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Strength of Materials 
 

Objective of the Course:  

1) To know different types of the stresses which may subjected to the mechanical 

elements and their expected effects such as strain. 

2) To study the shear forces and bending moment diagrams with essential stresses 

 

Syllabus of the First Semester:  

 

Week Subject 
1st - 2nd Simple stress 
3rd - 4th Shearing stress, Bearing stress 
5th - 6th Thin wall cylinders 
7th - 8th Simple strain, stress-strain diagram, Hook’s law 

9th - 10th Thermal stress 
11th - 12th Welded connection 
13th - 14th Riveted joints 
15th - 16th Torsion 

 

 

 

 

 

 

 

 

 

 

 

 



 

P a g e | 2                                                                                                     Prepared by : Asst. Prof. Dr. Hussein M. Ali 
 

Types of Loads : 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It is a branch of applied mechanics that deal with behaviors of solid bodies 

subjected to various loading 

• Strength of material or, mechanic of material or, mechanic of solid 

❖ In strength of material (S.O.M) it is assuming:  

1) The body is deformable  

2) Both the internal and external force are considered 

Mechanical properties: 

1) Strength: it is a material property which refer to the resistance of the 

material to the failure 

2) Stiffness: it is a material property refer to the resistance of the material to 

the deformation 

 

Mechanical  Engineering 

Solid 

Mechanics 

Fluid and Thermal 

Mechanics 

Production & 

Metallurgy 

  

  

Simple supported beam 
Cantilever 

non uniform distributed load 
uniform distributed load 
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Assumptions: 

1) The material is continuous (no voids, no cracks) which means there are no 

defects 

2) The material is homogenous (it means at any point in one direction, the 

properties are the same) example: wood, steel, gold 

 

3) The material is isotropic (it means one point in any direction; the 

properties are the same) example: graphite 

 

Note: orthotropic (onisotropic) material (directional properties) 

 في كل الاتجاهات الخواص الميكانيكية تختلف

Example: composite material 
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❖ Load: it is the external force acting on the body 

❖ Stress: the force of resistance per unit area offered by a body against 

deformation 

i.e. the load is applied on the body while the stress is induced in material of the 

body 

Define stress and strain 

 

1) Stress: it is a measure of : 
𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑓𝑜𝑟𝑐𝑒

𝐴𝑟𝑒𝑎 𝑜𝑣𝑒𝑟 𝑤ℎ𝑖𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟𝑐𝑒 𝑖𝑠 𝑎𝑝𝑝𝑙𝑖𝑒𝑑
 

𝑁𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 (𝜎) =  
𝐹

𝐴
 

❖ Tensile stress: it the applied force is tensile force 

σ = +ve 

❖ compressive stress: it the applied force is compression force  

σ = -ve 

unit of stress  
𝑁

𝑚2  ,
𝐾𝑔

𝑐𝑚2 

where: 

σ = stress in  
𝑁

𝑚2  ,
𝑁

𝑚𝑚2  ,
𝐾𝑔

𝑐𝑚2 

F = Applied force 

A = the cross-section area normal to the applied force 

2) Strain: it is a measure of : 
𝐸𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙

𝑇ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ
 

𝑁𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑎𝑖𝑛 (𝜀) =  
∆𝐿

𝐿
=

𝐿2 − 𝐿1

𝐿1
=

𝜹𝑙

𝒍
× 𝟏𝟎𝟎% 

𝜹𝑙 =
𝜹𝑙
𝟐

+
𝜹𝑙
𝟐

       𝒐𝒓    
∆𝐿
𝐿°

  

Units: dimensionless 
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The relationship between stress and strain 

 

 

 

 

 

 

 

 

 

 

( باستخدام جهاز  Tensile testعينة قياسية يتم تحضيرها لكل مادة لغرض اجراء فحص الشد )

 فحص الشد

 

 

 

 

 

 

 

 

 

 

 

 

 

Stranded specimen 

 

Typical stress-strain curve for steel 

ductile 

material 
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❖ Hook’s law defines the relationship between the stress and strain where: 

stress (𝜎)  ∝  strain (𝜀) 

❖ the stress is Proportional to the strain within the elastic limit  

mathematically: 

σ ∝  𝜀 

σ = E . 𝜀 

∴ 𝐸 =
𝜎

𝜀
 

Where: 

σ = Normal stress  

ε = Normal strain 

E = modulus of elasticity 

 

For the material which has no yield point in the stress-strain curve, offset 

method is used 

 

 

 

 

 

 

 

 

 

 

 
 

brittle 

material 
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(𝜎) =  
𝐹

𝐴
=

𝑃

𝐴
    … … … . . (1) 

(𝜀) =  
∆𝐿

𝐿
=

𝜹𝑙

𝒍
      … … … . . (2) 

𝐸 =
𝜎

𝜀
  … … … … (3) 

If we substitute equation 1 & 2 in equation 3, we get 

𝜹𝑙 =
𝑃.𝐿
𝐴. 𝐸

  … … … … (4) 

 

Ex1: A hollow steel tube with an inside diameter of 100 mm must carry a tensile 

load of 400 KN. Determine the outside diameter of the tube if the stress is 

limited to 120 MN/m2 

            Sol: 
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Ex2: A spring 4mm in diameter has original length of 2m. The spring is pulled by 

force 200 N if the final length of the spring is 2.02 m. Determine 

1) Stress 

2) Strain 

3) Young’s modulus or modulus of elasticity 

Sol: 
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Ex3: An aluminum tube is rigidly fastened between a bronze rod and a steel rod 

as shown in the fig. below. Axial loads are applied at the positions indicated. 

Determine the stress in each material. 

 

            Sol: 

(𝜎𝐵) =  
𝐹𝐵

𝐴𝐵
 

(𝜎𝐴) =  
𝐹𝐴

𝐴𝐴
 

(𝜎𝑆) =  
𝐹𝑆

𝐴𝑆
 

To know the force of applied on each material, we must draw the free body 

diagram (F.B.D) for each material. 

 

1. F.B.D for Bronze tube 

 

Fb = 20 KN 

 

2. F.B.D for Aluminum tube 

 

Fa = 5 KN 
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3. F.B.D for Steel tube 

 

Fs = 10 KN 

∴ (𝜎𝐵) =  
20 × 103 N

700 × 10−6 𝑚2
= 28.6 × 106 𝑁/𝑚2 = 28.6 MPa 

(𝜎𝐴) =  
5 × 103 N

1000 × 10−6 𝑚2
= 5 × 106 𝑁/𝑚2 = 5 MPa 

(𝜎𝑆) =  
10 × 103 N

800 × 10−6 𝑚2
= 12.5 × 106 𝑁/𝑚2 = 12.5 MPa 

 

Factor of safety (F.O.S) or Safety Factor (S.F) 

Factor of safety: - is refers to how much the part will stand 

𝐹. 𝑂. 𝑆 =  
𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑠𝑠 𝒐𝒓 𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝒐𝒓 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑠𝑡𝑟𝑒𝑠𝑠

working stress (allowable stress)
 

𝐹. 𝑂. 𝑆 =  
𝜎𝑚𝑎𝑥

𝜎𝑤𝑜𝑟𝑘𝑖𝑛𝑔(𝜎𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒)
    … … … . . (5) 

𝜎𝑤𝑜𝑟𝑘𝑖𝑛𝑔(𝜎𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒) =  
𝜎𝑚𝑎𝑥𝑖𝑚𝑢𝑚

𝐹. 𝑂. 𝑆
   … … … … … … (∗) 

𝜎𝑤𝑜𝑟𝑘𝑖𝑛𝑔وبالتالي يعتبر   1 نعتبره F.O.Sالسؤال الى  لم يتطرق في إذا =  𝜎𝑚𝑎𝑥𝑖𝑚𝑢𝑚   

 فسوف نطبق معادلة )*(  F.O.Sأما إذا اعطانا في السؤال قيمة 
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𝜹𝑙 = ∆𝐿 = 𝐿2 − 𝐿1 

(𝜀) =  
∆𝐿

𝐿
=

𝜹𝑙

𝒍
 

Elongational strain: - 

(𝜀𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑜𝑟 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒) =
𝜹𝑑

𝑑
=

−(𝐷2 − 𝐷1)

𝐷1
 

Poisson's Ratio (𝜇): - within the elastic limit, the ratio of the lateral strain 

(transverse strain) (𝜀𝑙𝑎𝑡) to the longitudinal strain (𝜀𝑙) will be always constant 

for the material. This ratio is termed as Poisson's ratio (𝜇) 

