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1-1 Linear equation:

The equation is a statement that expresses the equality of two algebraic expression. Contains
one variable or more. For example:

2-3(x-2)= -8 .. (1) Z4+22x+1)=8..(2)

Equation (1) is first degree (or linear) in one variable x, and so is equation(2).

A solution is a number that when substituted for the variable makes the equation true.

The value of the variable that makes an equation a true statement is called a root or a
solution of the given equation .we can add ,subtract, multiply or divide any constant or any
algebraic expression (non zero) to both sides of an equation.

Definition:

An equation is a first degree or a linear equation in one variable (x) if it can be transformed
into equation where the left side is of the form (ax + b, a # 0) and the right side is equal to
zero, where a and b are real constants.

For example : 4x+8=0 is a linear equation in one variable and subtracting 8 from both sides
gives: 4x=-8 , then, dividing both sides by 4 we get x=-2 this is the only solution for the equation.
Therefore, a first degree or a linear equation has only one solution (unique solution).

Steps for solving linear equations:
Step 1: expand any parentheses which may be found in the equation.
Step 2 : remove any fractions which may be found in the equation by multiplying both sides by
the common denominator of the fractions involved.
Step 3 : move all the terms containing the constants to the right side and all terms
containing the variable to the left side, then simplify.
Example 1: solve the following equations:-
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+222%) (15) = 3(7%) — 5(x — 2) = (5)(6) — 5x + (3x — 2)
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21x-5x+10=30-5x+3x-2 — 18x=18 — x=1
2) 5x-3(7-x)=13-9x
5x-21+3x=13-9x  — Bx+3x+9x=13+21 — 17x=34 — x=2




1-2 Quadratic equations:
The general form of a quadratic equation in one variable is: ax* + bx + ¢ = 0,
a and b are real constant.
There are four methods for solving the quadratic that will be presented in this follows:
) Solution by square root.
2 ) Solution by factoring.
3 ) Solution by quadratic formula.
4 ) Solution by completing the square.

1-2-1 Solution by square root:

Solve the following quadratic equation using the square root method:
a) x*—13 =0 -»x2=13 - x=+V13
b)2x2-6=0 - 2x>=6 - x*=3 - x=+V3
c)3x*+12=0 - 3x*=-12 - x*=—-4
There is no real solution.

1-2-2 Solution by factoring:

If the left of a quadratic equation when written in standard form can be factored, then the
equation can be solved very quickly. The method of solution by factoring depend on the
following property of real numbers:

If A and B are real numbers. Then, AB=0 if and only if A=0 or B=0, or both are zero.
Solve the following quadratic equation by factoring:
a)x2+3x+2=0 — (x+2)(x+1)=0
x+2=0 or x+1=0
x=-2 0Or x=-1
b) 3x%-6x-24=0 — x%2x-8=0 — (x+2)(x-4)=0
x+2=0 or x-4=0
X=-2 or x=4
c)x%:25=0 — (x-5)(x+5)=0
x-5=0 or x+5=0
X=5 or x=-5
d)6y>=4dy — 06y>4y=0 — y(6y-4)=0
oy-4=0 or y=0

6x+1=0 or x+1=
6x=-1 or x=-1

1-2-3 Solution by quadratic formula:

—b+V(b2-4ac)

The solving method of a quadratic formulais x = »




Solve the following quadratic equation using the quadratic formula:
a) x%-2x-1=0

a=1, b=2, c=-1, then:
—biV(b?-4ac) | X = —(-2)+V((-2)?-4(1)(-1)

2a 2(1)
_ zJ_r\/(24+4) _ 21-2\/8 _ o222 _ 142
b ) x>-4x+4=0
a=11 b='4, C=4
—(— Ay 3
x = ¢ HE((D*-4D@) ‘= 4EV(16-16) | _ 48V0 _ 4 _ 5
2(1) 2 2
¢ ) 3x2-5x+6=0
a = 3 ’ b = '5 ; C= 6
—(— _e)2_ —
r = TCOREEE) | 5E AT
2(3) o

1-2-4 Solution by completing the square:

This method is based on the process of arranging the equation of the standard form
ax+bx+c=0 into the form (x+A)2=B, where A and B are real constants. The equation can be
solved by taking the square root of both sides of the equation, if it has a real solution.

The steps to solve the quadratic equation by completing the square method:
Step 1:- Add constant to both sides of the equation to remove the constant term from
the left side.
Step 2:- Divide by the coefficient of x2 if it is not equal to one.
Step 3:- To complete the square in equation, add the square of one-half the coefficient of
x to both sides.
Step 4:- Now the left side is a complete square, take the square root to both sids and
complete the solution.

Solve the following quadratic equation using the completing the square method :
a) x2-2x-1=0
x2-2x=1 — x=2x+1=141 - x22+1=2 > (x-1)22 — x-1=+V2
x-1=v2 o x-1=V2
x=1-v2 or
x=1+v/2

b ) 2x2-8x+3=0
2823 — Wb ()P4 —

XdxbA=—44 — X-dx+4=
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2-1 Intervals:

a) If a and b are real numbers, such that a<b. Then, the open interval from ato b, denoted by
(a,b), is the set of all real numbers x that lie between a and b. Thus,
(a,b) = {x/x is real number and a<x<b}

b ) The closed interval from a to b, denoted by [a,b], is the set of all real numbers that lie
between a and b together with a and b included. Thus,
[a,b] ={x/x is real number and a < x < b}
[-nmmmeenes R
a b
¢ ) Semi closed or semi open intervals are defined as follows:
[a,b) = {x/x is real number and a<x<b}
(a,b] = {x/x is real number and a<x<b}

Unbounded interval:
a) (a,) = {x: x>a}
b) [a,*) = {x; x2a}
c) (-,b) = {x: x<b}
d) (-o0,b] = {x: x<b}

Write the following in the interval form:
a)2<x<8 — [2,8]={x:2<x<8}
b)x>4 — (-4,»)={x: x>-4}.




