Differential Equations

Differential equation (DE): An equation involves one or more
derivatives or differentials.

Ordinary Differential Equations (ODEs): Ordinary derivatives
occur when the dependent variable "y" is a function of one independent
variable "x"; y= f(x).

Partial Differential Equations (PDEs): Partial derivatives occur
when the dependent variable "y" is a function of two or more independent
variables; i.e. y= f(x,1).

Order of Differential Equation: The order of a differential equation
is the order of the highest derivative.

Degree of Differential Equation: The degree of the differential
equation is represented by the power of the highest order derivative in the
differential equation.

Example: Classify the differential equations into ordinary or partial
differential equation and then show the order and degree of each equation.

( )2 = (d_y) ODE, 2" order, 2™ degree

% + 2 Zic} = 8x?% + cosx ODE, 2" order, 1 degree
gi)z] + Z?ZI + 66:512 =0 PDE, 2" order, 1* degree
(dx2)3 -2 (—)4 +xu=0 ODE, 2™ order, 3" degree



https://byjus.com/maths/derivatives/

Homogeneous Linear Differential Equations of the Second-Order

A second-order linear differential equation has the form:

d*y dy
Py 32t Qugyt Ry =Fp 1

Or

PwV+ QY+ Ry =Fy

Where: P, Q, R are continuous functions.

If Fy) = 0, the equation is called homogeneous linear equations. Thus, the
form of a second-order linear homogeneous differential equation is:

d*y dy
P(X)W-i_ Q(x)a-l— R(x)yzo ...... 2

If F () # 0, the equation is called Nonhomogeneous linear equations.
-~ equation (1) is Nonhomogeneous linear equations
=~ equation (2) is homogeneous linear equations.
Homogeneous Linear ODEs of Second Order with constant coefficients

If the coefficient functions P, Q, and R are constant functions, that is, if the
differential equation has the form:

Where: a, b, and ¢ are constants and a # 0

To solve equation (3):

4 _pw_ a2y _ p2
» Assume dx—D, - = Dy, 2= D¢y
» PutD=m

aD?y+ bDy+cy=0

am?y+ bmy+cy=0



y(am?+ bm+c¢)=0
y#0
am?+ bm+ ¢=0 (Auxiliary equation)

To solve the auxiliary equation:

—b ¥ Vb2 —-4ac
M2 = 2a

Case I: b? > 4 a ¢ - Two different real roots and the general solution is:
Yy, = € emlx + ¢, em2x

Case II: b? = 4 a ¢ » Two equal real roots (double roots) and the general
solution is:

Ye= (€1 + 2 x)e™

Case III: b?> < 4 a ¢ > Two complex (conjugate) roots and the general
solution is:

ml’z = «a i lﬁ
Y. = ¢ e*cosfx + ¢, e sinfix

Y. = e**(cq cosBx + ¢, sinfix)

Summary: Solution of (a m? + bm + ¢ = 0)

Roots General Solution
m,, m, real and different roots Yo = ¢, e™* + ¢, e™?*
m,; = m, = mreal and equal ye.= (¢4 + ¢ x)e™
m,, m, complex (conjugate) roots: a + if8 Y. = ¢; e**cosfBx + ¢, e *sinfx




Example: Solve the Ordinary differential equation (ODE):

d? d
dy dy
dx? dx

D*y+Dy—-2y=0

2y=0

m?y +my — 2y =0
ym?*+m—-2)=0
y#0
m 2+ m—2=0  (Auxiliary equation)
m+2)(m—-1)=0
m; = —2
m, =1
m, # m, — Two different real roots (Case I)
Ve = ¢; e™X + ¢, e™M2x
y.= c;e %+ ¢, e  (General Solution)
Example: Solve the Ordinary differential equation (ODE):
y+ 8y+ 16y=0
D*y+ 8Dy +16y =10
m?y + 8my + 16y = 0
ym?*+8m+16) =0
y#0
m?2+8m+16=0 (Auxiliary equation)
(m+4)(m+4)=0

m; = m, = m - Two equal real roots (Case II)



