Limits and Theory of Dertvative
The Limits

Definition: If f be a function defined at each point of some interval

containing a, except possibly at itself. Then a number L is the limit of
f(x) as x approaches a (or is the limit of f at a) it for every number & >

0 there is a number 8 > 0 such that If
O0<|x—a|<dthen|f(x)—L|<e¢
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If L is the limit of f(x) as x approaches a, then we write
limf(x) =1L
xX—a

If such an L can be found, then we say that the limit of f at a is exists, or

that f has a limit at a, or that lim f(x) exists. (The limit of the function f
xX—a

at a unique)
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One sided limit

If the values of f(x) can be made as close as we like to L by taking

values of x sufficiently close to a (but greater than a), then we write
lim f(x) =1L
x—at

Similarly, If the values of f(x) can be made as close as we like to L by taking

values of x sufficiently close to a (but less than a), then we write

lim f(x) =L

x—-a

Note: we say that the functions have limits
limf(x) =L,if and only if lim f(x) = L = lim f(x)
x—a x—at x—a~

Theorem (Limit Law):

If L, M, ¢, and k are real numbers and
lim f(x) = L and lim g(x) = M, then

x—sc X—>c

1. Sum Rule: Ei_}nzl{f(x] +egx) =L+ M

2. Difference Rule: lIEI{ fx) —gx)) =L - M

3. Constant Multiple Rule: lIE{I( - f(x)) = k- L

4. Product Rule: lIEI{ fx)-gx)) =L-M

5. Quotient Rule: llﬂ % = % M#=0

6. Power Rule: !EE [ f(x)]" = L", n a positive integer

7. Root Rule: }Eﬂi‘f’m = /L = L', n a positive integer
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Examples: -

a) Evaluate the limitations for the following functions:

1) lim(x? +3x—1) = (02 +3(0) ~ 1) = ~1

4

. x3-2x2-3x+4 (-1)3-2(-1)2-3(-1)+4 —1-2+3+4
2) lim(—5——) = ——— = — =
x——1 x“—5x-5 (-1)4=5(-1)-5 1+5-5

3) lir_nz(\/4x2 —3)=./4(-2) -3 =413
4))£ir_n2(|x|+3)= |-2|+3=24+3=5
b) Evaluate the following limits:

.1
1) lim—
x—1 x—1

We cannot substitute x = 1, because it makes the denominator zero. So,
we are to test the limits from the two sided of this function.
O Lo 13gly | jim 408 pracai o gus alial) W @llig 3 pilun Bal b (im gas arainndy Wil JaaY
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1
= lim = —o0, [im = 400
x-1-x — 1 x-1tx — 1

This function is one-sided limits, but no limits of this function, because
the value of f(x) do not approach a single number as x — 1.
(3 ol Al idline iieadl e dglall (Y @l g dga e Ale ellad Alal) o2a

i.elim = —00 # [lim = 400
x-1"x — 1 x-1tx — 1
P




x%+x-2

2) gcl—?}( x2—x )

We cannot substitute x = 1 because it makes the denominator zero. We test the
numerator to see if it, too, is zero at x = 1. It is, so it has a factor of (x — 1) in
common with the denominator. Canceling this common factor gives a simpler

fraction with the same values as the original for x # 1.

— lim (xz-zkx—z) — lim (W) — lim ((x+2)) _ a+2) _ 3

x—1 \ X“—x x—1 x(x—-1) x—1 X 1

3) lim(2

x—-0 X
We cannot substitute x = 0 because it makes the denominator zero. So, we
are to test the limits from the two sided of this function, by the definition

of |x|, we have

t () = i () = 1 i () = fim () = 1

This function is one-sided limits, but no limits of this function, because the

value of f(x) do not approach a single number as x — 0.1i.e.

i () =-1# tp () =1

4) ,fi 3 ((x+13)2) =t
We can verify our solution is correct or not, we are to take the limits for
both sided at x = 3. We are going to solve it as the above example, so we
cannot substitute x = 3 because it makes the denominator zero. So, we

are to test the limits from the two sided of this function.