2-2 Linear inequalities in one variable:
The general form for the Linear inequalities in one variable are:
ax+b<0 or ax+b>0
ax+b=<0 or ax+b=0
Where a#0, a and b are real numbers.
The general form for the solution of Linear inequalities in one variable are:

b b
X<- — or X>- —
b b
XS- = or X2- —
a a

Find all real numbers that satisfy the inequality:
a)2xx1  — xz%
b)3x-5<10 — 3x<15 — x<5
c) Ix<2x+4 — 3<3x+4 — -1=<3x
1 1
-ESX or XZ-E
d)52x<7 — -2x<2 — x>-1
e)5x-§<x+3 S 0x-1<2x46  — 8x<T — x<£

Solve the double inequality for x:
a)9<2x+7<13 — -2<2x<6 — -1<x<3

b ) 2x+1<3-x<2x+5
2X+1<3-x 3-X<2Xx+5
3x<2 -3x<2
X< z X >- 2
3 3

2-3 Quadratic inequalities in one variable
The general form for the quadratic inequalities in one variable are:
ax2+bx+c>0
ax2+bx+c=0
Where a#0 . a, b, and ¢ are real constants.
Solve the following inequalities:
a)xz3x>0 — x(x-3)>0
x>0 or (x-3)>0
x>0 or x>3
b)x2+3x-4<0 —  (x+4)(x-1)<0
(x+4)<0 or (x-1)<0
x<-4 or x<1

c) (x+2)(x+3)>(x-2)2 — x2+5x+6>x2-4x+4
Bxt4x>46 — 9x>2 — x>




2-4 Absolute values
If x is a real number, then the absolute value of x, denoted by |x|, is defined by:

||_{x ifx=0
= -x if x<0

1) If |a|=b, where b=0 then either a=b or a=-b.
2)If |a| = |b|, then either a=b or a=-b.

3) |xl=|—x] = Vx?

4) |x|<aif and only if —a<x<a.

5) |x|>aifand only if either x>a or x<-a

6) |ab|=|al.|b]

Y =9 bz
b |
Solve for x :

a)|2x—4| =6

2X-4=6 or 2x-4=-6

X=5 or  x=-1
b)|2x + 5] =|3x — 1]

2X+5=3x-1 or 2x+5=-3x+1

X=6 or X= ?
c)|3x —4| <5

5<3x-4<5  — -1<3x<9  — -§<x<3
d)|3x —4|>7

3x-4>7  or  3x-4<-7

3x>11 or 3x<-3

11

x>? or x<-1

e) |2x—3| >1

7
2X-327 or 2X-3<-7
2x=10 or 2x<-4
x=5 or X<-2
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3-1 The distance formula
Distance between two points (x1,y1)and (x2,y2):

d=/(xs —x1)% + (y2 — ¥1)?

Find the distance between the points (4,3) and (-3,-4):
d=/(x, —x1)% + (y2 — ¥1)?
=/(=3-92+(-4-3)? = /(=7 + (-7)? = V49 + 49 = /98

Find the distance between the points (6,6) and (-6,-6):

d=/(x; = x)2 + (v, — y1)?
=/(—6 — 6)2 + (=6 — 6)2 = /(—12)? + (—12)? = V144 + 144 = /288

3-2 The Slope
The slope of two points (x1,y1),(X2,y2) is the following formula:
m = Y2 —YV1 ﬂ

X, —x; DAx

Find the slope of the line through each pair of points:
a)(-2,5) & (4,-7)

Yo — V1 —-7-=5 -12 —-12

M= —x i-(-2) a+z 6  °

b)(-3,-1) & (-3,5)

y2—y1 _ 5—(-1) 5+1 6 .

Y, — % 23=(=3) =373°0 not defined

c)(6,4) &(2,2)

mz)’z—)’1=6_
X, —x1 4-—2

m =




3-3 Point — Slope formula

Y~Y1 _ — _
o - y—yi=m(x—xp)

m:

a ) passing through (-4,4) with slope 1/4:
(x1,y1)=(-4,4) , m=1/4
y-4=1/4(x-(-4)) — y-4=1/4(x+4)
y-4=ix+§ - y-4=ix+1 - y—ix=5
b ) passing through the points (-3,3) and (-4,4):
(x1,y1)=(-4,4) and (x2,y2)=(-3,3)

Cy—y . 3-4 -1 -1
M N —x —3-(-4) —3+4 1
Let (x1,y1)=(-3,3) and m=-1
y-y1=m(x-x1) —  y-3=1-(x-(-3))
y-3=-(x+3) —  y-3=-x3 —  y=X

= -1

3-4 Equations for Horizontal and Vertical lines.
The equation for horizontal line , passing through (-3,4) is: y=4.
The equation for vertical line , passing through (-3,4) is  : x=-3.
Given the linear equation 4y+6x=12. Find the slope and y-intercept of its graph.

HBx=12 > 4y=126x - y=B-x

m= — % , y-intercept is b=3.

3-5 Parallel and Perpendicular lines.