Ye=ce™+c,xe™
V.= ¢, e + ¢, xe ™
y. = (c1 + ¢ x)e™**  (General Solution)
Example: Solve the Ordinary differential equation (ODE):

d’y _dy
T3 -2 +10y=0

D%y — 2Dy + 10y = 0
m2y —2my + 10y = 0
y(m? — 2m +10) = 0

y#0
m?—2m+10=0 (Auxiliary equation)
—b ¥ Vb2 —-4ac
Mz = 2a
= (2)F J(-2)?-4x1x10
L2 2x1
2 + V4—-140 2 + V-36
Mz = 2 B 2

my, =1 +3i Two complex (conjugate) roots (Case III)
V. = ¢, e*cos3x + ¢, e*sin3x

y. = (c1 cos3x + c;sin3x)e*



Example: Find the general solution of the following ODEs:

a?y | ody _ @y _ o dy _o Py _ b _
Z472=0, Z-62+9y=0, Z-6Z+13y=0

d’y _dy d’y  dy _ d’y dy

D%y + 7Dy =0 D%y —6Dy +9y =0 D*y —6Dy + 13y =0

m?y+7my =0
y(m?+7m)=0

y#0
m>+7m=0

mm+7)=0
m; =0
m, =—7
my #m,

yc — C1 emlx + C2 emZx
ye.=c,e’+ c, e 7*

y.= ¢ +tce7*

(G.S.)

m?y —6my + 9y = 0
y(m?>—6m+9)=0

y#0
m>—6m+9=0

(m-3)(m-3)=0
m; =3

m2=3
m=m,=m

Ye=cre™ +c, xe™
Yo = ¢; 3% + ¢, xe3*
Ye= (€1 + c; x)e*

(G.S.)

m?y —6émy + 13y =0
y(m?—6m+13) =0
y#0
m2—6m+13=0

6 F V36 —52
™2 = T
6F V-16 _ _
— 3t
my, =3 +2i

m1’2 = 2’,

Yo = c1e3%cos2x + c,e3*sin2x

y. = (cq cos2x + ¢, sin2x)e3*

(G.S.)

H.W.: Find the general solution to each of the following ODE:s:

y+9y=0

Y+6y+9y=0

9y +y=0



Initial Value Problem

In most cases the unique solution of a given problem, hence a
particular solution is obtained from a general solution by an initial condition
y(0) = ¥,

Which given values x, and y,, that is used to determine a value of the
arbitrary constant C.

Geometrically this condition means that the solution curve pass
through the point (x,, y,) in the x-y plane.

An ODE together with an initial condition, is called an initial value
problem. Thus, if the ODE is explicit, y = f(x, y), the initial value problem
is of the form:

y=1xy),yx) =Y,

For second order homogeneous linear ODEs (2) an initial value

problem consist of (2) and two initial value.

Y(xo) = ko, ¥(x0) = kg

Example: Solve the initial value problem.

d
2 2xy=x, y(0) =2

dx
dy
I x + 2xy
dy
a = X(l + Zy)

dy
j1+2y_Jde

L2y =y

In(1+2y) =x%+2c

(14 2y) = e* +2¢



Example: Solve the following initial value problem:

Q=10—x (o) = -1 ﬂ=9xz—4x+5 (-1) =0
dx Y dx Y
= (10 —
dy = (10 = x)dx dy = (9 x% — 4x + 5) dx
2
y:lox—%+c G.S. y =3x*—222+5x+c G.S.

x=-1, y=0

02 0 =3(-1)°3-2(-1)?+5(-D+c
-1 =1000——+c—->c= -1
z c= 10

2
.'.y:l()x—x?—l PS vy =3x3 —2x2+5x+10 P.S.

H. W.: Solve the following initial value problem:



y=y+1, y(0) =5
Example: Find the solution of the ODE, give the initial value problem:

d’y dy

a2 That3y="0
=2 2w)=-1
A A

D?*y+4Dy+3y=0
m?y+4my+3y=0
ym?+4m+3)=0
y#0
m?+4m+3=0  (Auxiliary equation)
m+3)(m+1)=0
my; = —3
m, = —1
m, # m, — Two different real roots (Case I)

Y. = ¢4 eMmix + ¢, em2x

y.= c,e 3+ c,e*  (General Solution)

y(0) =2

2=1c e 30 4¢,e @

2=1c+Cy ... (1)
y(0)= -1
y= -3¢ e 3 —c,e*
—1= -3¢, e 30— ¢, e ©®



1 _ —
Ve = -3 e3*4+ 2.5 (Particular Solution)

Example: Solve the initial value problem:

y+ 8y+25y=0
y0) =4, y0)=5

D?y + 8Dy + 25y =10
m?y + 8my + 25y = 0
ym?+8m+25)=0
y#0
m?+8m+25=0 (Auxiliary equation)
—b F Vb2 —4ac
2a

—8F /(8)2—4x1x25
2x1
-8 ¥ 1/64—-100 -8 F vV-36
2 B 2

my, =

my, =

my, =

m, = —4 —3i
Two complex (conjugate) roots (Case III)
y. = ¢1 e *cos3x+ ¢, e**sin3x (General Solution)
y(0) =4
4 = ¢, e%0s3(0) + ¢, e%sin3(0)
c1=4
y(0) =5

y = ¢, [e™* .(—3 sin3x) + cos3x .(—4e )] + c,[ e **.3 cos3x
+ sin3x.(—4e"*)]