Poisson′s Ratio (𝜇) =
−𝜀𝑙𝑎𝑡

𝜀𝑙
 

𝜇 =
   

𝜹𝑑

𝑑
     

𝜹𝑙
𝒍

 

𝜇 its range 0.1 – 0.3 

Shear stress (𝝉) 

1. 𝑁𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 𝑜𝑟 𝑠𝑖𝑚𝑝𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠  (𝜎) =  
𝐹

𝐴
 

2. Shear stress:- its measure of : 
𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑓𝑜𝑟𝑐𝑒 𝑜𝑛 𝑎 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙

𝐴𝑟𝑒𝑎 𝑜𝑣𝑒𝑟 𝑤ℎ𝑖𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟𝑐𝑒 𝑖𝑠 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙
 

𝜏 =
𝑠ℎ𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒

𝑠ℎ𝑒𝑎𝑟 𝐴𝑟𝑒𝑎
=

𝑉

𝐴𝑠
   (𝑠𝑖𝑛𝑔𝑙𝑒 𝑠ℎ𝑒𝑎𝑟) 

 

 

𝜏 =
𝑉

2𝐴𝑠
=  

𝐹

2 (
𝜋
4

𝑑2)
       (𝑑𝑜𝑢𝑏𝑙𝑒 𝑠ℎ𝑒𝑎𝑟) 
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Ex: - for the wooding cantilever shown in the fig. below calculate 

1) The normal stress due to the 10 KN axial force 

2) The shear stress due to the 15 KN shear force 

Sol: 

a) 

𝑁𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠(𝜎) =  
𝐹

𝐴
 

=
10 × 103

100 × 10
= 10 𝑁/𝑚𝑚2 

b) 

𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 (𝜏) =
𝑉

𝐴𝑠
=

15 × 103

100 × 10
= 15 𝑁/𝑚𝑚2 

Shear strain (𝜸) 

Shearing force cause a shearing deformation  

tan 𝛾 =
𝛿𝑠

𝐿
 

Since the angle 𝛾 is very small 

tan 𝛾 = 𝛾  and we obtain : 

γ =
𝛿𝑠

𝐿
 

Where : 𝛾 is shear strain which is defined as angular deformation between two 

perpendicular force of differential element 

 عندما تكون الزاوية صغيرة جدا ظلها يساوي الزاوية نفسها *

𝑆𝑡𝑟𝑎𝑖𝑛 (𝜀) =
𝛿𝑙

𝐿
 

σ ∝  𝜀 

σ = E . 𝜀 
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∴ 𝐸 =
 𝜎 

𝜀
  𝑤𝑖𝑡ℎ𝑖𝑛 𝑡ℎ𝑒 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑙𝑖𝑚𝑖𝑡 

τ ∝  𝛾 

τ = G . 𝛾 

∴ 𝐺 =
 𝜏 

𝛾
 

Hooke's law is applied in the case of shear stress  

Within the elastic limit of the material, the shear stress is proportional to the 

shear strain 

τ ∝  𝛾 

τ = G . 𝛾 

∴ 𝐺 =
 𝜏 

𝛾
 

Where : 

𝜏 = 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 
𝑁

𝑚𝑚2
𝑜𝑟

𝐾𝑁

𝑚2
 

𝛾 = 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑎𝑖𝑛 

𝐺 = 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 
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Bearing stress (𝝈𝒃) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It is the contact pressure between the separate bodies. It is differ from the 

compressive stress, as it is an internal stress caused by compressive force.  

𝐵𝑒𝑎𝑟𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠(𝜎𝑏) =  
𝐹

𝐴𝑏
 

𝐴𝑏 = 𝑎 × 𝑏                     for fig. 1 

𝐴𝑏 = 𝑑 × 𝑡                     for fig. 2 

 

(𝜎𝑏) =  
𝐹

𝑎𝑏
=

𝐹

𝑑𝑡
 

 

  

 

 Fig. 1 

Fig. 2 

Where : 

a = rived diameter 

b = plate diameter 
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Thermal stresses (𝝈𝒕𝒉) 

 

 

 

 

 

 

when there is some increase or decrease in the temperature of a body, it 

causes the body expand or contract. If the body is allowed to expand or 

contract freely with the rise or fall of the temperature, no stresses are 

induced in the body. But, if the deformation of the body is prevented, some 

stresses are induced in the body. Such stresses are known a s thermal stress 

𝛿𝑙 = 𝑙 𝛼 ∆𝑡 

Where: 

𝛿𝑙 = deformation or change length or extension 

𝑙 = original length of the body 

∆𝑡 = change in temperature (t2 – t1) 

𝛼 = thermal expansion coefficient 

𝛿𝑙 =
𝑃. 𝑙

𝐴. 𝐸
 

∴  
𝑃. 𝑙

𝐴. 𝐸
= 𝑙 𝛼 ∆𝑡  

𝑃 = 𝛼 ∆𝑡 . 𝐴 . 𝐸 

𝜎𝑡ℎ =  
𝑃

𝐴
=

𝛼 ∆𝑡 . 𝐴 . 𝐸

𝐴
 

∴ 𝜎𝑡ℎ = 𝛼 ∆𝑡  . 𝐸  

 

 

جهاد  إلا يوجد   جهاد  إيوجد    
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Ex: - A steel bar is constrained with two end A x B as shown in the figure 

below. Determine the change in length, thermal stress if the temperature of 

the bar is raised from 30 °C to 90 °C and the deformation that will happen in 

the bar.  Coefficient of thermal expansion of steel is 11.7μm /m. °C and E = 

200 x 109 N/m2 

 

Sol: 

𝛿𝑙 = 𝑙 𝛼 ∆𝑡 = 100 × 10−3 × 11.7 × 10−6 × (90 − 30) = 7.02 × 10−5 𝑚. 

𝜎𝑡ℎ = 𝛼 ∆𝑡  . 𝐸 = 11.7 × 10−6 × (90 − 30) × 200 × 109 = 140.4 × 106  
𝑁

𝑚2. 

𝛿𝑙 = deformation or change length or extension = 7.02 × 10−5 𝑚 

 

Stresses in thin cylindrical shell 

 

A Cylindrical tank or pipe carrying a fluid or gas under pressure is subjected to 

a tensile force, which resist bursting developed a cross longitudinal and 

transverse section 

 

𝑙 = 100𝑚𝑚 

𝜎𝑙  
𝜎𝑡ℎ  

P 
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1. Longitudinal stress 𝜎𝑙 

𝜎𝑙 =
𝑃𝑑

4𝑡
 

2. Hoop or transverse stress 

𝜎𝐻 =
𝑃𝑑

2𝑡
 

Ex: - A cylindrical steel pressure vessel 400 mm in diameter with a wall 

thickness of 20 mm is subjected to an internal pressure of 4.5 MN/m2 

1) calculate the hoop and longitudinal stresses in the steel 

2) To what value may the internal pressure be increased if the stresses in 

the steel is limited to 120 MN/m2 

Sol: 

a) 

𝜎𝑙 =
𝑃𝑑

4𝑡
=

4.5 × 400

4 × 20
= 22.5 𝑀𝑃𝑎 

𝜎𝐻 =
𝑃𝑑

2𝑡
=

4.5 × 400

2 × 20
= 45 𝑀𝑃𝑎 

b) 

𝜎𝐻 =
𝑃𝑑

2𝑡
 

120 = 𝑃 ×
400

2 × 20
 

∴ 𝑃 = 12 𝑀𝑃𝑎 
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Stress in compound section 

 

 

 

Compound bars are containing two or more materials which can be regarded 

as one unit 

𝜖𝑠𝑡 = 𝜖𝐶.𝐼 

𝑃 = 𝑃𝑠𝑡 + 𝑃𝐶.𝐼 

 

 

 

 

 

 

P 

P 

Steel  

Copper 

 

Cast iron 

(Copper) 

Steel  
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Ex: - A compound bar of length 2 m is subjected to axial load P. The bar is 

formed cast iron and steel. The steel diameter is 50 mm and thickness for the 

cast iron is 5mm. The deflection in both materials is 1 mm. Determine the 

axial load P if the modules of elasticity for steel 200 × 109 N/m2 and for cast 

iron is  100 × 109 N/m2 

 

Sol: 