Let L1 and L2 be two given lines, where my is the slope of L1 and m2 is the slope of L. Then,
L1 and Lz are said to be parallel, written as L1 || Lz, if and only if mi=m2 . On the other hand, L
and L are said to be perpendicular, written as Li-Lo, if and only if

-1
mimz=-1 or my=—.
mq

Example:1
Given the equation line as x-2y=4. Find the equation of a line that passes through (3,-3) and

is: a) Parallel to the given line.  b) Perpendicular to the given line.
X=X o yE2X o y= X2 o m=1R

a) Parallel to the given line:

mi=mz =1/2

yyEmcext)  — y-(3)=12Ax3)  — yid= x-32 — y= x-912

b) Perpendicular to the given line:

-1
ma=-1m1 — mp=—/= -2

2




y-yi=m(x-x1) — y-(-3)=-2(x-3) — y+3=-2x+6 — y=-2x+3

Example:2
Find the equations of the lines passing through (2,3) that are:
a ) Parallel to the line 4x+3y=6
b ) Perpendicular to the line x-3y+1=0
Solution:
a) dx+3y=6 — 3y=6-4x — y=2-§x > m=-413
mo=m1=-4/3
yyEmcx)) o y348(x2) — y-3=Tx-2 o y= a3
b)x3y+1=0 — By=x1 — y=-x+ - m2=;—1= ‘é: -3
y-yi=m(x-x1) — y-3=-3(x-2) — y-3=—-3x+6 — y=-3x+9
Example:3
Determine whether the following pairs of lines are parallel, perpendicular, or neither:
a) 2x+3y=6 and 3x-2y=6
b ) 2y+4x+1=0 and y-2+2x=0
Solution a):

2x43y=6  — By=EA o y2-Sx > m=-23
X276 — =63 — y=3-x - m2=3l2
The pair of lines are perpendicular.

Solution b):
2y+4x-1=0 — 2y=-4xt1 — y=2x+12 — my=-2
y-2+2x=0 —  y=-2x+2 —  my=-2

The pair of lines are parallel.

3-6 Systems of linear equations in two variables.
The general form for the Systems of linear equations in two variables are:
A1X+B1Y=C4
A2X+B2Y=C>

A1, A2,B1,B2,C1,C2 are real constants.

The solution method of the Systems of linear equations in two variables are:
1) Elimination by addition.

2 ) Substitution.
Solve the following system of two equations by:
1) 2x+y=9
x+3y=12
a ) Elimination by addition:
2x+y=9 (1)
-2x-6y=-24 ..(2)




Oy=-15 — y=3 —» 2xX+3=9 — 2x=6 — x=3

b ) Substitution:
y=9-2x — x+3(9-2x)=12 — x+27-6x=12 — -%=-15 — x=3
y=9-2Q3) — y=3

2) x-2y=2 ..(1)
Xty =5 ..(2)
a) -x+2y=-2
xty =5

y=3 — y=1 — xt1=5 — x=4
b)x=5-y — (5y)-2y=2 — 5y-2y=2 — -3y=3 — y=1 — x=4

3) x+2y=-4 ..(1)
2x+4y=8 ..(2)
a ) -2x-4y=8

2x+4y=8
Zero = zero

3-7 Systems of linear equations in three variables
a1x+biy+c1z=ki
axx+bzy+coz=kz
asx+bay+csz=ks

1) Solve the following equations:

3x-2y+4z=6 ..(1)

2x+3y-5z=-8 ..(2)

ox-4y+3z=7 ..(3)

(1)and(2) 9x-6y+12z=18
4x+6y-10z=-16
13x+2z=2 ...(4)

(1)and(3) -6x +4y-8z=-12
ox-4y+3z=7
-X-5z=-5 ...(5)

(4)and(5) 13x+2z=2
-13x-652=-65
-63z=-63 — z=1

by(5) -x-5z=-5 — x-5(1)=6 — x=0 — x=0
by(1) 3x-2y+4z=5 — 3(0)-2y+4(1)=6 — -2y=2 — y=-1




2) Solve the following system of equations:
x+3y-z=4 ..(1)
2x+y+2z=10 ..(2)
3x-y+z=4 ..(3)
by(1)and(2) -2x-6y+2z=-8
2x+y+2z=10
-oy+4z=2 ...(4)
-3x+9y+3z=-12
3x-y+z=4
-10y+4z=-8 ...(5)
by(4)and(5) 10y-8z=-4
-10y+4z=-8
47=-12 — z=3
-Sy+d4z=2 —  -by+5(3)=2 — -Hy=-10 — y=2
by(1) x+3y-z=4 — x+3(2)-3=6 — x+3=4 — x=1

3 ) Solve the following system of equations:
X1+X2+X3 =6 ..(1)
2X1-x2+3x3 =9 ...(2)
X1+2X2tX3 =6 ...(3)
(1) and (3)  xq+xotx3 =6
-X1+2X2+X3 =6

Ixa+2x3=12 ... (4)
(2) and 2(3)  2x1-x2+3x3 =9
-2X1+4X2+2x3 =12

3x2+5x3=21 ...(5)
(4) - (5) 3X2+2x3=12
-3X2-5x3=-21

3x3=-9 —  x3=3 —  3xet6=12 — 3x=6 — Xx2=2
X1+2+3=6 — x1=6-5 — x¢=1
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A function expresses the idea of one quantity depending on or being determined by
another.
4-1 Function:

Let A and B are two nonempty sets. Then, a function, say f, from A to B is a role that
assigns to each element in A a unique element in B.
Let f denote a given function, The set A for which f assigns a unique value in B is called the
Domain of the function f, The corresponding set of values in B is called the range of the function.
If for each x their exists exactly one value of y, we say that y is a function of x, and we write
y=f(x).
Domain:

If the function fand y=f(x), then the domain of f can be viewed as the set of allowable
values for the independent variable x.
Range:

s the set of all possible values of f(x) as x varies over the domain of f.