xl_)i11}+ ((x-l—;?,)z) llm (ﬁ) +o0

Since the limits of both sided are equal, so the function has limit at x = 4.

xl_)ln?”,l+ (W;?’)Z) +o0 = llm (ﬁ)




5) Find the limit for the function f(x) = {

0,ifx<0
1,if x>0

We know that lirgg f(x) = 0, because lig@ 0=0. Similarly,lirg}r f(x)=1,
X—> X— X—

because lin}r 1=1.

x—-0

Since the limits of both sided are equal, so the function has limit at x = 0,

thus both one sided limit exists, and they are unequal. Therefore, f has no

two-sided limit at 0 (has no limit).

.l"'l =

0, x =10
1, x=10




The Theory of Derivative

Definition: Suppose that x, is a number in the domain of the function

f.If

Jim Lo T 1) — f(x0)
im

h—0 h

Then the value of this limit is called the derivative of f at x = x;, and
is denoted by (f(x), y, %, D.y).

le.,

Foo)  pimf G+ ) = G0

h—-0 h
This called (The Mathematical Definition for Derivative)

Note: we can replace h by Ax, [Ax = (xg + h) — x|
¥

y =fx)

Q(xy + h, flxg + h))

flxg + h) — flxg)

P(xg. flxp))

0 Xg xgt+h

Definition: The slope (/=) of the y = f(x) at the point p(x,, f(xy)) is

the number

o = tim TG0+ =0

The tangent line (<) 53) to the curve at p is the line through p with
this slope. The equation of the tangent line is: y — f(xo) = f(xo)(x — xp).

6

=




Examples:
"Jall & glad
e ebd\ O al) s
£ . f(xo+h)—f(x0)
=
fo) = lim L2t

PANONREN
sl & f(x) b (a
Ol s a5 (g + h) G AT AN 53 se x IS dasad @l f(xg + h) 23 (b
R
OsSbe Tl ) Alled) s (c
1) Find the derivative for the following function by using the

definition of derivative.

a)f(x)=7—-2x
/ i SR ()
f(x) = lim————

= f(x) =7 —-2x
fx+h)=7-2(x+h)

7-2(x+h)—(7-2x)
h

f(x) = lim

7-2x—-2h—-7+2x

= lim
h—0 h
= lim=2t= 2
h—0 h
1
B)f(x) ="
' — qe fxth)—f(x)
F) = fim LT
1
= f(x) = >
1
1 1

o — Jiy X+h x
f(x) = lim* =

=




x—(x+h)
x(x+h)

h

xX—x—h

= U
h—0 x.h.(x+h)

= lim— —
_-haox(x+h)__x2

HOMEWORK

Q) By using the definition of the derivative find to % =
1) 3x3, 2) x* +1, 3) x°,
1 1 [
4) i1 5) 22° 6) x+1.
8
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Example: (Slop of Curve & Tangent Line)

1)

a) Find the slope of the curve (y = i) at any point x = a + 0.

What is the slope at the point (x = —1)?

b) Where does the slope equal (_Tl) ?

) 1
c¢) What happens to the tangent at the point (a, ;) as a change?

Solution:

a) Here f(x) = i , the slope at (a, i) is

f(a) = lim

fla+h)—f(a)

h
1 1 a—(a+h)
' . a3h a . +h
h—-0 h h—0
. a—a—h -1 -1
= lim———— = lim —

The slope at the point (x = —1) is f(—1) =

below

hoo a.h.(a+h)  R50a.a+h)  a?
-1
(-1)?

= —1 . See the graph




b) The slope of y = i at the point where (x = a is ;—21). It will be (_Tl) provided
that (;—21 = _71). This equation is equivalent to a? = 4, so a = +2. The curve

has slope (_Tl) at the two points (2, %) and (—2,_71). See the graph below

/
slope 1s — —

cO)H.W
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2) Find the slope of the graph of y = x* + 1, at the point (2,5) and
Jind the equation of the tangent line at this point.