𝛿𝑙 =
𝑃. 𝐿

𝐴. 𝐸
 

𝛿𝑙𝑠𝑡 =
𝑃𝑠𝑡 . 𝐿𝑠𝑡

𝐴𝑠𝑡 . 𝐸𝑠𝑡
 

𝑃𝑠𝑡 =
𝛿𝑙𝑠𝑡 . 𝐴𝑠𝑡 . 𝐸𝑠𝑡 

𝐿𝑠𝑡
 

𝑃𝑠𝑡 =
1 × 10−3 ×

𝜋
4

× (
50

1000)
2

× 200 × 109

2
= 196.3 𝐾𝑁 

𝑃𝐶.𝐼 =
𝛿𝑙𝐶.𝐼 . 𝐴𝐶.𝐼 . 𝐸𝐶.𝐼 

𝐿𝐶.𝐼
 

𝑃𝐶.𝐼 =
1 × 10−3 ×

𝜋
4

× (
60 − 50

1000 )
2

× 100 × 109

2
= 3.9 𝐾𝑁 
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Welding connections 

Welding  

Welding is a method of a joining metals by fusion with heat from either an 

electric arc or on oxyacetylene touch. The metal at the joint is melted and 

fuses with additional metal from welding rod. The two principle types of a 

welds are:  

1) Butt weld joint 

2) fillet weld joint 

 

 

 

 

  

 

 

 

 

 

 

Single V-Butt weld joint 

 

Double V-Butt weld joint 

 

F F 

F F 
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strength of Butt weld joint or load carrying Capacity of Butt weld joint 

 

 

Let: 

t = thickness of the body 

𝜎𝑡 = permissible tensile stress 

𝑙 = length of the weld 

𝜎 =
𝑃

𝐴
=

𝑃

𝑡 × 𝑙
 

∴ 𝑃 = 𝜎 × 𝑡 × 𝑙 

 

 

Parallel fillet weld joint Transverse fillet weld joint 
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Butt weld joint 

 

                         

 

                                  P                                                                      P         
 

𝑃 = 𝜎𝑡 × 𝑡 × 𝑙 

 

 

P = load carrying capacity or strength of the Butt weld 

 

Fillet weld joint 

➢ Strength of transverse fillet weld joint 

 

  

Let :  

𝑙1 = is length of transverse fillet weld joint 

𝜎𝑡 = permissible tensile stress (N/mm2) 

𝜎 =
𝑃

𝐴
 

𝑃 = 𝜎 × 𝐴 

 

القوة التي يتحملها اللحام والتي يجب ان لا نسلط أكثر منها على القطع  

 المربوطة باللحام 

 

𝑙1 
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𝐴 =  𝑡ℎ𝑟𝑜𝑎𝑡 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 × 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑤𝑒𝑙𝑑 ( 𝑙1 ) 

∵ sin 45 =
 𝑡ℎ𝑟𝑜𝑎𝑡 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠

𝑡
 

∴ 𝑡ℎ𝑟𝑜𝑎𝑡 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 = sin 45 × 𝑡 

∴ 𝑡ℎ𝑟𝑜𝑎𝑡 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 = 0.707 × 𝑡 

∴ 𝐴 = 0.707 × 𝑡 × 𝑙1  

∴ Strength or load carrying capacity of the transverse weld 

𝑃 = 𝜎 × 0.707 × 𝑡 × 𝑙1  

➢ Strength of a single parallel fillet weld joint 

 

𝑙2 
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Let : 

𝑙2 = is length of parallel fillet weld joint (mm) 

𝜏 = permissible shear stress (N/mm2) 

𝜏 =
𝑃

𝐴
 

load carrying capacity or strength of the single parallel fillet joint is : 

𝑃 = 𝜏 × 𝐴 

𝑃 = 𝜏 × 0.707 × 𝑡 × 𝑙2  

Similarly, the strength of double fillet weld joint is : 

𝑃 = 2 × (𝜏 × 0.707 × 𝑡 ×  𝑙2 ) 

 

Now if we have combined transverse and parallel fillet weld joint  

 

The total load carrying capacity of both transverse and parallel fillet weld joint 

can be calculate by : 

𝑃 = 𝑃1 + 𝑃2 

𝑃 = [ 𝜎 × 0.707 × 𝑡 × 𝑙1 ] + [ 2 × (𝜏 × 0.707 × 𝑡 × 𝑙2 ) ] 

𝑙2 

𝑙2 

𝑙2 

𝑙2 

𝑙1 
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   mm 12.5 نضيف 𝑙عند حساب  

 mm 12.5 تكون موجودة نطرح منها 𝑙ولكن عندما 
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Riveted joint 

It is one type of the permanent joining of the parts used mainly for fastening 

sheet and shaped rolled metals. Riveting may be used in lap, abutment and 

double- cover plate joints. Riveted joints are replaced by the more economical 

welled and glued joints. 

Types of Riveted joint 

There are two types of riveted joint 

1) Lap joints 

2) Butt joints 
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Important terms used in riveted join 

Pitch (P): it is the distance from the center of one rivet to the center of the 

next rivet. 

Back Pitch (Pb): it is the perpendicular distance between the center lines of the 

successive rows. 

Diagonal Pitch (Pd): it is the distance between the rivets in adjacent rows of 

zig-zag riveted joint. 

Margin(M): it is the distance between the center of riveted hole to the 

nearest edge of the plate. 
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Failures in riveted joints (strength of riveted joints) 

 

 

  

 

 

 

𝐴 = (𝑝 − 𝑑) × 𝑡 
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1) Tearing 

2) Shearing 

3) Crushing 

 

1. Tearing 

a) Tearing at the nearest edge of the plate from the center of the rivet. This 

type of failure can be avoided if  𝑀 = 1.5 𝑑 

b) Tearing on the plate across row of rivets (Pt) 

𝑃(𝑡) = (𝑝 − 𝑑) × 𝑡 × 𝜎𝑡 

Where : 

P(t) = tearing strength resistance of the plate 

p = pitch 

t = thickness of the plate 

𝜏 = permissible tensile stress 

Tearing of type (b) can be avoided if P(t) > applied force { P(t) > P } 

 

2. Shearing of the rivets P(s) 
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Single rivet single strap Butt joint 

 

 

Single rivet double strap Butt joint 

𝑛 × 2 ×
𝜋

4
× 𝑑2 = 1 × 2 ×

𝜋

4
× 𝑑2 

 

 

double rivet lap joint  

 

𝑛 = number of rivets row  
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double rivet double strap  

𝑛 × 2 ×
𝜋

4
× 𝑑2 × 𝜏 = 2 × 2 ×

𝜋

4
× 𝑑2 × 𝜏 

 

𝑃(𝑠) = 𝑛 ×
𝜋

4
× 𝑑2 × 𝜏                           𝑓𝑜𝑟 𝑠𝑖𝑛𝑔𝑙𝑒 𝑠ℎ𝑒𝑎𝑟 

P(s) = shearing resistance of the rivet material or shearing strength of the rivet 

𝑛 = number of rivets row  

𝑃(𝑠) = 𝑛 × 2 ×
𝜋

4
× 𝑑2 × 𝜏                𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑑𝑜𝑢𝑏𝑙𝑒 𝑠ℎ𝑒𝑎𝑟  

 double shear يحصل عندما يكون هنالكdouble strap 

Shearing failures can be avoided if P(S) > applied force { P(t) > P } 

 

3. Crushing of the plate or rivets Pcr  

   Bearing stressهو  Crushingمثال على 

𝑃𝑐𝑟 = 𝑛 × 𝑑 × 𝑡 × 𝜎𝑐𝑟 

 Where : 

𝑃𝑐𝑟 = Crushing strength of crushing resistance of the rivets or plate 

d = hole diameter 

𝜎𝑐𝑟 = permissible crushing stress 

If  𝑃𝑐𝑟 > P 

Crushing failure will not happen 
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Efficiency of riveted joints 

𝜂 of riveted joints =
𝑙𝑒𝑎𝑠𝑡 𝑜𝑓 𝑃(𝑡) , 𝑃(𝑠) , 𝑃𝑐𝑟  

𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑢𝑛𝑟𝑖𝑣𝑡𝑒𝑑 
 =  

𝑙𝑒𝑎𝑠𝑡 𝑜𝑓 𝑃(𝑡) , 𝑃(𝑠) , 𝑃𝑐𝑟  

𝑝 × 𝑡 × 𝜎𝑡 
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Stress concentration 