Find the domain and the range for the following functions:
a ) f(x)=4x+1
Di={x| -co<x<e} -, Re=fylyeR}

b ) f(x)=x2

Di={x| xeR} , Re={y| y=0}

¢ ) f(x)=vx

Ds={x| x=0} . Ri={y| y=0}

d ) f(X)= (x=1)(x-3)

Di={x| x£1,3} , R&={ylyR}

e ) f(X)= x%—4 _ (x—2)(x+2) —x 42
xX—2 xX—2

D={x| xKR} , Ryl yR}

f) f(x)= =

Di={x| x#1} , Re{y|yR}

_(x+2, x> 2
) )= {3, 2
2 - 2x ) X S _1
h)f(x)=14, —1<x<3
2x — 2, x >3
Letf(x)=2x+1, 0=x<1 . Find: f(0), f(1), f(1/2), f(a), f(a+h), LLHW=L@

h
A

vAg
<1CQ>
£y




FO)=1, f(1)=3, f(12)=2, fla)=2a+1, f(a+h)= 2(a+h)+1=2a+2h+1

fla+h)—f(a) 2a+2h+1-(a+1) 2a+2h=1-2a—1 2h

h h
=2

4-2 Graphs of Functions
Graph the following functions:
a) f(x)=x

X: =3,
f(x): ...,-3,

5051’2’31
0,1

-2, -1
-2,-1,0,1,2,3,...

b ) f(x)=x2
X ..,-3,-2,-1,0,1,2,3, ...
f(x):...,9,4,1,0,1,4,9, ...

(4 x <2
C)f(x)_{x+2 x>2
X: ..=2,-1,0,1,2,3,4,...

f(x)= ..4444456...

X 0<x<1
d)f(x)=42 —x 1<x<?2

0 other wise
. ..,-1,0,1,2,3,...
f(x)=...,0,0,1,0,0,...

h




4-3 Kinds of functions

a) Constant functions: f(x)=a
b ) Linear function: f(x)=ax +b
¢ ) Quadratic function: f(x)=ax2+bx+c
The Vertex which is the lowest point when a>0 and the highest point when a<0.

ls at the point; x= ;—2 and y= 4az;b2 for the function is f(x)=ax2+bx+c .
d ) Absolute value function:
_ _(x, x=0
o= 1xl = {25 %20

e ) Exponential function: f(x)= e*
f) Logarithmic function: f(x)=In x
1) In xy=Inx + Iny
2) In x/y=Inx = Iny
3) Inx"=nInx
4)In 1/x =-Inx

Find the vertex for the following function:
F(x)=2x2-8x+5
a=2 , b=-8 , c=5
_—b_ —(-8) _8 _
T2 22 =:=2 — ¥
4-4 Combinations of functions
1) Arithmetic operations on functions:

If f(x) and g(x) are two functions on the same variable x. Then:

(Fg)(x)=f(x)+g(x)
(x)=f(x)-g(x)
(x)=f(x).g(x)
()=fx)g(x) — g(x)#0.

a)
b) (f-g)
c)(f.g)
d) (flg)

f(x)=x and g(x)=x2. Find (f+g)(x), (f-g)(x), (f.9)(x), (f/g)(x) and state the domains.

Let
+)(X)= x+x2
g

(f
(F-

)(x)= sz
(f.g)(x)=x
(flg)(x)= 1/x
2 ) Composition of functions
fog (x)=f(g(x)) ,  gof (x)=g(f(x))




Let f(x)=x-7, and g(x)=x2 . Find fog(x) , gof(x):
fog(x)=f(g(x))=f(x2)=x>-7.  gof(x)=g(f(x))=g(x-7)=(x-7)*

Let f(x)=x-1, and g(x)=1+Vx — 2, find fog(x) and gof(x):
f(x)=x-1, and g(x)=1+vx — 2 ,then:
fog(x) =f(g(x))
=f(1+Vx — 2)
=+Vx —2—-1=+vx—2
gof(x)=g(f(x))
=gx-1)=1+Vx—-1—-2=1+x-3
3 ) Inverse function:
To find the inverse function we have to:
a) solve the function y=f(x) for x in terms of y.
b) switch x and y. the resulting formula will be y=f-1(x).
f1(x) is called the inverse function of f(x).
Example:

Let f(x)=> x + 1 find the inverse function:
f()=y== x +1

2y=x+2 — x=2y-2 — x=2(y-1)
f1(x)=2(x-1).

Example:

Let f(x)=ex, find f(x):

f(x)=y=ex — Iny=xIne — x=Iny

f1(x)=Inx

f(x)=x2 — x=i\/§ , there are no inverse.
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5-1 Derivative definition:
Let y=f(x) , then, the derivative of f are:

f(x)= lim 22 = |jm (&0
Ax—0 Ax Ax—0 Ax
Example:

Find f(x) for the function: f(x)=4x2-3x+4, and find (3) and f(-3):

f(x+Ax) = 4(x + Ax)%-3(x + Ax) + 4

fixtAx) — f(x) = [4(x + Ax)%3(x + Ax) + 4] — (4x2-3x+4)
= 8xAx-3Ax+4(Ax)?

=8x-3+4Ax 20T

X
fi(x)= lim LOHADT@_ g, 3
Ax—0 Ax

fi(3)=21, f(-3)=-27

5-2 Derivatives Rules:
1) Let y=c, then %=zero
2) The power formula:
Let y=x", then 27
dx
Example:
Find % for the following:

dy
a) y=x5 — —=bx4
)y ™

R A I
b) y=x X x0=1

dy _1 =-—1 -= 1
c)y=vx — y=x"2 — === =-X 2=—
) y y dx 2 2vVx
dy 1 14 1 1 1
d)y=x"? — —ZL==x3 = =-x2B=
)y dx 3 3 3x2/3  33/x2
1 dy -2
=— 5 y=xX2 — —Z=9x3= —
e)y= y=x e
1 _1
= =x 2
fy=% —y
A




3) Let y=cx then if cx is differentiable function of x, and ¢ is a constant, then % =
Example:
Find % for the following:

dy
=cxX" — — =cnx™!
a) y=c ¢

b) y=10x¢ —> %=40x3

)

_5 dy -5
WL ™ T m
d)y=2vx — y=2x2

dy _plo-fo1_ L

dx 2 _x%_\/a?