10



11

5: C1 [0_4‘]+C2[ 3+ 0]
5= -16+ 3¢, > ¢, =7
Vp = 4 e *cos3x + 7e **sin3x

Yp = e **(4 cos3x + 7sin3x) (Particular Solution)

H. W: Solve the initial value problem:

y+9y=0
y(0)=3, y(0)=



Homogeneous Linear ODEs of high - Order with constant coefficients

If the coefficient functions P, Q, and R are constant functions, that is,
if the differential equation has the form:

dny dn—ly dy
ao w.}. a1 dxn—1+ ......... + an_laﬁ- anyz 0
d_p & _p @Y _ o @y _ s
» Assume — = D, = Dy, 2= D4y, —3 D3y, .......
» PutD=m

a, D"y + a; D"ty + oo oo + a,_Dy+ a,y =0
a, m"y + aym™ly + - + a,_ymy+ a,y=0

y (a, m"+am* 1+ + a,_;m+ a,) =0

+am* 4. + ap_ym+ a, =0
Solve to obtain the values of roots:

1. When the roots m;, my, ms, ....... , m, are different roots, then the
general solution is:

Y. = € em1x+ C, em2x_|_ C3 em3x d o

2. If the roots are equal (m; =m, =mg = ----- ), the general
solution is:

Ve = (4 e™* + C X e™mx + C3xzemx + C4x3€mx 4+ e )
Ye= (€1 + c2x+ c3x2 + c4x3 4 e )e™*

3. If the roots are complex (conjugate) number say a + i3, then the
general solution is:

Y. = ¢; e**cosfx + ¢, e sinfix

Y. = e**(cq cosfx + ¢, sinfix)

12



Example: Solve the Ordinary differential equation (ODE):

d’y _d’ dy

dx3 dx? dx

D3y —2D?y —Dy+2y=0

md3y —2m?y —my+2y=0
y(m3—-2m* —m+2)=0

y#0
m3—2m*—m+2=0
m’(m—-2)—-(m—-2)=0
(m-2)(m?-1)=0

m1=2
m2=1
m3—_1

y.= ¢, e** + ¢, e+ c3e* (General Solution)

Example: Solve the Ordinary differential equation (ODE):

m*(m—1)+(m—-1)=0
(m-1)(m?*+1)=0

m1:1

13



Y. = ¢y ¥+ ¢, ecosx + c3 e sinx
Y. = €1 €* + ¢ cosx + c3 sinx (General Solution)

Example: Solve the Ordinary differential equation (ODE):

dty  d%y
a ot 0

D*y —4D%*y + 4y =0
y(m*—4m?+4)=0
y#0
m*—4m?+4=0
(m?-2)(m?>-2)=0
(m?-2)=0->m =2

= V2
(m?2-2)=0 >my =2
my = 2

y.=(c1+ €3 x)eV?* + (c3 + ¢, x)e V2% (G.S.)

Example: Solve the Ordinary differential equation (ODE):

4
%—16)1:0
D*y —16y =0
y(m*—16) = 0
y#0
m*—16=0

14



(m?+4)(m?>—-4)=0
(m?+4)=0 »>my = 2i
m, = —2i
(m?—4)=0 >mg = 2
my = —2
Yo = €1€%* + ¢, e7%* + c3c052x + ¢4 sin2x  (G.S.)
Example: Solve the Ordinary differential equation (ODE):

d’y d>y d3y
dx’ T 8dx5 +8 dx3 0

D’y + 18D°y + 81D3y =0
y (m’ +18m> + 81m3) =0
y#0
m3(m*+ 18m? +81) = 0
m3(m? +9)(m?+9) =0

m3=0-> m; =0

m2=0
m3:0
m?=-9 - m, =3i
ms——31
m6=3l
m, = =3I

Yo = €1 + €2x + €3x% + €4€083x + c5 sin3x + cgxcos3x + c;x sin3x
(General Solution)

15



Non - Homogeneous Linear ODEs of Second Order with constant
coefficients

A second-order linear differential equation has the form:

ay+ by+ cy=Fy
Where: a, b, and c are constants and a # 0

If Fy = 0, the equation is called homogeneous linear equations.

Thus, the form of a second-order linear homogeneous differential equation
is:

If F ) # 0, the equation is called Nonhomogeneous linear equations.
To solve the equation above:
Yx=DYct+ Yp
Where: y. = Complementary equation (homogeneous).

ay+by+cy=0
¥p = Particular solution.

We need non homogeneous solution (particular solution), using
Undetermined Coefficients Method.