Solution

. _ 2 (2
Fx) = ff”(%fmh) ) _ qin (G4 -G+

h h—0
. X*42xh+h%+1-x%-1 . hQx+h
= lim = lim ( ) = 2x
h—-0 h h-0 h
L fGo =4

The tangent line is the line through the point (2, 5) with slope 4.
y—5=4(x—-2) > y=4x—-3.
3) The function f(x) = |x| has a corner at x = 0, prove that fis not
differentiable at x = 0.

Solution

ey _ g FO+R=F(0) _ . |h|

f(0) = llm—h = ;lllré o

Butlhl { 1, if h>0
-1, if h<0’

So that lim (%) -1, lim (IZ—I) = 1.

h—-0~ h—>0
Thus, f(0) = lim % does not exists.
4)
a) Find by definition of the derivative of
f(x) =+/x,forx>0
b) Find the tangent line to the curve y = \/x at x = 4

Solution:

_ fx+h)—f(x) Vx+h—x _ Vx+h+yx
» f) - i - T
x+h-x h , 1
fe) = -0 h(\/x+ +/x) %1_738 h(Vx+h+Vx) ;ll_r)r(% (Vx+h+vx)
~flx) = ll 02\/_

‘ 1
Theslopatx—4=>f(x)—m—ﬁ
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b) The tangent line is the line through (x = 4,y = /4 = 2),then the point is
(4,2) with slop i,

y—W»
m =
x—x1

2+1( H=2+2-1=1+2 dtx
e = —_ —_ ] —_—— ] —_—=
Y g 4 4 4

Notation of Differentiation

: dy df d

Fo) =y == 2= f(0) = DN = Duf (x)

Z—z = the derivative of y with respect to x
»y = prime notation
»To indicate the value of a derivative at a specified number

x:a:...

5 d d d
F@) = Ll = e = 2 F o

For example,y = f(x) = %

When x = 4

> 1 1 1
fO) =5%lx=0a =55=3
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Techniques of Differentiation

(Rules of Derivative)
Theorem:If f and g are two differentiations, and c is any constant, then
d
1) dx c=0
d
2) Ex =1

3) %x“ =n.x"1
D e f@ = e f®)
5) = [f(x) £ ()] = - f(x) + 5 g(x)

6) - [f().g(0)] = f(x).5-9(x) + g(xX) - fx) = fg + g.f

x f(x)] IO @-f)g) g f-fy
dx Lg@)l (9(x))? g

7

8) < c.(g)" =n.c(g®))" .= g(x)

Examples:

Find y for the following function
a) f(x) =x

1 N 1 14 1 =2
= fl)=xz=f@) =tx =1z =

b) f(x) = (4x* — 1)(7x3 + x)
= f(x) = (4x? — 1) (21x% + 1) + (7x3 + x)(8x)
= 140x* —9x% — 1

x%-1
) f(x) =
5 (x*+1)2x—(x%-1).4x3  2x°—4x3-2x
= f(0) = (x*+1)2 O (x*+1)2
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Higher Derivative

Definition: If y = f(x) is a differentiable function, then its derivative

f(x) is also a function. If f is also differentiable, then we can differentiate

f to get a new function of x denoted by f. So, f = (f)'. The function f is
called the second derivative of f because it is the derivative of the first

derivative. It is written in several ways:

, dy qfdy\ dy | L )
f'(x) = ) y' = DA(f)x) = D7 f(x).

M2 dx dx
Examples:
1) If f(x) = 3x* — 2x% + x? — 4x + 2, find f®
Solution:

f(x) = 12x% — 6x2% + 2x — 4,
f"(x) = 36x% —12x + 2,
@) =72x —12,

f®) =72,

f® ) =o.