4) If u(x)and v(x) are two differentiable functions of x, then f(x)=uztv,

And f(x)=22 + &2

Tdx
Example:

a) fx)=x+3/x  — f(x)=3xrsx "

_ 4
b) y—4x3+;

dx

2

d d 8
Y= 12x2-8x3 — =122 —
dx dx x3

C) y=3x3-5x2+7x-10

b = gx2-10x+7
dx

_ 7x*-5x3+5 _7 5,5 -3 dy _ 7 —4
d)y= 3x2 y=3x T3t 3%
5) Product Rule:

If u(x)and v(x) are two differentiable functions of x, then:
da dv du

—wv)=u—+v—

dx dx dx

Example:

Find f(x) if:

a) f(x)=(4x3-2x)(3x2+4x+7)

b) f(X)=(2vx+1)(x2+3)

c) f(x)=(3x2+2x+1)(x2-2)

Solution:

a) Letu=4x3-2x
fix=uv — u=12x2-2

fi(x)= uv/+vu/
=(4x3-2x)(6x+4)+(3x2+4x+7)(12x2-2) =60x*+64x3+66x2-16x-14

v=3x2+4x+7
vi=6x+4 | then:




140l 45, )b
Aamil) @il 8 callall G e Jeals dagis sl
b) f(x)=(2v/x+1)(x3+3)
u=2x"+1 — u=x 2
v=x3+3 —  V/=2X
fi(x)= uv/+vu/
3
:(2X1/2+1)(2X)+(X2+3)(X-1/2) :4X3/2+2X+X3/2+3X-1/2 :5X3/2+2X+ \/_§

c) f(x)=(3x2+2x+1)(x2-2)
fi(x)=(3x2+2x+1)(2x)+(x2-2)(6x+2) =12x3+6x2-10x-4

6 ) Quotient Rule:
If u(x)and v(x) are two differentiable functions of x, then:

| = VU —uv’ (u)
v \v

Example:
Use the quotient rule to differentiate the following function:
_ 2x+5 I(x (2x-5)(2)-(2x+5)(2) _  -20
a) f(x) 2x-5 f(x)= (2x-5)? "~ (2x-5)2
_1- I(x (1+x3)(=3x%)—(1-x3)(3x2) _  —6x?
b) f(X) 1+x3 - f( ) (1+x3)2 T (1+x3)?
:i 1(x (x-1)? —x__~1
C) f(X) x—1 - f( ) (x 1)2 (x_l)z
— _ 3 2__ —72)— 3_
d) f(X) - (x+1)(x?%-2x) f/( )= (x—1)(4x>+3x“—4x 22) (x+1)(x>-2x)
x—1 (x—1)
_ 3x*—2x3-5x%+4x+2
) (x-1)?
Example:

Find the slope of the tangent and the equation of the tangent line to the function f(x)=v/x
for the points (9,4) , (1/9,1/6):

By the derivative definition: f/(x)=7E

for x=9, then, f/(9)—7_ =1/6

y-y1= m(x X1) —>y4 1/6(x 9)
y4:—x—_ y:_x+_
for x=1/9




f/(1/9)=if = §=3/2
2 |= 3

y-16=3/2(x-1/9) —> y-1/6= gx-we s y= zx

Example:

Find the slope of the tangent and the equation of the tangent line to the function
:L 1 2

F(x) w1 , at the point (31,0).

Iy )= —— ()= — =

fi(x) i fl(3) —=m
-1

y-0= — (x-3)
7) The Chain Rule:
dy _ dy du
ox  du dx
Example:
Find the derivative of the following functions, use the chain rule:

Yo g3, Yo _3y? % = (4u®)(—3x2)
4103 —  =12¢(1)

b)y=VAx + 4 = (4x+d)"2
au _ 49y _ 1-12
dx  du Zu

1 —1/2 2% _ 1. -1/2
— 2(4x+4) .4dx—2u 4

dy , du (x+D-(x-1)
du Yook T (x + 1)2

_ o (x-1)°dy x—1\3 2
=8 (x+1)5dx 4 (x+1) " (x+1)?

8) Derivative of Exponential function:
_ X dy _ x

Lety=e* , then ol

Example:

a) y=Xxex — y/: dy

& X x _ X
L oxe te (x+1)e

4 da 4
b)y=e* - d—z = 4x3e*

d
c)y=xe — = xeren I =(x+3x)ex

A

vAg
<1CQ>
Y




%

_e* dy (x+1)e¥*—e* xe*
d) y= = =

x+1 dx (x+1)2 (x+1)2
dy
= a3 - = 3x
e)y=e - ix d3e
3_2,2 3_9,2
f)y=e* 3x ; Y _ (3x2 6x)ex 3x

dx
g)y=xe? — ? —xe'(-x2)+el = xTglhrelk = (1-x Mgtk = (1- 2 )glix
X X

9) Derivative of the logarithmic function:

- dy_1
Let y=Inx, then it

_ dy 1 3 4x3+2
- 4 - _——e— e —
a) y In(x +2x 10) - dx (x*+2x-10) (4x t+ 2) (x*+2x-10)
22_(nx)(2 _
b)y=ln—2x R dy _ *'3 (Inx)( x):x 2xlnx
x dx (x2)2 x3
_x(1-2lnx) _ 1-2Inx
- x4 T x3
_ ﬂ _ 1 X
c)y= xin(x+1)  — = XD +In(x+1) = "D +In(x + 1)
d) y=log;o x°
dy _ Inx? 11 _2x
dx  In10  Inl0 "x2° X = x2In10 "’




S

u.udLuJ\ M\
Integration Jalsil

6-1 An indefinite integral:
The following are some useful for integration, where n is a Real number. a1
and a; are real constants. And c is the constant of the integration method.