It is the increase in the stress near holes, notches, sharp corner and other 

changes in section. 
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Torsion of circular shafts 

Represent (pure shear stress) 

 

 

If a twisting load is transmitted through a member (like shaft), then it is 

subjected to torsion 

Torsion of a solid circular shaft: T is the twisting moment (Torque) 

After application of the torque T, BA come to BĀ 

𝛾 : is the shear strain measured in radian 

As 𝛾 is small 

tan 𝛾 = 𝛾 =
AĀ

BA
=

AĀ

𝑙
             𝐵𝐴 = 𝑙    لانه  موازي  

AĀ = R θ         tan θ = θ            small لإنها 

∴ 𝛾 =
R θ 

𝑙
   − − − − − − − (1) 

 

Where:  

θ is the angular of twist   

 

 

A’ 
A 

 

Ā A 

B 

  radianالى  θيجب ان تحول  *
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𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑜𝑓 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 =
𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 

𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑎𝑖𝑛
 

𝐺 =
 𝜏 

𝛾
 

𝛾 =
 𝜏 

𝐺
    − − − − − − − (2) 

eq (1) = eq (2) 

 𝜏 

𝐺
=

R θ 

𝑙
     𝑜𝑟    

 𝜏 

𝑅
=

G θ 

𝑙
 

 

 

 

 

 

 

 

At r = R              ∴  𝜏  is maximum 

This analysis could have been made for any radius r (r > R), since θ and 𝑙        

do not depend on r. 

𝜏 =
G θ 

𝑙
× 𝑅 = 𝐺 𝛾 

𝑞

𝑟
=

G θ 

𝑙
 

∴ 𝑞 =
G θ r 

𝑙
= 𝐺 𝛾 

Where q is the shear stress at radius r. 

So, the Shear stress and shear strain vary linearly with radius and have their 

max value at the outside radius R. 

∴
𝑞

𝑟
=

 𝜏 

𝑅
=

G θ 

𝑙
 

 

 ثابتة  θو  𝑙فقط حيث تبقى   τتتغير  Rعند تغير  *

 

R 
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Relation between torsion and shear stress: - 

Consider the annular area which is = 2 π r dr = da 

Shear stress =
Shear force

𝐴𝑟𝑒𝑎 𝑜𝑓 shear
 

𝑞 =
Shear force

2 π r dr
 

Shear force = 2 π r q dr 

Moment of this elementary force about the point O  = 2 π r q dr × r =

                                                                                                 = 2 π r2 q dr 

Summation of such elementary moment area the entire cross section area = 

Twisting moment applied (T) 

∴ ∫ 2 π r2 q dr = ∫ 𝑞 . 𝑟 𝑑𝑎 = 𝑇
𝑅

0

𝑅

0

 

𝑞 =
G θ r 

𝑙
 

∴ 𝑇 = ∫
G θ

𝑙
 . r . 𝑟 𝑑𝑎

𝑅

0

 

𝑇 =
G θ

𝑙
∫ r2 𝑑𝑎

𝑅

0

 

 

 

 

𝑇 =
G θ J

𝑙
                                ∴

𝑇

J
=

G θ

𝑙
 

 

 𝜏 

𝑅
=

𝑞

𝑟
=

𝑇

J
=

G θ 

𝑙
 

 

J = polar moment of inertia 

 

q 

 
r 

 

dr 

 

𝜏 

o 
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J = ∫ r2 𝑑𝑎 = ∫ r2 . 2 π r dr = ∫ 2 π r3 dr = 2 π ∫  r3 dr
𝑅

0

𝑅

0

𝑅

0

𝑅

0

 

J = 2 π [
𝑟4

4
]

0

𝑅

=
2 π 𝑅4

4
 

J =
π 𝐷4

32
 

 𝜏 

𝑅
=

𝑇

J
                    𝜏 =

𝑇𝑅

J
=

𝑇𝐷

2 (
π 𝐷4

32 )
 

𝜏 =
16 𝑇

π 𝐷3
         max 𝜏 for solid shaft   =

16 𝑇

π 𝐷3
=

𝑇

𝑍
       𝑤ℎ𝑒𝑟𝑒   𝑍 =

π 𝐷3

16
 

 

For a hollow shaft of internal radius  𝑟 =
𝑑

2
 

J = 2 π ∫  r3 dr   =     
π

2

𝑅

𝑟

(𝑅4 − 𝑟4)        𝑜𝑟          J =
π

32
(𝐷4 − 𝑑4) 

𝜏𝑚𝑎𝑥 =
16 𝑇

π 
(𝐷4 − 𝑑4)

𝐷

    max 𝜏 for hollow shaft    

𝜏𝑚𝑎𝑥 =
𝑇

𝑍
           𝑤ℎ𝑒𝑟𝑒   𝑍 =  

π (𝐷4 − 𝑑4)

16 𝐷
 

T = Torque applied 

J = polar moment of inertia 

G = modulus of rigidity 

θ = angle of twist of the shaft 

𝑙 = length of shaft 

𝜏 = shear stress at the surface = maximum shear 

R = radius of the shaft 

D = diameter of the shaft 

q = shear stress at any radius r 

r = the radius at which q is acting  

𝛾 = is the shear strain 
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Ex: Calculate the max shear stress developed in a solid shaft of diameter 10 

cm. If the torque transmitted through the shaft be 5 KN   

Sol :  

𝜏 =
16 𝑇

π 𝐷3
     𝑜𝑟    

𝑇

J
=

 𝜏 

𝑅
 

𝑇

J
=

 𝜏 

𝑅
                      𝜏 =

𝑇𝑅

J
 

J =
π 𝐷4

32
 

J =
π (0.1)4

32
= 9.81 × 10−6  𝑚4 

𝜏 =
5 × 103 × 0.05

9.81 × 10−6
= 25.4 𝑀𝑁/𝑚3 

 

Section modulus (Z) 

For solid shaft: 

𝑇

J
=

 𝜏𝑚𝑎𝑥 

𝑅
 

𝜏𝑚𝑎𝑥 =
𝑇𝑅

J
=

  𝑇  

J
𝑅

 

J

𝑅
= 𝑍     (Section modulus) 

 

𝜏𝑚𝑎𝑥 =
𝑇

𝑍
                      𝜏𝑚𝑎𝑥 =

16 𝑇

π 𝐷3
=

𝑇

𝑍
 

𝑍 =
J

𝑅
=

π
32  𝐷4

𝐷
2

 

∴ 𝑍 =
π

16
 𝐷3        𝑚 

فقط 

 عندما



 

P a g e | 6                                                                                                     Prepared by : Asst. Prof. Dr. Hussein M. Ali 
 

For hollow shaft: 

𝑇

J
=

 𝜏𝑚𝑎𝑥 

𝑅
 

𝜏𝑚𝑎𝑥 =
𝑇𝑅

J
=

  𝑇  

J
𝑅

 

J

𝑅
= 𝑍     (Section modulus) 

𝑍 =

π
32

(𝐷4 − 𝑑4)

𝐷
2

 

𝑍 =
π

16
(

(𝐷4 − 𝑑4)

𝐷
) 

𝜏𝑚𝑎𝑥 =
16 𝑇

π
(𝐷4 − 𝑑4)

𝐷

 =  
𝑇

Z
 

 

𝑃 =  𝑇 × 𝜔 

     = 𝑁. 𝑚 ×
1

𝑠𝑒𝑐
=

𝑁. 𝑚

𝑠𝑒𝑐
=

𝐽𝑜𝑢𝑙𝑒

𝑠𝑒𝑐
= 𝑤𝑎𝑡𝑡  𝑜𝑟  𝑘𝑤 

Power transmitted by the shaft: - 

𝑇 =
60 × 𝑃

2π N
 

Where : 

T = Applied Torque (N.m)  

N = Frequency of rotation (rev/min) 

2 π N = angular velocity (rad/min) 

𝜔 =
2π N

60
  angular velocity (rad/sec) 

𝑃 =
𝑇×2π N

60
=

𝑁.𝑚

𝑠𝑒𝑐
=

𝐽𝑜𝑢𝑙𝑒

𝑠𝑒𝑐
= 𝑤𝑎𝑡𝑡  

 

R 

 

r 





 

P a g e | 1                                                                                                     Prepared by : Asst. Prof. Dr. Hussein M. Ali 
 

Springs 

It is an energy absorbing units. 

Its function is to store and restore energy. (e.g. spring application in a motor 

vehicle to acts as buffers between the vehicle and external forces, applied 

through the wheels uneven road condition) without permanent distortion of 

the material. 