16



Method of Undetermined Coefficients: This method for obtaining a
particular solution (yp) to a nonhomogeneous equation is called the method

of undetermined coefficients.

Jx) Yp
keP* CeP*
kx™ (n=0,123, .... kpx™ + ko x™ 1+ o+ kxt + k,
kcosBx
Acosfx + Bsinfix
ksinfix
keP* cosfx px .
keP* sinfx eP* (Acosfx + Bsinfix)

kcosfx + Hsinfx

Acosfx + Bsinfix

Examples:
fx) Y
10 A
X Ax + B
x? Ax> +Bx+C
x* Ax* +Bx®+Cx*+Dx+E
x+5 Ax + B
x3 =2 Ax® +Bx*+Cx+D
x> —2x+3 Ax> +Bx+C
Se—Zx Ae—Zx
7e3x AeBx
S5e 2% + 7e3% Ae™?* 4+ Be3*
5sin2x Acos2x + Bsin2x
7co0s5x Acos5x + Bsin5x

5sin3x + 7cos3x

Acos3x + Bsin3x

2sinx + 5cos5x

Acosx + Bsinx + Ccos5x + Dsin5x

3e?* + 5x Ae** + Bx+C
x2e3X e 3*(Ax* + Bx + ()
sin2x e>* e5*(Acos2x + Bsin2x)
x3 cos2x (Ax® + Bx? + Cx + D)(Ecos2x + Fsin2x)

17




Example: Solve the Ordinary differential equation (ODE):

2
% - Zd—il +y=x
Y« = Yt Vp
Y
2
224y =0
D?*y — 2Dy +y =
m?’y—2my+y=0
ym?—-2m+1)=0
y#0
m?-2m+1=0  (Auxiliary equation)
(m—1)(m-1)=0
m; =1
m, =1
my; = m, = m - Two equal real roots (Case 1)
Ye = c;e*+cxe”
y. = e*(cq + cpx) Complementary solution
Yp:
Yp =Ax+B
Vp =
5 =0

Substitute in the main equation:
0—-2A+Ax+B =x

Ax —2A+B =x

18



A=1
—2A+B=0->B=2
S Yp =X+ 2 Particular solution
~y=e*(c; +cx)+x+2 (G.S)
Example: Solve the Ordinary differential equation (ODE):

y + 3y + 2y = 12x?

Y« = Yt Vp
Y
y+3y+2y=0
D?’y +3Dy+2y=0
m?y +3my+2y =0
y(m*+3m+2)=0
y#0
m?+3m+2=0  (Auxiliary equation)
(m+2)(m+1)=0
m; = —2
m, =—1
my, # m, — Two different real roots (Case I)
Y. = ¢, e ¥ + ¢, e™* Complementary solution
Yp:
yp =Ax*+Bx+c
¥, = 2Ax + B
5, = 24

Substitute in the main equation:

2A + 3(2Ax + B) + 2(Ax? + Bx + ¢) = 12x?
19



2A + 6Ax + 3B + 2Ax? + 2Bx + 2¢ = 12x?
2Ax% + (6A + 2B)x + (2A + 3B + 2¢) = 12x?
2A=12 - A=6
6A+2B=0->B=-18
2A+3B+2c=0-»c=21

S Yp = 6x% — 18x + 21 Particular solution

cy=cre¥*+ce*+6x>—18x+21 (G.S.)

H. W.: Solve the Ordinary differential equation (ODE):

y—2y—3y=9x*+1

20



Example: Solve the Ordinary differential equation (ODE):
y-y=x
Ve = Yt Vp
Y

y-y=0
D?y —Dy =10
m?y —my =0
y(m?—m) =0
y#0
m?—m=0  (Auxiliary equation)
mm—-1)=0
m; = 0
m, =1
my; # m, — Two different real roots (Case I)
V. = ¢, % + ¢, e*

Y. = €1 + ¢, e Complementary solution

Yp = Ax* + Bx Y, = Ax + B

)_/p=2AX+B x_.adj\a.‘d\g)..'ajyc c‘\‘u\.ﬁﬂ\cwy

_ y, = Ax* + Bx
Yp = 24

Substitute in the main equation:
2A— (2Ax+B) =x
2A—-2Ax—-B=x
—2Ax+ (2A—-B)=x
21



2A=1-A !
— — - e
2
2A—-B=0->B=-1
LY = —%xz —x  Particular solution
Ly=c¢; +cye°— %xz —x (G.S)