6-1-1 Rules for integration:

1) Ixxdx:ix”*ﬂc ,n=—1
n+1

2) [dx=hfx+c

3) [af (x)dx=a,[ f(x)dx

4) [[a,f,09+a, f,(0Hx =a [ f,(x)dx+a, [ ,(x)dx
5) JIF ] ¥ (dx=—1-[F (0T "+

6) I%dx:ln|f(x)|+c

7) [efdx=e*+c

8) fe'™f'(x)dx=e"+c




Find the integral for the following:

a) Idx=x+c

1
b) | xdx==x*+c
C)Ixzdx:1x3+c
3

d) Iszdx = 3J‘ x2dx = (3)(%)x3 +c=x>+cC
3

e Xdx =| x2dx——c=—=x2+c¢C
)I I 3/2 3

1 ) X! -1
f)_[?dx:jx de:_—1+c:7+c

1
1 1 1
g)Iﬁdx=Ix2dx:1/—2+c:2x2+c:2\/;+c

h)jidx=2jx3dx:(2)(x—_2)+c:_—1+c
x3 -2 x?

i I(3X—l)dx=_[3xdx—_[dx:3fxdx—_[dx:gx2 RV

1 Ja




j)I{16X7 —Jx+ ﬂdx = 16Ix7dx —Ix;dx + Jédx
3

8 2
= (16) X —X—+In|x|+c
8 3/2

3
= 2x8 —%xz +In|x+c

k)”e* —3x*Hix = jexdx + 3I x*dx

3
X
:ex+(3)€+c —  =e"+x’+c

Find the integral for the following:
a) Ix(x+1)dx
Ix(x+l)dx = j(x2 + x)dx

:szdx+.|‘xdx

X
=—+—+C
3 2

b) j(xg +1)(x* —1)dx =j (x° = X%+ x% —1)dx

=Ix5dx—Ix3dx+jx2dx—jdx

2 Jha




J[xz - (%)Z}dx = szdx-jx—lzdx

=J‘xzdx—jx’zdx :%x3 —(%)x‘

d) j (x+5)%dx
[ (x+5)%dx = [ (x* +10x + 25)dx
= szdx +lO_[ xdx + 25I dx

:jlx3+gx2+25x+c
3 2

:%x3+5x2+25x+c

Find the integral for the following:

a) [ (x> +x+1)(2x+1)dx
=j(2x3 + X2 4+ 2X% + X+ 2x + Ddx

= 2.[ x3dx+SI x2dx+3j xdx+'|‘dx

x* X3 X2
= (2)[1} = (3)[7} + (3)[1} +X+C

1 3
= X' +x*+>x*+x+cC
2 2

3 Jha

= j (2x% +3x% + 3x + )dx




I(x2+x+l)(2x+1)dx:%(x2+x+1)2+c

1 2 2
:E(X +X+1)(X"+x+1)+cC

1 4 3 2 2
:E[X +XT+ X"+ X +X+X +x+1]+c
:%[x4+2x3+3x2+2x+1]+c — :%x4+x3+gx2+x+c

1 3

b) j(x2+x+l)3(2x+1)dx — :%(x2+x+1)4+c

O [(¢+1)'x°dx  — [ %(x?* +1)*3x%dx

(x*+1)°+c — :%(x3+1)5+c

OOII—‘
gl e

d) | %(In X)2dx =§ (Inx)3+c

4 Joa

Find the integral for the following:

)J.ijr(;ril — 1n‘x2+x+ﬂ+c

2x+1
D) [ e e
-1

_—1(x2+x+1)’2+c:ﬁ+c
2 2(x“+x+1)

2 ‘[ \/1—)(3x2

j _Zbx :%1 [ (1—3x2)%1(—6x)dx

V1-3x2




6-1-2 Integration Methods

Transformation of variables

Find the integral for the following:

a) [(2x+3)‘dx — j(2x:3)4dx=ju4.%du

zlfu“du oo 2llee o Sl i(2x+3)5+c
2 25 10 10
b X
)J.\/SXZ—Z
-1 11
3x*—2)2xdx=|u2.=du
J@x -2 2xde=[uz 2
1 1
loazie o :%(3x2—2)2+c — :§\/2x2—2+c
Integration by parts 43l A8y by Jalstl) (2
Find the integral for the 6 Jla
following:
A
<

o gail) A8y phay Jalsil) (1

5 Jua




a) j x+/X + 50l

[Vx+5dx = [mgdx  — j(x+5)§dx=jh;(x)dx

5

§(x+)g:h(x) — Ix\/x+5:x.g(x+5)§—jg(x+5)gdx — gx(x+5)g—i(x—5)5+c
2 ? 3 2 3 15

b) Iln xdx
Salbs x=hy (x) ol Idx =Jh§(x)dx O o=l b sh'(x) _Loax o4 hi(x)=Inx o o=l sl
X
ECIESE R o

Ilnxdx:xlnx—jx.idx — =x|n—jdx — Xl x—x4+c
X

C) j xe’dx
o Julls e =h,(x) oL jexdx=j hy(x)dx o) ol 8l s h(x)=dx o h(x)=x of ol
(o Jalsill A

jxe*dx = xe* —jexdx

= xe*—e*+¢




Integration by using fraction Angey ) gesS ) (Gl Jalsil) (3

Find the integral for the following: (7) Jha
a) [——d

X2 —2x— 3

X, -2X-3=(X-3)(X+1)