Types of springs:  

1) Close-coiled helical spring. 

2) Open-coiled helical spring. 

3) Leaf spring (carriage spring). 

4) Spiral spring. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Leaf spring Spiral spring 
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Close-coiled helical spring: - 

Each turn is so close to the adjacent, i.e. each turn may be considered to lie in 

horizontal plane if the center axis of the spring is vertical. 

 

R =  
𝐷

2
  mean coil radius (cm, mm)  

r =  
𝑑

2
  wire radius  

n = number of turns (number of coils) 

𝑙 = length of the wire = π D n 

𝛿 = axial deflection 

w = axial load (N, KN) 

 

 

 

 

consider one half turn of the spring every cross section will be subjected to 

torque (T) = W R, tends to twist the section. To determine the max stress, 

torsion theory will be applied  

 𝜏𝑚𝑎𝑥 

𝑟
=

𝑇

J
 

𝑇 =  𝑊 𝑅 

J =
π

32
 𝑑4 =   

π

2
 𝑟4  

𝜏𝑚𝑎𝑥 =
𝑇 𝑟

J
=

𝑊 ×  𝑅 ×  𝑟
π
2  𝑟4

 

𝑚𝑎𝑥 𝑠𝑡𝑟𝑒𝑠𝑠 =
2𝑊𝑅

π 𝑟3
 

 

 

D 

R 

d 
Wire  

 
d 

r 

R 

θ 
𝛿 
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Also, from half turn: - 

∴
𝑇

J
=

G θ

𝑙
  

θ =
𝑇𝑙

G J
 =  

𝑊 × 𝑅 × (πR)

G (
π
2  𝑟4)

 

θ =
2 𝑊𝑅2

G 𝑟4
                      𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑡𝑤𝑖𝑠𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑢𝑟𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝𝑟𝑖𝑛𝑔 

deflection  of half turn =  𝛿 = 𝑅 θ 

∴ 𝑇𝑜𝑡𝑎𝑙 deflection = 𝛿 = 2𝛿𝑛 = 2 × 𝑅 ×
2 𝑊𝑅2

G 𝑟4
× 𝑛 

∴ 𝛿 =
4𝑅3𝑊𝑛

G 𝑟4
                 (𝑐𝑚, 𝑚𝑚) 

 

Where: 

𝛿 = deflection of the spring 

W = axial load one the spring 

n = number of coils 

R = mean coil radius  

r = wire radius 

G = modulus of rigidity 
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Ex: A close-coiled helical spring of round steel wire 6mm in diameter having 

14 complete coils of 6cm mean diameter is subjected to an axial load of       

150 N, find the deflection of the spring and the max shearing stress in the 

material if G = 80 GN/m2 

Sol: 

𝛿 =
4𝑊𝑅3𝑛

G 𝑟4
 

𝛿 =
4 × 150 × (3)3 × 10−6 × 14

80 × 109 × 34 × 10−12
= 0.035 𝑚 = 3.5 𝑐𝑚 

max 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 =
2𝑊𝑅

π 𝑟3
 

∴ max 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 =
2 × 150 × 3 × 102

π (3)3 × 10−9
= 106 

𝑀𝑁

𝑚2
 

 ــ  ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ـــــــــــــــــــــــــــ  

𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 =
𝑙𝑜𝑎𝑑 (𝑊)   (𝑁)

stiffness (𝑠)  (𝑁/𝑚)
=          (𝑚)  

1.  Series connection  

𝑆 =
𝑊

𝑠
 

𝑆 =
𝑊

𝑠
= 𝑠1 + 𝑠2 =

𝑊

𝑠1
+

𝑊

𝑠2
 

𝑊

𝑠
= 𝑊 ( 

1

𝑠1
+

1

𝑠2
 ) 

1

𝑠
=

1

𝑠1
+

1

𝑠2
     =      

𝑠2 + 𝑠1

𝑠1 𝑠2
 

𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑 stiffness    S =
𝑠1 𝑠2

𝑠1+ 𝑠2
  

 

 

 

 

𝑠1 

𝑠2 

Tow spring carrying a 

common load (W) 

Where: 

𝑠1 = is the stiffness of spring 1 

𝑠2 = is the stiffness of spring 2  
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2.  Parallel connection 

𝑇𝑜𝑡𝑎𝑙 𝑙𝑜𝑎𝑑 = 𝑊 = 𝑤1 + 𝑤2 

𝑆 =
𝑊

𝑠
=

𝑤1

𝑠1
=

𝑤2

𝑠2
 

𝑤1 =
𝑊𝑠1

𝑠
                     𝑤2 =

𝑊𝑠2

𝑠
 

𝑊 = 𝑤1 + 𝑤2 

𝑊 =
𝑊𝑠1

𝑠
+

𝑊𝑠2

𝑠
 

𝑊 =
𝑊

𝑠
 (𝑠1 + 𝑠2) 

∴  𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑 stiffness    S = 𝑠1 + 𝑠2 

 

Ex: A close-coiled helical spring is subjected to a load of 100 N, and the max 

shear stress is limited to 10 KN/cm2. Determine the spring diameter for coil 

and wire if  
𝐷

𝑑
= 8 

Sol:  

𝜏𝑚𝑎𝑥 =
2𝑅. 𝑊

π 𝑟3
 

𝐷 = 8 𝑑 

𝜏𝑚𝑎𝑥 =
2 ×  (

8
2 ×  𝑑) × 100

π  
𝑑
8

3  

10 × 103

10−4
=

2 ×  (
8
2 ×  𝑑) × 100

π  
𝑑
8

3  

𝑑 = 0.00451 𝑚 

∴ 𝐷 = 8 × 0.00451 = 0.03608 𝑚 = 36.08 𝑐𝑚 

 

𝑠1 

 

𝑤1 

 

𝑠2 

 

𝑤2 
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Shearing Force & Bending Moment Diagram in beams 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a) Simply supported beam 

Shearing force (S.F.): - It is defined as the algebraic sum of the forces to the 

left or to the right of a section of the beam. 

Bending Moment (B.M.): - It is defined as the algebraic sum of the moment of 

the forces acting to the left or to the right of a section of the beam. 

Shearing Force and Bending Moment Diagram: - It gives the value and 

variation of the Shearing Force and Bending Moment at any section 

respectively  

 

S.F. = w 

B.M. = w x 

 

  

w = N/m 
w1 w2 

Simply supported beam with 

uniformly distributed load (U.d.l) w. 

Simply supported beam with 

concentrated load w1 and w2. 

 

 
 

w = N/m 
w  

Cantilever beam with 

concentrated load w. 

 

Cantilever beam with uniform 

distributed load w. 

 

 
w  

w  

x 

RA RB 
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Sign convention: - 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

x 

- 

ve            

S.F. 

+ 

ve            

S.F. 

x 

)الخط المنقط(    section lineعندما تكون القوة الواقعة على يمين

)الخط   section lineالى الأعلى وكانت القوة الواقعة على يسار

( تكون في الاتجاه shear forceالمنقط( الى الأسفل هذا يعني أن )

 ( ve -السالب وتكون إشارتها سالبة )

)الخط المنقط(    section lineوعندما تكون القوة الواقعة على يمين

)الخط   section lineالى الأسفل وكانت القوة الواقعة على يسار

( تكون في الاتجاه shear forceالمنقط( الى الأعلى هذا يعني أن )

 ( ve +الموجب وتكون إشارتها موجبة )

 

x x 

C.W 

C.W 

A.C.W 

A.C.W 

B.M.   + ve B.M.    - ve 

Sagging beam 

 

Hogging beam 

 

الذي يقع على   momentعندما يكون 

)الخط المنقط( عكس   section lineيمين

الواقع على  momentعقارب الساعة وكان 

)الخط المنقط( مع عقارب    section lineيسار

 Bendingالساعة هذا يعني أن إشارة )

Moment ( تكون موجبة )+ ve ) 

الخط المنقط( مع عقارب )  section lineالذي يقع على يمين momentفي حين عندما يكون 

)الخط المنقط( عكس عقارب الساعة    section lineالواقع على يسار momentالساعة وكان 

 ( ve -( تكون سالبة ) Bending Momentهذا يعني أن إشارة )

 

  Shear Force & Bending Moment Diagram* عندما نحل أسئلة  

 (Sign conventionمباشرة نضع فرضيات الإشارات ) 
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Ex: Find the shear force (S.F.) and bending moment (B.M.) diagram for the 

following beam 

 

 

 

 

 

 

 

1- 

 

 

 

2- 

When x lies between 0 and  
𝑙

2
 

𝐵. 𝑀 =
𝑤

2
 . 𝑥  

 

 

 

𝐵. 𝑀 =
𝑤

2
 . 0 = 0   at   𝑥 = 0  

𝐵. 𝑀 =
𝑤𝑙

4
    at   𝑥 =

𝑙

2
 

𝐵. 𝑀 =
𝑤

2
 .