Example: Solve the Ordinary differential equation (ODE):
y+2y+y=e*

Ve = Yt Vp
Y
y+2y+y=0
D%y +2Dy+y =0
m?y+2my+1=0
y(m?+2m+1)=0
y#0
m?+2m+1=0  (Auxiliary equation)
m+1)(m+1)=0
m; = —1
m, = —1
m; = m, — Two equal real roots (Case II)
Ye=cC e *+c,xe™™
y. = e *(cq +c3 x) Complementary solution
Yp:
yp = Ax?e™ Y, = Ae~*
}—,p = 2Axe™* — Ax2e~* x2 oAbl iy ae ALl Sl
_ yp = Ax?e™*
yp = Ax?e™ — 4Axe™ + 2Ae™*

22



Substitute in the main equation:
y+2y+y=e*
Ax?e™ — 4Axe™ + 2Ae™™ + 2(2Axe™ — Ax%e™*) + Ax?e™* = e
Ax%e™ — 4Axe ™ + 2Ae™* + 4Axe™ — 2Ax%e ¥ + Ax?e ¥ = ¥

2de ™ =e7*

1

2A=1—>A=§
2

1 _ ) )
Ly, =-x‘e* Particular solution
p 2

1
sy=e*(c, +c,x)+ Exze‘x

cy=e*(c;+cyx+ %xz) (G.S.)
H.W.: Solve the Ordinary differential equation (ODE):
y +4y + 5y = 2¢e*

23



Fourier Series
A function f'(x) is said to have a period P or to be periodic with period
P if for all P, /' (x + P) = f(P), where P is a positive constant. The least value
of P> 0 is called the period of f'(P).

flx)

Ea pran

Periodic function of period p

fx+P)=f(P)

The function sin(x) has period 2z, since:
sin(x + 2m) = sin(x)

1

0.5

" i m -5m/2 m -3m/2 -y -m/2 w2 3m/2 m Sm/2 3y Tmi2

5

P=2n 4, P=2x . P=2n

fx+2m) = f(x)

The function cos(x) has period 27, since:
cos(x + 2m) = cos(x)

>

fx+2m) = f(x)



Example: Represent (Sketch) the following functions f{x) by Fourier series:

_ (-3, —5<x<0
f(x)_{ 3 0<x<5

Period=5—-(-5)=10
flx+10) = f(x)

f(@)
I

~<— Period —~

2 ———— e s it ) [— R — i

} T I I T T T T T T T 1
—25 —-20 -15 -10 -5 0 3 5 10 15 20 25

— = am - — o — ——

_( sin(x), 0<x<m
f(x)—{ 0, T<x<2m

Period =2n - 0=2xn
flx+2m) = f(x)

f(z)
e——— Period -~
N Pl N 27N
\ / \ // \\ //
\. Y] AW / — ")
—~3r -2z -1 0 r 2r 3r ir

fx)=x, — T <x<m

Period =x — (-x) = 2%
fOx+2m) = £(%)
f(x)

-27 'ﬁ 0 ﬁ/ﬁ 3n X




fx) =x2% 0 <x < 2m
Period =27 — 0 =2x
flx+2m) = f(x)

f(x)
4rt

HW.: Represent (Sketch) the following functions f(x) by Fourier series:

mT+x, —n1<x<0
f(x)—{ T—X, O<x<m
All these functions have the period 2m. They form the so-called
trigonometric series, that isa series of the form:

f(x)=a,+ z(an cosnx + b, sinnx)

n=1
Where: a,, a,, a,, ...are constants, called the coefficients of the series.

Fourier Series: The Fourier series of f(x) is trigonometric series
whose coefficients are determines from f(x) by certain formulas (Euler
formula):

Euler function: If f(x) is periodic function of period 2=, that can be
represented by a trigonometric series:

Where:

1 (™
Ao = %ﬁnf(x)dx

1 Vi
a, = ;J f(x)cos nx dx
-1



1 T
b, = — J f(x)sin nx dx
n -1

Example: Find the Fourier series for the periodic function:

-1, —n<x<0
f(x)_{ 1, O0<x<m

A
1.5 +

1 -

0.5

-1.5 &4

-0.5 +

a, = % f_if(x)dxz%:f;(—l)dx+ fon(l)dx]

1 0 Tl o1
=%—x_ +x ) =E(—n+n)=0
1 T 1 0 T
a, = — j f(x)cosnx dx = — [ j (—cosnx) dx + f (cosnx) dx

T J_, 2m | J_, 0

1 0 ™

a, = —|[—sinnx +sinnx| =0
nm
1 0

1 T
b, =—f f(x)sinnx dx
TJ) g

1((° T
=—{f sin nx dx+f sin nx dx}
T (J_, 0

_ 1 (cosnx| O cosnx|”}

ol on |-, n |y

_ 1 (1 cos nn) (cosnn 1)}
“rnl\n n n n
_ 1¢(2 2 cosnn}

T ln n




2
b,=—1- , n=1,2,3,...
n nn'( COSTT), N

0, nis even
= 4
bn { — nis odd
nm

(0]

s flx) = Z :_n sin nx

n=1,3,5,..
H.W.: Find the Fourier series for the periodic function:

0, —m<x<0
f(x)={ 1, 0<x<m

Functions of any Period p = 2L

- nm nm
f(x)=a, + Z( ancosTx + bnsinTx)
n=1
Where:

1 L
a0=i.f_Lf(x)dx
_1jL() o

an = 7 _fo cos ——x dx

b—1 L()_nn p
n—zJ_fosmLxx

2L = period
_ period
2
Example: Find the Fourier series for the periodic function:
F(X)

3




0, —2<x<-1

f(x)={ 3, —1<x<1

0, 1<x<?2

- nm nm
f(x)=a,+ z( (nCOS =X + bnsinTx)
n=1

- iLj_LLf(x)azx= % [f__:de+J113dx+J120dx]

1t 1
aO:Z_[ 3dx=Z 3x
-1
2 2

1 nm 1 (1 1 nm 2
——f f(x)cos—xdx=—[j 0dx+J 3os—xdx+f0dx]

1 (! ni
an =5 [1_13COS7de]

' ) = % (sinﬂ+sinﬂ) = % (sinE)

nm 2 _1 2 2 2
6
—_, n=15,9,..
nm
a, = 0, nis even
6
-, n=3,7,11,..
nm
1 L nm

f(x) Sln—x dx =

)2

1 ni
[f 35m7x dx]

nm

1
2
b, = — (—COSTX (

nmw
cos— + 0057) =0




2 i 6
.-fx—2 nn'COSZx

n=1,5,9,.

nm

[ee)

2,

n=3,7,11,.

6

nm

— COS—/—X

nm

H. W.: Find the Fourier series for the periodic function:

fe ={

-1,
3,

—2<x<0

0<s<x<?2

2

Odd and Even Functions

A function f'(x) is said to be even (or symmetric) function if, /' (— x) =
f(x), then there will not be any sine terms in the Fourier series for f(x).

The graph of such a function is symmetric with respect to Y - axis.
Here Y - axis is a mirror for the reflection of the curve.

Af(x) Af(x)

T
)

Even Functions (Cosine Series)

f(x) =a, +z a, cos—x

A function f (x) is called odd (Sine Series) (or skew symmetric)
function if ' (— x) = — f (x), then there will not be any cosine terms in the
Fourier series for f(x).

|
|
|
-~
-
v

Odd Functions (Sine Series)



= . nm
[ = z b, sme
n=1
Half-Range Expansions
Expansion of an even function:

b, =0
1 L 1 L

aoziff(x)dxeaozﬂff(x)dxe
—L 0

L
1
ao=zjf(x)dx
0

L
1 nm 1 nm

a, = I foo cosTxdx—> anp = 7 | fixycos—xdx x 2

-L

L
2 nm

a, = ij(x) cosTx dx

0

(0]

nm
fo)y=a,+ Z a, scosTx
n=1
Expansion of an odd function:
a, =0

a,=0
L
1 . nm
bn=z Jf(x) smedx X2
-L

L
2 . nm
bn:fo(x) smedx
0



. nm
[ = b, sin—x

n=1

Example: Find half range series of the function:

f(x) =x, 0<x<2
1. Even expansion
2. Odd expansion

F(X)

1. Even expansion: f(—x) = f(x)

F(X)
2-
-4 -2 0 2 4
b, =0
L 2
1 1 1,2
ao——jf(x)dx=—jxdx=—x =1
L 2 0
0
L 2
2 nr 2 ne |2 4
an sz(x) cos— xdx=—fx cos—xdx=—nxsm—x + 2.3 cos
0
0 0




4
a, =0+ 77 (cosnmt — 1)

(cosnmt — 1)

I = a2
0, nis even
a, = 8 .
n — , nis odd
272
nam

8 nm
foo =1+ z ———5 COS——Xx
2
n=1,3,5 nen

2. Odd expansion: f(—x)= —f(x)

F(X)
2 -

2 - nm
Jf(x) sm—xdx— jxsm—xdx

2 2
0
2 nm |2 4 . nm 2
b, = - x COSTX +n27t2 sm7x
0 0
b 4
n = —_—COSnm
4
—_, nis odd
b = nm
n 4 .
- —, nis even



(0]

4
fo =1 Z —cosnm —

nm
n=1,3,5,...