2) f(x) =, find f©®

Solution:
f ==,
fr@=g5 fO0=3
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Implicit Differentiation

Definition: We will say that a given equation in x and y defines the

function f implicitly y if the graph of y = f(x) coincides with a portion of
the graph of the equation.
Jeisll Ll G Cun K1 5 cposie A elael Al b el GEIY) a0di
O b Byl 4815 (Dependent) wizall juiall Wl sy s WS (Independent)
é&i}éﬂ\w\%jd&m}\ﬁﬁd\u\a}\«b\@&MHL?SJ\JM\}AM\Jﬂﬁd\
Al dpally
Examples:
Find the f(x) for the following functions.
1) x2+y?=1

2x+2y2—z=0:>3—2::—§

2)§+xy=x

1 dy dy dy 1
— 2 (xZ4y) =122 (x - ) =1-
y2 dx dx y dx y2 y
dy _ _1-y dy _ y*(1-y)
dx (xyz—l) dx xy?2—1
V2

1
3) (x*+y*z=1

L (x? 2-3( d_Y)_ ad y 4y _
2(x +y) 2. 2x+2ydx _O=>\/x2+y2+\/x2+y2dx_
da x
_ — = — —
dx y
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Chain Rule
Definition: Let y = f(t) and x = g(t) , the chain rule may be written
as:
dy
dy dy dt g
dx dt'dx dx
dt
Examples:
DIfy=t]+6andx = 2t+4,ﬁnd%
Solution
dy dy dt
dx dt dx
=32 B, 31
dt dt dx 2
=D o323
dx 2 2
2
2)Ify = t2t+1 andt =+/2x + 1,ﬁnd%
Solution
dy dy dt
dx dt dx
— ay _ (t241).20)-(tH).(2t) _ 2t3+2t-2¢3 2t
at (t2+1)2 (2412 (t2+1)2
dt 1 _1 1
:E_E(Zx-l_ 1) z2.2= "
Ldy 2t 1
Tdx  (t241)2 V2x+1
2V2x+1 1 2V2x+1 11
(V2x+1)2+1)2 "V2x+1  ((2x+1)+1)2 "V2x+1  2(x+1)2
Ly 1
Tdx 2(x+1)2
16




I
HOMEWORK
a) Find the first & second derivative for the following
equations.
1) y= xif ’
2)r = (0—1)(09§+9+1)
Pw=(2HB-2)

3z

4)w = 3z%2e?**
b) Find% Sor the function: y* + xy* + y+ x — 8 = 0.
c) Find % by using the chain rule for the given equation

y =2u*+4u* &u=2t3+t>*—t,and evaluate%att =0.

17




FOURTH LECTURE
Transcendental Functions

The Trigonometric Functions

. Oppsite
Hypotenuse r
Adjance x r
cosO = L£0Jance = - y
Hypotenuse r 9
Oppsite
tan@ = 2222 Y X
Adjance «x
1 r
secl = = -
cosf X
r
csc = — = -
sin y
1 X
cotf = — = -
tan@ y

By Pythagorean theorem we get:

2 2

. . X X
sind =2 = sin20 =% cosh =% = cos?9 ==
T r2 T r2

. 2 xZ 2 2 TZ
sin?@ +cos? =L +==2"=1=1
r r r r

. sin%0 + cos?0 = 1

1) 06=0
cos=2==1=cos6=1
T T
sin9=X=9=O=>sin9=O
T T
2) 6 =90
cos@=£=9=0=>cos¢9=0
T T
smd=2==1=5sing=1 2
T T
3) 6=45
2 2 .2 — 45
x“+y =rc ,y=x <

18




X2+ xt=r’=2x*>=r’=r=xV2
Y2+ y?=r? =2y =r2=r=y2
X 1 1
cos@-m—\ﬁ:}'cos@—\/—7
sm@-yﬁ—ﬁ=sm0 i
4) 6=30
x2 +y? =712
PP+y?=41?=y? =31 =y =+3L
by same we get: x = /3L
0059=£=\/_—=>~c059=E
r 2
sin9=%=—=>sin9=—
5) 0 =60
cos@ ==L = cosf =2
2L
sint9=z=@=>sin6?=£
r 2L
A
Sin + Sin +
Cos - Cos +
Tan - Tan +
T—X X
<
Sin - Sin -
Cos - Cos +
Tan + Tan -
T+X 2mr—X
v
19