𝑙

4
=

𝑤𝑙

8
   at   𝑥 =

𝑙

4
  

at   𝑥 =
3

4
𝑙 

𝐵. 𝑀 =
𝑤

2
 .

3

4
𝑙 − 𝑤 (

3

4
𝑙 −

𝑙

2
) =

3𝑤𝑙

8
−

𝑤𝑙

4
=

3𝑤𝑙−2𝑤𝑙

8
=

𝑤𝑙

8
  

 

+ve 

-ve  - ve    

S.F. 

 
+ ve            

S.F. (S.F.D) 

Sol: 

𝑤

2
 

𝑤

2
 } 𝑤 

(B.M.D) B.M = 0 

 ثابت

 ثابت

 bending momentيقابله خط مائل في  shear force* كل خط افقي في 

𝑥 =
𝑙

4
 

𝑥 =
3

4
𝑙 

𝑥 =
𝑙

2
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b) Cantilever beam with concentrated load 

S.F. 

 

 

 

 

 

 

 

 

B.M 

 

 

 

 

 

 

 

 

𝑀𝑥 = − 𝑤𝑥  

At  𝑥 = 0 

𝐵. 𝑀. = −𝑤 × 0 = 0  

At  𝑥 = 𝑙 

𝐵. 𝑀. = −𝑤 × 𝑙 = −𝑤𝑙  

 

 

 
- ve            

S.F. 

 
+ ve            

S.F. 

 

A.C.W 

A.C.W 

C.W 

C.W 

x x 

x 
x 

B.M.    - ve B.M.    + ve 

+ W 

S.F.D 

B.M.D 

O 

−𝑤𝑙 

+ ve 

- ve 



 

P a g e | 5                                                                                                     Prepared by : Asst. Prof. Dr. Hussein M. Ali 
 

 

Ex: Draw the shear force (S.F.) and bending moment (B.M.) diagram for the 

following beam 

S.F. 

 

 

 

 

S.F. at x between 0 and 1 = 5 KN 

At x between 1 and 4 

 

 

B.M. 

 

 

 

 

 

𝑀𝑥 = − 𝑤𝑥  

At  𝑥 = 0 

𝐵. 𝑀. = −5 × 0 = 0  

𝐵. 𝑀. = −5 × 1 = −5   At  𝑥 = 1 

At  𝑥  between 1 and 4 

𝐵. 𝑀. = −5 × 𝑥 − 10 (𝑥 − 1)  

𝐵. 𝑀. = −5 × 4 − 10 (4 − 1) At  𝑥 = 4 

𝐵. 𝑀. = −20 − 30 = −50  

 

 
- ve            

S.F. 

 
+ ve            

S.F. 

5 KN 10 KN 

3 m 
1 m 

5  

15  + ve 

S.F.D 

- ve 

B.M.D 

-5 

-50 

 

A.C.W 

A.C.W 

C.W 

C.W 

x x 
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Bending stress (𝝈𝒃) 

Assumption: - 

1) The beam is initially straight and unstressed. 

2) The material of the beam is homogeneous. 

3) The elastic limit is no where exceeded, i.e. stresses do not exceed the 

limit of proportionality.  

4) Plane cross section remain plane before and after bending . 

5) There is no resultant force perpendicular to any cross section. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

y 

A C 

E 

G 

B 

F 

H 

D 

A N 

Side view of the beam 
Fig.1 Front view of the beam 

Max compression stress 

Max tensile stress 

 

 

tensile 

compression 

0 

Linear stress distribution 

with max tensile and 

compression stresses at 

the external fibers and 

zero at N.A (neutral axis) 

Fig. 2 stress distribution along the beam 
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Neutral axis (N.A) :  هو الخط الذي يمر بالـcentroid  للـbeam يعني الذي يمر بـ مركز ثقل   

 يكون صفر  stressوعنده الـ  beamالـ 

N.A represent the locus at which the stress in zero 

R is the radius curvature of the N.A  

Before bending, AB is parallel to CD  

After bending AB and CD will subtend the angle θ 

Consider the fiber EF, at a distance y from N.A. After bending, it will be 

stretched to E ̅F ̅

∴ 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝑓𝑖𝑏𝑒𝑟 𝐸̅𝐹̅ =
𝐸̅𝐹̅ − 𝐸𝐹

𝐸𝐹
  

EF = GH = G̅H̅             because at the N.A the stress = zero 

∴ 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝐸𝐹 =
𝐸̅𝐹̅ − 𝐸𝐹

𝐸𝐹
=

(𝑅 + 𝑦)θ − Rθ

𝑅θ
=

𝑅θ + 𝑦θ − Rθ

𝑅θ
 

∴ 𝑠𝑡𝑟𝑎𝑖𝑛 𝑖𝑛 𝐸𝐹 =
𝑦

𝑅
 ــ         (1) ــــــــــــــــــــــــ

𝑠𝑡𝑟𝑎𝑖𝑛 =
𝑠𝑡𝑟𝑒𝑠𝑠 (𝜎)

𝑦𝑜𝑢𝑛𝑔’𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 (𝐸)
 ــ        (2) ــــــــــــــــــــــــ

If we substitute equation 1 in equation 2, we get 

𝜎

𝐸
=

𝑦

𝑅
 

∴
𝜎

𝑦
=

𝐸

𝑅
 ــ             (3) ــــــــــــــــــــــــ

∴ 𝜎𝑏 =
𝐸

𝑅
. 𝑦     (𝑠𝑜 𝜎𝑏 𝑤𝑖𝑙𝑙 𝑣𝑎𝑟𝑦 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑤𝑖𝑡ℎ 𝑦) 

 𝑦سيتغير تغيراً خطيا مع المسافة   𝜎𝑏 لذلك فإن إجهاد الإنحناء

𝑦  هي مقدار المسافة التي تبعد عن =N.A  

            الى N.Aفستكون قيمتها تساوي المسافة من   𝑦وفي حال لم يعطي في السؤال مقدار المسافة  

   beamسطح الـ 
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Consider the area dA. 

The stress on the strip of area dA, at a distance y from the N.A is: - 

𝜎𝑏 =
𝐸

𝑅
. 𝑦 

𝑆𝑡𝑟𝑒𝑠𝑠 =
𝐹𝑜𝑟𝑐𝑒

𝐴𝑟𝑒𝑎
 

 

𝑇ℎ𝑒 𝑓𝑜𝑟𝑐𝑒 on the strip of area dA = σ × dA =
𝐸

𝑅
. 𝑦 × dA  

Moment of the strip of area dA about N.A = dM = 
𝐸

𝑅
. 𝑦. dA × y =

𝐸

𝑅
. 𝑦2. dA 

∴ Total moment for the whole cross-section = 
𝐸

𝑅
 ∑ 𝑦2 dA  

Where ∑ 𝑦2. dA represent the second moment of area  

I = ∑ 𝑦2. dA = ∫ 𝑦2. b . dy

𝑦1

𝑦2

= b ∫ 𝑦2 . dy

𝑦1

𝑦2

 

 

𝑀 =
𝐸

𝑅
 . I                  

𝑀

𝐼
=

𝐸

𝑅
        

 

𝑀

𝐼
=

𝐸

𝑅
=

𝜎𝑏

𝑦
 ــ              (4) ــــــــــــــــــــــــ

E , I , M = constant 

R is the radius of curvature, where the beam will bend as a circular arc. 

 

 

 

y 

b 

dy 
y1 

y2 

N A 

I 

N A 
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Ex: Determine the bending stress at a section midway between the supports 

at 2.5 cm below the upper surface at the beam.  

