: The height of each rectangle is given by the function value at each
point, f(i). Therefore, the left Riemann Sum can be computed
using the equation:

A= Axi f(x)
i=1

where Ax is the width of each of the n rectangles and f(x;) is
the height.

Example 4: Use a left Riemann sum with 3 equal subintervals to

approximate the integral

5
j(x2 — 6x +10) dx
2

Solution:
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Step 1: First, find the width of each of the rectangles, Ax. From the

problem statement, it is given that n =3, a =2 and b = 5.
Therefore,
b-—a 5-2
n 3
The width of each rectangle is 1.

Ax =

Step 2: Find the x — coordinates of the left — hand side of each

rectangle x;.
x1=a+MAx(i-1)=2+(1)x0=2
X =a+Mx(i—-1)=2+1)x1=3
x3=a+AMx(i—-1)=2+1)x2=4

Step 3: Now the x-coordinates of the left side of our rectangles are known,

so the height of each rectangle with x; can be determined. Already

the width of each rectangle is determined to be Ax = 1.

Graphically, our rectangles are the following:

2 O
. F‘
0 2 3 4 5

4
A= sz Fx) = (DIf(xy) + F(x2) + Fxa))]
i=1

=f2Q)+fB)+f4)=2+1+2=5
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Example 5: Use the given table to compute the left Riemann Sum of the

described function using 6 equal subintervals from x = 0 to

x =3.
X y
0 1
1/2 5/4
1 2
32 13/4
2 5
52 29/4
3 10

Solution:
Step 1: Determine the width of each of rectangles, Ax. From the problem

statement, it is giventhat n = 6, a = 0 and b = 3. Therefore,

b—-a 3-0 1
M=—r="¢ ~2
he width of each rectangle is:
1
2

Step 2: Find the x - coordinates of the left — hand side of the rectangles

using the equation: x; =a+ (i — 1) Ax

1
X =a+(i-1)Ax=0+-x0=0

. 1
x2=a+(l—1)Ax=0+Ex1=

1
x3=a+([(—1)Ax=0+=-%x2=

2
. 1
x4=a+(l—1)Ax=0+E><3=

NI N NW = N|m=

1
x5=a+(i—1)Ax=0+E><4

1
x6=a+(i—1)Ax=0+E><5=
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Step 3: Now having the locations of the left sides of the rectangles and
their width, the rectangles can be drawn graphically, to have a

better understanding of what will be calculated.

10 <
=
z
 S———
4
o—
2 o—1
o— 1
0 1 2 3

4
A=dx) fx)
i=1

_ (1) [FCey) + F(x2) + fCxs) + Fxa) + Fxs) + F(x6)]

Ol @) s Qs ()

_<1>[1+ +2+ 13 5_|_29_1><79_79
\2 4] 274 8
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Example 6: Approximate the area under the curve using left Riemann

Sums and 3 equal subintervals from x = 2 to x = 5.

(e )]

(WS}

Solution:
Step 1: Find the width of each of the rectangles, Ax. From the problem
statement it is given that n = 3, a = 2 and b = 5. Therefore,

A _b—a_5—2_
x= n 3

Step 2: Find the x - coordinates of the left — hand side of the rectangles

using the equation: x; =a+ (i — 1) Ax
x1=a+({(—-1DAx=2+0)x (1) =2
X =a+({(—-1)Ax=2+1)x(1)=3
x3=a+(I—-1D)AMx=2+2)x (1) =4
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Step 3: Now having the x - coordinates of the left - hand side of the
rectangles and their width, the rectangles can be drawn
graphically, to aid a better understanding of what will be

calculated.

| T—
1 2 3

2
A=dx) fGx) = DIf @) + ) + Fx)]
i=1

=fRQ+fB)+f4)=1+3+5=9

2. Right Riemann Sums

Right Riemann sums are used to approximate the area under a
curve. The areas of a series of n rectangles are summed in which the
height of each rectangle is given by the right side of the rectangle.
Depending on the curve, a right Riemann sum may be an under or over

approximation of the actual area. The formula for a right Riemann sum is:
n
A= sz f(xi)
i=1

where Ax is the width of each of the n rectangles and f(x;) is the height.
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Steps for Approximating Using Right Riemann Sums are:

Step 1: Calculate the width, Ax, of each of the rectangles needed for the
Riemann sum. In case of uniform partitions, the width of each
rectangle is equal. For nn subintervals (or rectangles),

b—a
Ax =

n
where a is the lower bound of the definite integral and b is the upper

bound of the definite integral.

Step 2: Locate the right endpoint of each of the rectangles referring to
these endpoints as x; and find the right endpoints using the
equation

x;=a+ilAx

Step 3: Compute the right Riemann sum.