R S T
X°—2x-3 (x=3)(x+1)

| [N R I o) La
Al e a4y uSA-'(X 3)(x+1) Sl o) Ly
A N B  AX+1)+B(x- 3) (A+B)x+(A-3B)
Xx—3 X+1 (x=3)(x+1) (x=3)(x+1)
1 _ (A+B)x+(A-3b) R A—l B_—_l
(x=3)(x+1)  (x=3)(x+1) 4 4

oo Garsaill s A(x+1) + (x-3)= 1 483l alaaiuh B 5 A (e JS A o Jsaanll (S0 Sl

s -4B=1 8 X= -1 Laie LJ‘A:% s 4A=1 ol x= 3 Lexie (gl Hladl jlialy x dad

Qe e s (yiadl) ol e G pell e 5. B=-

[k =[x
X°—2x-3 (x=3)(x+1)

1 1

[ A B 4 4
_IX_3dx+IX+1dx — _I dx+j dx
Jlpx Jteaxe :iln|x—3|—lln|x+]4+c
T4 x-3 4lx41 4 4

|x 3| 1 |x-3

— ==In|—+c
|x+ﬂ 4 |x+1




x?+5x—-1

b) [=———dx
)I X+3
x?+5x—-1 7
— " dx=| (x+2)dx — | ——dx
-[ X+3 j( ) -[x+3
7
:dex+_[2dx—j—dx —
X+3
x* —2x
) J‘4x2—9
12,9
4 16
4X2—9 X4_2X
rxta 2y
4
gx2—2x
4
19,2, 81
4 16
—2x+§
16
% 81
x* —2x 1., 9 T
=|| = X" +— dx+
oot =l 3+ Pl s
81
Yoy, 9 T
——Ix dx+gjdx+f 279 dx
—2x+g —2x+ﬂ
.[ 16dx_ 16
4x* -9 (2x—3)(2x +3)
A N B A(2x+3)+B(2x-3)
2x—-3 2x+3 (2x—3)(2x+3)

;x2+2x—7ln|x+3|+c




A(2x+3)+B(2x-3) = —2x+%

2Ax+3A+2Bx—-3B =—2x+%

(2A+3B)x+(3A-3B) = —2x+f—;3L

2A+2B=-2
3A—SB:%
Al g 43
32 32
—2x+fé B
dx = dx
J‘4x2 9 J-2x—3 -[2x+3
11J-2dx+43IZdX
(32)(2)) 2x-3  (32)(2)? 2x+3
:Eln|2x—3|—ﬁln|2x+3|+c
64 64
81
J‘_ZX+16dx:J- A dx+j B dx
4x* -9 2x -3 2X+3
zlljzdx+43I2dX
X — X +
(32)(2)) 2x—3  (32)(2) 2x+3
:Eln|2x—3|—ﬁln|2x+3|+c
64 64
4_
_[X ] 2de:ix3+Qx+£|n|2x—3|—ﬁln|2x+3|+c
4x° -9 12 16 64 064

B=_"" 5 aai 1€ jidie Sla i Y uilabaadl Jas




Let [ f(x)dx=g(x)

Then T f(x)dx = g(b) - g(a)

j‘ f (x)dx :j f (x)dx+i f (x)dx

Find the integral for the following:

5 5 5 5
a) _[(xz - x+1)dx:Jx2dx—jxdx+Idx
3 3 3 3

ST 2T 5
23}2})(]3

=§(53—33)—%(52—32)+(5—3)=26.67

=Iin_—1

X—0 X

—1in —1_ ()
X—0 X
:_—1+1
00

=0+1=1

6-2 Definite Integral

3 gaaall Jalsill

8 Jie
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b Juaadl)
Matrices <\ siuaall

7-1 Kinds of matrices

1) Square matrix:
BVl e aa Costiall 2o Led (o sluty () A8 ghiaall a5 1Any jall 48 gainll

Example:
2 =3 0

A= ; i]zxz , B= [—4 0 6 ] 3x3
3 1 -3

2) Zero matrix:
_Ongsqb@yﬁjJ&A\uﬁUz@ggj\%,m “;_AJ:Z\:IM. | 48 sanall
Example:

ool o o[y

3) Diagonal matrix:
L0 # i)l Jhdll hae jlaial e palic jes (558 square 4m e 48 sias (oo 14 Hhill 48 siiadll

Example:
1 0 O

B=10 2 o] — B=diag[1 2 -1]
0 0 -1

7-2 Equal matrices
_BJA{:\}“} &_Q}SAAM (e da=l) add L@J ‘_“_\j\ Q\AM\ L MJW\ QUM\

Example:

1 2

Al 4

]2)(2 , B= [é inZ — A=B

Example:
Determine the values of the variables :




x+1 2 3
4 y—1 5

2x—1 t+1 3
v+1 -3 5

u -1 z+2 -4 w-1 2z-1
o @8 sl i b ) jualiall (1) 3 laliall jualiall (g gl ity Gl shiaall (5 sl (e
(08 siadll
xt1=2x-1 — 2x-x=1+1 — x=2
t+1=2 — t=1
vt1=4 — v=3
y-1=-3 — y=-2
u=-4

w-1=-1 — w=0
z+2=2z-1 — 2z-z=2+1 — z=3

7-3 Addition and subtraction of matrices
cﬁ}d\ u.us.i\.gi‘;ﬂ\ )Ah:d\ LS\) B).EULJ\ )Al_t:d\ C)Ja }\@Mﬂd}ubjuaﬂc#\}@ﬂ\

e
(8 gaaall
Example:
_[4 3 5 3 2 4 _[1 2
LetA—[lO A B [4 3 2]2x3, C [3 ]2
Aaline @Y B 5 A o lemen (S 8 C Ll paadl (ai lagd GV B 5 A e (S 43 Lia Laa 3 1A
FECN®
4 3 5 3 2 4 7 5 9
+B= = x
A+B [10 7 6]+ [4 3 2] [14 10 8l%°
_[4 3 51_ (3 2 4.1 11
A-B= [10 7 6] [4 3 2] [6 4 4]7°
Determine the values of the variables :
[1 —1]+[x 4:[2 v+1
u 2 zy 0 -1
x=1