 

 

 

 

 

 

Sol: 

From equation 4 we get  𝜎𝑏 =
𝑀

𝐼
. 𝑦 

𝑅1 = 𝑅2 =
𝑤𝑙

2
 

𝐵. 𝑀 = 𝑅 ×
𝑙

2
−

𝑤𝑙

2
×

𝑙

4
=

𝑤𝑙2

4
−

𝑤𝑙2

8
=

8𝑤𝑙2 − 4𝑤𝑙2

32
=

4𝑤𝑙2

32
=

𝑤𝑙2

8
 

𝐵. 𝑀 =
6 × 103 × 2.42

8
= 4320 𝑁. 𝑚 

𝑦 =
15

2
− 2.5 = 5 𝑐𝑚 

𝐼 =
𝑏ℎ3

12
=

(7.5 × 10−2) × (15 × 10−2)

12
= 2.109 × 10−5 

𝜎𝑏 =
𝑀

𝐼
. 𝑦 =

4320

2.109 × 10−5
× 5 × 10−2 

𝜎𝑏 = 10.23 𝑀𝑁/𝑚2 

 

 

 

 

 

 

b = 7.5 cm 

h = 

15 cm 

w = 6 KN/m 

y 
2.5 cm 

compression stress distribution 

tensile stress distribution 

R1 R2 

𝑙 = 2.4 𝑐𝑚 

section 
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𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 (𝜎𝑏) =
𝑀

𝐼
. 𝑦 

𝜎𝑚𝑎𝑥 =
𝑀

𝐼
. 𝑦𝑚𝑎𝑥 =

𝑀

  (
𝐼

𝑦𝑚𝑎𝑥
)  

 

Where 
𝐼

𝑦𝑚𝑎𝑥
= 𝑧 = modulus of section   or   Section modulus  

∴ 𝜎𝑚𝑎𝑥 =
𝑀

𝑍
 

For rectangular section: -  

𝐼 =
1

12
 𝑏ℎ3 

𝑦𝑚𝑎𝑥 =
ℎ

2
 

∴ 𝑍 =
𝐼

𝑦𝑚𝑎𝑥
=

   
𝑏ℎ3

12    

ℎ
2

=
𝑏ℎ2

6
 

For circular cross-section: -  

𝐼 =
𝜋𝐷4

64
   ,         𝑦𝑚𝑎𝑥 =

𝐷

2
 

∴ 𝑍 =
   

𝜋𝐷4

64    

𝐷
2

=
𝜋𝐷3

32
 

For hollow circular beam: -  

𝐼 =
𝜋(𝐷1

4 − 𝐷2
4)

64
   ,         𝑦𝑚𝑎𝑥 =

𝐷1

2
 

∴ 𝑍 =
     

𝜋(𝐷1
4 − 𝐷2

4)
64    

𝐷1
2

=
𝜋(𝐷1

4 − 𝐷2
4)

32 𝐷1
 

 

 

 

N A 
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For triangle  

𝐼 =  
𝑏ℎ3

32
   ,         𝑦𝑚𝑎𝑥 =

2

3
ℎ 

∴ 𝑍 =
𝐼

𝑦𝑚𝑎𝑥
=

   
𝑏ℎ3

32    

2
3 ℎ

=
𝑏ℎ2

24
 

Ex: For the beam shown, the allowable working stress in tensile and 

compression = 144 MN/m2, height of the beam {h = 2 width (b)}. find and b? 

Sol: 

ℎ = 2𝑏 

𝜎𝑏 =
𝑀

𝐼
. 𝑦 

144 × 106 =
   

𝑤𝑙2

2    

𝑏ℎ3

12

×
ℎ

2
 

144 × 106

104
=

(
22.5 × 103

2 × 9) × 102

ℎ
2 

ℎ3

12

×
ℎ

2
 

ℎ = 20.35 𝑐𝑚 

∵ ℎ = 2𝑏 

∴ 𝑏 =
ℎ

2
=

20.35 

2
= 10.175 𝑐𝑚 

 

 

 

 

 

 

 

 

b 

h 

w = 22.5 KN/m 

3 m 

Fig. 
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Moment of inertia for built up sections (I) 

 

 

 

𝐼 =
𝐵𝐷3

12
− 2 (

𝑏𝑑3

12
) 

 

 

 

 

 

 

 

 

 

 

 

Centroid of the area A is ( 𝑦̅ )  

𝐴. 𝑦̅ = ∑ 𝐴. 𝑦 = 𝐴1𝑦1 + 𝐴2𝑦2 

(𝐴) 𝑡𝑜𝑡𝑎𝑙 𝑎𝑟𝑒𝑎 = 𝐴1 + 𝐴2 

𝑦̅ =
𝐴1𝑦1+𝐴2𝑦2

𝐴1+𝐴2
            parallel axis theorem  

𝐼𝑋𝑂 𝐴 = 𝐼𝑋𝑂 𝐴1 + 𝐼𝑋𝑂 𝐴2  

= (𝐼𝑁.𝐴 +  𝐴1𝑑1
2) + (𝐼𝑁.𝐴 +  𝐴2𝑑2

2)  

𝐼𝑋𝑂 𝐴 =
𝑏𝑑3

12
+ (𝑏𝑑)𝑑1

2 +
𝐶𝑎3

12
+ (𝐶𝑎)𝑑2

2  

 

 

 

N.A 

K 

A B 

D G H C 

 

- 

 

A1 

A2 

E F 

𝐼 = 𝐼𝐴𝐵𝐶𝐷 − 𝐼𝑆ℎ𝑎𝑑𝑒𝑑 𝑎𝑟𝑒𝑎 𝑎𝑏𝑜𝑢𝑡 𝐷𝐶 + 𝐼𝐸𝐹𝐺𝐻 𝑎𝑏𝑜𝑢𝑡 𝐺𝐻 

 

 Neutral axis (N.A)هذا الشكل متماثل حول 

 Neutral axis (N.A)متماثل حول  غير  هذا الشكل

 Neutral axis (N.A)متماثل حول  غير  هذا الشكل

Fig. 1 

Fig. 2 

Fig. 3 

Xo 
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Shaft subjected to bending moment and torque 

1) To find stress due to bending effect 

𝜎

𝑦
=

𝑀

𝐼
 

𝐼 =
𝜋𝑑4

64
   ,    𝑦 =

𝑑

2
 

𝜎

𝑦
=

𝑀

𝐼
 

𝜎 =
𝑀𝑦

𝐼
=

  𝑀 .  
𝑑
2  

𝜋𝑑4

64

 

 

 

2) To find stress due to torsion  

 𝜏 

𝑅
=

𝑇

J
 

J = polar moment of inertia 

J =
π 𝑑4

32
 

𝑅 =
𝑑

2
 

𝜏 =
𝑇𝑅

J
=

𝑇 .  
𝑑
2 

π 𝑑4

32

 

∴ 𝜏 =
16 𝑇

π 𝑑3
       𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 𝑑𝑢𝑒 𝑡𝑜 𝑡𝑜𝑟𝑠𝑖𝑜𝑛 

 

 

 

M M 

 

M M 

tensile 

compression 

 
T 

T 

 

𝜎 =
32 𝑀

𝜋𝑑3
 Direct stress due to bending 
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∴ An element at the top is loaded as shown: - 

 

 

 

 

 

𝜎1 =
𝜎𝑥 + 𝜎𝑦

2
+ √(

𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏 𝑥𝑦
2  

𝜎𝑦 = 0 

𝜎1 =
𝜎𝑥

2
+

1

2
√𝜎𝑥

2 + 4 𝜏 𝑥𝑦
2  

𝜎1 =
32 𝑀

𝜋𝑑3
×

1

2
+

1

2
√(

32 𝑀

𝜋𝑑3
)

2

+ 4 (
16 𝑇

π 𝑑3
)

2

 

𝜎1 =
32 𝑀

𝜋𝑑3
×

1

2
+

1

2
×

32 

𝜋𝑑3
√𝑀2 + 𝑇2 

𝜎1 =
32 

𝜋𝑑3
[
1

2
𝑀 +

1

2
√𝑀2 + 𝑇2] = 𝜎𝑚𝑎𝑥          ــ   (1) ــــــــــــــــــــــــ

Maximum bending stress (𝜎𝑚𝑎𝑥) on the shaft due to the combined torque and 

bending moment  

𝜏𝑚𝑎𝑥 =
1

2
√(

32 𝑀

𝜋𝑑3
)

2

+ 4 (
16 𝑇

π 𝑑3
)

2

 

𝜏𝑚𝑎𝑥 =
1

2
×

32 

𝜋𝑑3
√𝑀2 + 𝑇2 

∴ 𝜏𝑚𝑎𝑥 =
16 

𝜋𝑑3
√𝑀2 + 𝑇2 

Maximum shear stress on the shaft due to the combined torque and bending 

moment 

 