Example 1

Find the half-range sine series of the function

~_J] 4 fOo<x<w/2
f(")—{ 0, ifr/2<z<m

Solution: L = 7, so that or T/2=n

f(z) = Z busin(nz), b, = —f f(x)sin(nz) dr.

n=1

where

b, = %f f(x)sin(na) dr =
" 0
8 /2
= - i J d ==
Tf./o sin(nr) dr
8
= ——[cos nx]"/2
nm

8
= —f1- 2)).
m.'[ cos(nm/2)]

Example 2

Find the half-range cosine series of the function

_[4 ifo<cr<n/2
f(")—{o. ifrwf2<xr<m.

NB same function as in the previous examplel!

Solution: again, L. = m, so that

f(r) _n°+z a,cos(nr), ap = — / f(x) da,

n=1

a, = ‘1%./0' J(r) cos(nzrx)dr.

y O 1 fxe
uoz—f f(r)(fr=—f 4dr = 2.
mJa ® Jo

% L - g /O " ety

8
= —[sin nx] g/z
nmw

(00]

4 :
Z —cosnmn| sin—-x

nm
n=2,4,6,.

[oe]

nm

Fla) = Z % [1 — cos (nm/2)](sin nx)

n=1

flx) =

)

n=1

(— sm(—) cos(nx)) cosnx



H.W.: Draw the function, state whether it’s odd or even? and
determine the Fourier series expansion for the periodic function whose
definition in one period is:

x+3, —3<x<0
f(x)_{ x—3, 0<x<3

12



Homogeneous Linear ODEs of high - Order with constant coefficients

If the coefficient functions P, Q, and R are constant functions, that is,
if the differential equation has the form:

dny dn—ly dy
aom-l' alm-l' """"" + an_1a+ any=0
4 _pdy_po @y _ o dy_ s
>Assumedx—D,dx—Dy,dxz—Dy,dx3—Dy, .......
» PutD=m

a, D"y + a; D"ty + oo oo + a,_Dy+ a,y =0

a, m"y + a;m"ly + oo + a,_;my+ a,y=0
y (a, m"+am* 1+ + a,_;m+ a,) =0
y#0
a, m" +a;m* 4o + a,_ym+ a, =0

Solve to obtain the values of roots:

1. When the roots m;, m,, ms, ....... , m, are different roots, then the
general solution is:

y,= € em1x+ C, em2x+ C3 em3x doeneneann

2. If the roots are equal (m; =m, =mg =+ ), the general
solution is:

Ve = (4 e™* + C X e™mx + C3xzemx + C4x3€mx 4+ e )
Ye= (€1 + c2x+ c3x2 + c4x3 4 e )e™*

3. If the roots are complex (conjugate) number say a + i3, then the
general solution is:

V. = ¢ e cosfx + ¢, e**sinfx

Y. = e**(cq cosfx + ¢, sinfix)



Example: Solve the Ordinary differential equation (ODE):

d’y ,d'y dy

d3x d’x dx

D3y —2D?y —Dy+2y=0

md3y —2m?y —my+2y=0
ym3—-2m? -m+2)=0

y#0
m3—2m*—m+2=0
m’(m—-2)—-(m—-2)=0
(m—-2)(m?-1)=0

m1=2
m2=1
msy = —1

y.= c;e** + ¢, e+ c3 e * (General Solution)
Example: Solve the Ordinary differential equation (ODE):

3 2
D3y — D?y+Dy—y=0
ym*—-m?+m-1)=0

y#0

m*—m?+m—-1=0

m*m—1)+(m—-1)=0

(m-—1)(m?>+1)=0



ms = —1
Ve = ¢ ¥+ ¢, e%cosx + ¢; e sinx
Y. = €1 €* + ¢ cosx + c3 sinx (General Solution)

Example: Solve the Ordinary differential equation (ODE):

dty  d%y
E—4m+4y =0

D*y —4D%*y + 4y =0
y(m*—4m?+4)=0
y#0
m*—4m?+4=0
(m?-2)(m?>-2)=0
(m?-=2)=0->m =2

= V2
(m?2-2)=0 >my =2
My = V2

ye=(1+ ¢ x )e‘/fx +(c3+ €4 x )e“/ix (G.S)

Example: Solve the Ordinary differential equation (ODE):

4
%—16)1:0
D*y —16y =0
y(m*—16) =0
y#0
m*—16=0

(M2 +4)(m?—4)=0



(m?+4)=0 »>my = 2i
m, = —2i
(m*—4)=0 >my = 2
m, = —2
Yo = €1€%** + ¢, e7%* + c3c052x + ¢4 sin2x  (G.S.)