-1+H4=v+1 —  v=2
utz=0 — u=z=0 or u=-z
2+ty=-1 — y=-3




7-4 Multiplication of matrices
;o e (e s dliar Qb gadl @
Bl ellhy 48 diaall palic gies Gy @l g Gl 8 A8 hiaall O i (1
Al 4d had) Coghia (5 sbun (oY) A siaall Baae) (585 ) b iy | (i shias i (2
A2x3 B3x3 ,"v‘l‘

O gt LSy ) o

Aa08 48 ghuaall dlay
1) Scalar multiplication:

1

4 3
Let B= [2 5], c=5 , d=g

1 10
4 3 20 15
cB=5[2 5] = [10 25]
1 10 5 50
4 3 4/5 3/5
dB:%Z 5]:2/5 1]
1 10 1/5 2

2) Multiplication of two matrices:
Examples:
_Find the product AB and BA?

1 -1

4 3 2
Where A= andB=(0 2

2 gl
A2><3Bs><2=[45L 2 S] 0o 2| —

4 3

=[<4)<1)+<3)<0)+<2)<4) (4)(—1)+(3>(2)+(3>(2>] L oag |28
G)(D) + (6)(0) + (0)(4)  (5)(1) + (6)(2) + (0)(3) 15 7

1 -1
ol 2| [¢ 2 2)-
4 3

O +@G) @B+ @)(6)  (0)(2)+(2)(0)
BHH+B)G) BOB+B)6E) D)+ )0

vAg
<C%
£y

[(1)(4) +(=DG) M+ EDG) (D) + (—1)(0)‘




-1 -3 =2
BAsxs=|(10 12 O
31 30 8

_Find the product of the matrices C and D?

LetCix3=[3 0 —1] , Dsx= l ]
CD1x1=[(5)(3)+(0)(3)+(-1)(2)]=16
D3x1C1x3= [3] [3 0 —1]

G)3) G)(0) ()(-1) 19 0 -5
DCs= (B 3O B)(-D| — =[9 0 _3]

23) @2)(0) @D 6 0 -2

_ Find the product of the following matrices A, B, C, if possible?

SR RLRE

It is impossible to multiply the matrices:
Aoxo X Bax2 , and Aazx2 X Csx3, and Bsx2 X Csx2

7-5 ldentity Matrix:
diagonal otV bl lae jiia (5 sl s jualic gpen day ye 48 siian oo 3 (Abiaial) LalaY) 48 ghadl)

. J;\j Lﬁjh.ﬁ a)mUc
Examples:

1 0 0
,01()][

0 0 1

Let A= 21 ]and = [1 O] s Al=IA=

[ 2)(1) + (4)(0) (2)(0) + (H (1)
(=DM +3)(0) D)+ )

vAg
<C§Z>
£y




_[2 41_
11 3] A
7-6 Determinants
A pall b ghiaal) Al jo b dagall Gailiadl) (i yiied 1Claaaal)

Examples:

Find the determinants for the matrices A and B, where:
_1 3 _[5 6

A= 2 4] . BS [—1 2

det(A)= A= 1x4 - 2x3=-2
det(B)= [BJ= 5x2 - (-1x6)=16

1 0 2 2 -1 0
Find the following determinants: A= |3 4 5] , B=[3 4 5]
5 6 7 -2 0 6
+ + +
1 0 271 0
det(A)=JAI= |3 4< 5<3< 4| , A= (20+0+36)-(40+30+0)= -6
5 6 7.5 .61
+ + +
2 -1 02 -1
detB)=|B]=| 3 4 5< 3 >4 |, |Bl=(48+10+0)-(0+0-18)=76
-2 70 "6<=2_ 0

Transpose of a matrix :44siaall A1l
It is obtained by interchanging the rows and columns of A: Aj A};—»

_[1 2 =1 3
For example A [3 4l A [2 A

5 -1 0 5 2 6
B= [2 3 4 ‘ , BT= [—1 3 7 ‘
6 7 -—10 0 4 -10

vAg
<@>
£y




Properties for transpose:
1) (AT)"=A
2) (A+B)T=AT+BT

) (AB)T=BTAT

Let A be a square matrix of order nxn . Then, if A = AT, Ais called a symmetric matrix .
R — [2
Forexample.A—[1 3] , A—[l

Invers of a matrix: 48 siadll (s sSaa
If A is a square matrix of order n. And if we can find a square matrix of order n, say B,
Such that AB=BA=I, then we say that A is invertable and B is the invers of a matrix A is
Denoted by A-.
1) Inverse matrices are defined for square matrices only.
A pall il ghiaall Jaih e oSaall (o yay
2) If Ais the inverse of B then B is the inverse of A. ‘
3) If A has an inverse then say that A is invertable .
S AL A ol J& Naie (u San A A shaall GIS 1)
4) If A has an inverse then it is unique.
dadd aa) g o sSaa lligh (e Kaa A A giiadll IS 1A
5) Not all square matrices are invertable.
LS AL Ll Ay yall b ghaall pen Cansyd
Example:

Prove that B= E ; , is the inverse of A= [_21 _35]
o= 2 1R 3=l f)=emn

Find the inverse matrix for:
= 1= —adj(B)
B [10 8] ’ det(B)

8 -3

ABF_10 4

| . det(B)= (4)(8)-(3)(10)=32-30=2

o223, 3oL Y