𝜎𝑦 = 0 

 

𝜏𝑥𝑦 =
16 𝑇

π 𝑑3 

 

𝜎𝑥 =
32 𝑀

π 𝑑3  

 

Maximum shear 

stress on the shaft 

in the shaft 
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1- Equivalent bending moment (Me) 

Let (Me) be the equivalent bending moment (that bending moment if acting 

alone will cause the same direct stress which is caused by the combined effect 

of (M & T) 

𝑀𝑒

𝐼
=

𝜎𝑚𝑎𝑥

𝑦
 

𝐼 =
𝜋𝑑4

64
   ,    𝑦 =

𝑑

2
 

  𝑀𝑒   

𝜋𝑑4

64

=
  𝜎𝑚𝑎𝑥  

𝑑
2

 

𝑀𝑒 =
𝜋𝑑4

64
×

  𝜎𝑚𝑎𝑥  

𝑑
2

 

𝜎𝑚𝑎𝑥 =
32 𝑀𝑒

𝜋𝑑3
 

𝑀𝑒 =  
1

2
 [ 𝑀 + √𝑀2 + 𝑇2  ] 

 

 

 

 

 

 

 

 

 

 

 

Put it in equation (1), we get: 
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2- Equivalent torque (Te) 

Let (Te) be the equivalent torque (That torque if acting alone will cause the 

same maximum shear stress which caused by the combined effect of (M & T) 

𝑇𝑒

J
=

 𝜏𝑚𝑎𝑥 

𝑅
 

J =
π 𝑑4

32
 

𝑅 =
𝑑

2
 

𝑇𝑒 =
π 𝑑4

32
×

 𝜏𝑚𝑎𝑥 

𝑑
2

 

16 𝑇𝑒

π 𝑑3
= 𝜏𝑚𝑎𝑥    ــ     (2) ــــــــــــــــــــــــ

But  𝜏𝑚𝑎𝑥 =
1

2
√(

32 𝑀

𝜋𝑑3
)

2

+ 4 (
16 𝑇

π 𝑑3
)

2

=
16 

𝜋𝑑3
√𝑀2 + 𝑇2   ــ     (3) ـــــــــــــــــ

From 2 and 3 

16 𝑇𝑒

π 𝑑3
=

16 

𝜋𝑑3
√𝑀2 + 𝑇2 

∴ 𝑇𝑒 = √𝑀2 + 𝑇2 
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Ex: A hollow shaft of 200mm outside diameter and 125 mm bore is subjected 

simultaneously to a B.M of 43 kN.m and a torque of 65 kN.m. calculate the 

bending stress and the torsional shear stress. Hence find the max. shear stress 

in the shaft due to the combined torque and bending moment. 

Sol: 

𝑀

𝐼
=

𝜎𝑏

𝑦
 

𝐼 =
𝜋(𝐷°

4 − 𝐷𝑖
4)

64
=

𝜋 (0.24 − 0.1254)

64
= 6.65 × 10−3 𝑚4 

𝑦 =
𝐷°

2
=

200

2
= 0.1 𝑚 

𝜎𝑏 =
𝑀𝑦

𝐼
=

43 × 103 × 0.1

6.65 × 10−3
= 64.6 𝑀𝑁/𝑚2 

 𝜏 

𝑅
=

𝑇

J
 

J = polar moment of inertia =
π 𝑑4

32
= 13.3 × 10−5 𝑚4 

𝑅 =
𝐷°

2
= 0.1 𝑚 

𝜏 =
𝑇𝑅

J
=

65 × 103 × 0.1

13.3 × 10−5
= 48.8 𝑀𝑁/𝑚2   𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 𝑑𝑢𝑒 𝑡𝑜 𝑡𝑜𝑟𝑠𝑖𝑜𝑛 

𝜏𝑚𝑎𝑥 = √(
𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏 𝑥𝑦
2  

𝜏𝑚𝑎𝑥 = √(
64.6

2
)

2

+ (48.8)2 

𝜏𝑚𝑎𝑥 = 58.52  𝑀𝑁/𝑚2 

 

 

 

max shear stress in the shaft 𝜏 𝑥𝑦
2 = 48.8 

𝜎𝑥 = 48.8 𝑀𝑁/𝑚2 
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Material subjected to direct and shear stress 

If the material is subjected to the two types of stresses at the same time as 

shown in fig.  

 

 

 

 

 

the max. and min. stress will be find as follows:  

𝜎max    𝑚𝑖𝑛 =
𝜎𝑥 + 𝜎𝑦

2
± √(

𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏 𝑥𝑦
2  

𝜎𝑚𝑎𝑥 = 𝜎1   ,   𝜎𝑚𝑖𝑛 = 𝜎2 

𝜏𝑚𝑎𝑥 = √(
𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏𝑥𝑦
2  

These stresses are termed as the principal stresses of the system acting on the 

mutually perpendicular planes called principal planes. 

 

 

 

 

 

 

 

 

, 

 

𝜏𝑥𝑦 

 

𝜎𝑦  

𝜎𝑦  

𝜏𝑥𝑦 

 

𝜏𝑥𝑦 

 
𝜏𝑥𝑦 

 

𝜎𝑥  𝜎𝑥  
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Ex: Under certain condition of loading the stresses in the walls of a cylinder 

are as shown below. Calculate: 

a) The principal stresses (𝜎1 , 𝜎2) 

b) The max shear stress (𝜏𝑚𝑎𝑥) 

c) shear stress and the principal stress if  𝜎𝑥  &  𝜎𝑦  is zero 

d) max shear stress & direct stress if  𝜎𝑥  &  𝜎𝑦  is zero 

 

 

 

 

 

 

 

 

Sol: 

a) 

𝜎1 =
𝜎𝑥 + 𝜎𝑦

2
+ √(

𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏 𝑥𝑦
2  

𝜎1 =
90 + 120

2
+ √(

90 − 120

2
)

2

+ 752 

𝜎1 = 105 + 76.5 = 181.5 𝑀𝑁/𝑚2              𝑡𝑒𝑛𝑠𝑖𝑙𝑒 

𝜎2 =
𝜎𝑥 + 𝜎𝑦

2
− √(

𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏 𝑥𝑦
2  

𝜎2 = 105 − 76.5 = 28.5 𝑀𝑁/𝑚2              𝑡𝑒𝑛𝑠𝑖𝑙𝑒 

 

 

𝜎𝑥 = 90 𝑀𝑁/𝑚2 

𝜏𝑥𝑦 = 75 𝑀𝑁/𝑚2 

A B 

C D 

𝜎𝑦 = 120 𝑀𝑁/𝑚2 𝜎𝑥 = 90 𝑀𝑁/𝑚2          𝑡𝑒𝑛𝑠𝑖𝑙𝑒 

𝜎𝑦 = 120 𝑀𝑁/𝑚2          𝑡𝑒𝑛𝑠𝑖𝑙𝑒 

𝜏𝑥𝑦 = 75 𝑀𝑁/𝑚2
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b) 

𝜏𝑚𝑎𝑥 = √(
𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏𝑥𝑦
2 = 76.5 𝑀𝑁/𝑚2 

c) 

𝜎𝑥 = 0    ,    𝜎𝑦 = 0 

𝜎1 =
𝜎𝑥 + 𝜎𝑦

2
+ √(

𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏 𝑥𝑦
2  

𝜎1 = √𝜏 𝑥𝑦
2 = 𝜏𝑥𝑦 

181.5 = 𝜏𝑥𝑦                   ∴ 𝜏𝑥𝑦 = 181.5 𝑀𝑁/𝑚2  

𝜎2 = 181.5 𝑀𝑁/𝑚2 

𝜎𝑦 = 0 

d) 

𝜎𝑦 = 0     ,      𝜏𝑥𝑦 = 0   

𝜎𝑥 = ?     𝜏𝑚𝑎𝑥 = 76.5 𝑀𝑁/𝑚2 

𝜏𝑚𝑎𝑥 = √(
𝜎𝑥 − 𝜎𝑦

2
)

2

+ 𝜏𝑥𝑦
2  

76.5 = √(
𝜎𝑥

2
)

2

=
𝜎𝑥

2
 

𝜎𝑥 = 153 𝑀𝑁/𝑚2 

 

 

 

 

A B 

C D 

 

A B 

C D 