Example: Solve the Ordinary differential equation (ODE):

d’y dSy d3y
E + 18@ + 81@ =0

D’y +18D%y + 81D3y =0
y (m” +18m> + 81m3) =0
y#0
m3(m* + 18m? + 81) = 0
m3(m? +9)(m?+9) =0

m3=0-> m; =0

m, =0
ms; =0
m?=-9 - m, =3i
ms = —3i
mg = 31
m, = =31

Yo = €1+ €3X+ c3x% + c4c083x + c5 sin3x + c4cos3x + ¢, sin3x
(General Solution)



y

Application of ODEs of integration method in beams

_ Wy

El

Vx

 EI

Mx
EI

Load
W KN/ m
______ - X
Shear i g ;
< L Ll
b g
Moment Y EI constant
Slope Where:
P E = Modulus of elasticity
I =Moment of inertia
Deflection

Example: By using the Integration Method, find the deflection
equation for the loaded beam shown in figure below.

W kN/m

L

= =T

EI constant

d'y _We
dx* El
Wy =w
dy w
dx* EI
d3y w
ﬁ = Ex + 1
d’y w

W=mx2+C1X+C2



dy w C1
e _6E1x3 +?x2 + x4+ ¢3
w C1 Cy
Yx) = 24E1x4 +€x3 +?x2 + c3x + ¢y

B.C.

y(0) =0, ¥(0)=0
y(L)=0, y(L)=0

y(0)=0-c¢4=0
y(0)=0 -¢c,=0

y(L) =0
0=——12+ c1L
2E1
wlL
€1 =—op
y(L)=0
wlLt  wl?
0=22m1 ~12m1 Tt
wl3
3= 24E1
“Yw) = %XA - 1‘;’; x3 + :Lilx (Deflection equation)

Example: By using the method of Integration, find the deflection
equation for the loaded beam shown in figure below.

/] w kN/m
Z I
% L “

% EI constant



i _
dx*  El y(0)=0, (L) =0
W, = — "
" 7(0) =0, y"(L)=0
dy w
dx* EI
d3y W y(0)=0 —>C4_=0
F=—X+C1 _
X El y(0)=0->¢3=0
d’y w
_ 2 "
W = ﬁx + c1X + (8) y(L) =
0=—L+ wh
dy _ w R D BRI CEC T TR T
dx ~ 6EI 2 2 3
y(L)=0
w c c
_ 44, 1.3, 72,2
y(x)—24EIx +6x +2x + c3x + ¢y O_WLZ WL2+
~2E1 EI '
_wL2
“2 = 2EI

W 4wz WL oo
V) = 24-Elx 6Elsuc + X (D.E))

H.W.: By using the Integration Method, find the deflection equation,
maximum shear force and maximum moment for the loaded cantilever

beam shown in figure.
w kN/m

HEEN

) L
EI constant

/7777777

P
e



Example: By using the Integration Method, find the deflection
equation for the loaded beam shown in figure below.

w kN/m
///
y_w y <
X L f -
) X
v B .
by EI constant |
B.C.
y(0)=0, y(L)=0
d4y _ W(x) y(0) =0, y(L) =0
dx* EI
w y(0)=0 -¢c,=0
W, = X
By w 5(0)=0-c;, =0
&t = FiL”
s 7 =0
—33] = x%+ ¢ wl?
dx3 2EIL 0=—+c¢L
6E]
dzy w wlL
_ 7 — 3 _ =
dx? _GEILY taxtc €1 = T GEI
dy w0,
dx 2aEILY TN texto y(L) =0
w C C
_ 5 1.3, 72 2
Yoy =150gLY Te¥ T ¥ Texta Cowlt WL4+ .
12051 6EI " 3
B 7wlL3
3 = 360EI
. w « WL N 7wlL3
“Yx = 120LEI* T 36EI" " 360EI



Example: find the deflection equation for the loaded beam shown in
figure below using the Integration Method. Then find the value of
maximum deflection, If (E = 21.72x10° kN/m?, 1= 1330 x 10°m*, L=2m, p

= 20 kN). iy

N
N
PEN N
Mx 2 ;____*X
—— 1 X . L :
= 'Y
Mx=p.x
d%y My y(L)=0 2
£y p p
dx? _ EI 0=_P_2 __pr
- 2B T T AT T
y p
— = L)=0
dx?  EI" y(L)
dy p pl® pl3
& " 2E T 0= —omte
p
Yo g e ., _PL
B.C. 3EI
y(0) =0, y(L) =0 S pL? - pL?
™~ err”
Maximum deflection at x = 0
2 3
pL
0)3 0
Yoy = 6EI( ) 2EI( Y
_pl’
Y = 357
20 x (2)3
Yo) = =0.00185m = 1.85mm

3x(21.71 x 10°) x (1330 x 1079)