Example 1: Approximate the following integral using a right Riemann

sum and 4 equal subintervals.
12

j(x2—4x+4)dx
0

Solution:

Step 1: First, find the width of each of the subintervals, Ax. From the
problem statement, it is given that n =4, a=0 and b = 12.
Therefore,

b—a 12-0

A = = =3
x n 4

Step 2: Find the locations of the right endpoints of the rectangles by

finding x; for each of the 4 rectangles.
x1=a+(1)Ax=0+(1)x3=3
x;=a+2)Ax=0+(2)x3=6
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x3=a+3)Ax=0+3)%x3=9
x4 =a+(4)Ax=0+(4)x3 =12

Step 3: Computing the right Riemann sum where the right endpoints are:
X1 =3,x2 =6,x3 =9,and X4 = 12.

The areas need to be summed are illustrated in the figure.

A

W

31 6 t-9:-F— B2

4
A= sz FOr) = 3[f(ey) + F(x2) + FOr3) + F(xa)]
i=1

=3[f(3) +f(6) + f(9) + f(12)]
=3(1+ 16 + 49 + 100) = 498

The actual value of the integral is:

12 & g 12
f(x2—4x+4)dx= — —4—+4x

3 2
0

0
=576 — 288 + 48 = 336
£=1336 —498| = 162
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Example 2: Approximate the area under the curve fromx =1tox =6
using 5 equal subintervals and the function information

provided in the given table.

X y
1 1
2 8
3 27
4 64
3) 125
6 216

Solution:
Step 1: Find the width of each of the subintervals, Ax. From the problem
statement, itis given that n = 5, a = 1 and b = 6. Therefore,
b—a 6-1
=——=—F=
Step 2: Find the locations of the right endpoints of the rectangles using

Ax 1

the equation: x; = a+iAx
x1=a+(DAx=1+1)x1=2
X =a+2)Ax=1+2)x1=3
x3=a+3)Ax=1+3)x1=4
x4=a+ @) Ax=1+4)x1=5
x4 =a+B)Ax=1+(B)x1=6
Step 3: Compute the right Riemann sum using the table to obtain the

function values.

4
A=0x ) fG) = (DG + Fx) + Fxs) + f(xa) + FGx5)]
i=1

=8+27+64+ 125+ 216 = 440
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Example 3: Use a right Riemann sum and 2 equal subintervals to
approximate the area under the curve fromx =11t x =

6 using the given graph.

/’/
S
//
///
/’/
0 2 3 4
Solution:

Step 1: Find the width of each of the rectangles, Ax. From the graph, it is
evidentthatn = 2, a = 0 and b = 4. Therefore,

b—a_4—0_
n 2

2

Ax =

Step 2: Find the locations of the right endpoints of the rectangles using

the equation:
xi=a+ilAx
x1=a+(D)Ax=0+(1)x2=2
X =a+2)Ax=0+2)x2=4

Step 3: Compute the right Riemann sum using the graph to obtain the

function values.
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A=1x) ) = @If @) + fGx)] = 21+ 2] = 6
i=1

3. Midpoint Rule
Assume that f(x) is continuous on [a, b]. Letn be a positive

integer and
b—a
n

Ax =

If [a, b] is divided into n subintervals, each of length Ax, and m; is the

midpoint of the it" subinterval, then

n b
M, = szf(mi) and lim M, = ff(x)dx
n—oo
i=1 a

Yi

f(x)
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As it is shown from the Figure;
If f(x) = 0 over [a, b],
then

n
Ax ) f(m)
i=1
corresponds to the sum of the areas of rectangles approximating the area
between the graph of f(x) and the x — axis over [a, b]. The graph shows

the rectangles corresponding to M,, for a nonnegative function over a

closed interval [a, b].

Example 1: Use the midpoint rule to estimate the integral
1

.[xzdx

0
using 4 subintervals. Compare the result with actual value

of this integral.
Solution:

Each subinterval has length:

ae=2"2 120 1 o
4 4 4
and the subintervals are:
1 1 1 1 3 3
oal G2l Al mefp]
The midpoints of these subintervals are:
1 3 5 7
5 5 5 3

Thus,

-3 331G 1))



~

(1 4 9 25 21) 21
64

1
“2\62 762 62 62

The actual value is:

I=fx2dx=x—31=1
; 3, 3
The error in this approximation is:

1 21

§—a m ~ 0.0052
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Example 2: Use M to estimate the length of the curve y = %xz on

[1,4].

Solution:

The length of y = —x on [1,4]is:

[ e (&)

. d ..
Since d—i = x , this integral becomes

4
s=j\/1+x2dx
1

If [1, 4] is divided into 6 subintervals, then each subinterval has length

b—a 4-1 1

Ax = 6 - ¢ ~—32° 0.5
and the midpoints of the subintervals are:
5 7 9 11 13 15
4’ 4 a4’ 4’ 4 4

If set f(x) =V1+ x?
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6
Mg =0x) f(m)
i=1

261G+ G2 )

1
~5 (1.6008 +2.0156 + 2.4622 + 2.9262 + 3.4004 + 3.8810)

= 8.1431

HW: Use the midpoint rule with n = 2 to estimate
2

1
f—dx
X
1
24

) 1 3 7
Hint: Ax == ,my ==, and m, =- ,Asw: —
2 4 4 35