Some Rule of Trigonometric Function

1)sin?0 + cos?6 =1

2) sec?0 =1+ tan?0

3) csc?8 =1 + cot?0

4) sin(A + b) = sinA cosB + cosA sinB
5) cos(A + b) = cosA cosB ¥ sinA sinB

6) tan(A + b) = “Z=R0
2tan A
7) tan(24) = 1—::;2,4

8) sin2A = 2sinAcos A

9) cos 2A = cos?A — sin®A
10) cos 24 = 1 — 2sin®A
11) cos 24 = 2cos?A —1
12)  sin®A = %(1 — cos 24)

13) cos’A = %(1 + cos 24)

: . . A-B ___A+B
14) SsinA —sinB = ZSmTcosT

15) sin(A + b) —sin(A — B) = 2cos AsinB

20




Derivative of Trigonometric Functions
The Rule Derivative

du

d . . d .
1) —sinx=cosx = inGen.» —sinu=cosu
dx dx dx

. ¥
0.5
O
X
-0.5
-1
-2m -3n/2 - -m/2 0] w2 ™ 3n/2 2m
-360° -270° -180° -9p° a0~ 180 270% 360°
d . . d . du
2)—cosx = —sinx = inGen.> —cosu = —sinu—
dx dx dx
YA
1 )
0.5
8] -
X
-0.5
-1
-2 -3m/2 - -/ o )2 TT 3mS2 21
-360° -270* -180° -90° aQ-° 180° 270° 3607

du

d . d
3) —tan x = sec’ x = in Gen.= —tanu = sec* u
dx dx dx

1.5

: | 1 ) Bl | I |
, - :~ e J
°-5 | /o : : /
o : ; ; :
1 1 ' / 1 -
0.5 : : | :
o s SaE==
1 | | | :

2w -31/2 -1 -m/2 O /2 ™ 3n/2 2w
-3&60° 2702 —180° Ty b Qo= 180° 270 3IG0°

21
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d . d du
4)—cot x = —csc?* x = in Gen.= —cotu = —csc* u—
dx dx dx

VA

y = cotf x

g
xY

d . d du
5)asecx =secxtanx = in Gen.> .secu=secutan u—_-

M A
¥ = sec x

S NN

=]

N TN

du
6)—cscx = —csc x cot x = in Gen. :>d—cscu = —cscucot u_-

X!

V= cosec X

N \/ \

_371c 1i: IT
2 2

Examples:

X!

3'7:

Find the derivative of the following functions:
1) y = tan 3x

dy .
:>d—i'=y=sec23x.3

2)y = cos(3x% + 1)
= Q =y =—sin(3x* + 1).6x

22
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3)y = x’.tanx

d N
d—i’ =y = x%.sec’*x + 2x.tanx
4) . sinx
y 14+cos x
dy . _ (1+cosx).cos x—sin x.(—sin x)
dx 7 (1+cos x)2
cos x+cos?x+sin’x __ cos x+1 _ 1
o (1+cos x)?2 o (1+cos x)2 " 1+4cosx

5)y = secx.tan x

HW

23




FIFTH LECTURE

The Inverse Trigonometric Functions

The Sin and Cosine functions can be written as:

. eix . e—ix eix + e—ix
sinx =———m— CoOsSs X =—m—mM
2i ’ 2

Definition: The inverse sine fun. Denoted by sin~'x is defined to be the

. . o . T V3
inverse of restricted sine fun. sinx -— > <x< 2

AY

05T T

\ ]

0.5 T

Definition: The inverse cosine fun. Denoted by cos™x is defined to be

the inverse of restricted cosinefun. cosx 0<x<m

Definition: The inverse tangent fun. Denoted by tan'x is defined to

be the inverse of restricted tangent fun. tanx - g <x< g

Ay

o

057

| ]

-5 -4 3 -2 1 2 3 4 5

-05m

24




Definition: The inverse secant fun. Denoted by sec™!x is defined to be

. . T
the inverse of restricted secant fun. secx 0<x<m ,x # 7

Ay

\f‘w\

Definition: The inverse cosecant fun. Denoted by csc™'x is defined to

. . YA V(3
be the inverse of restricted cosecant fun. cscx —> <x< 2

AY

Definition: The inverse cotangent fun. Denoted by cot™'x is defined

to be the inverse of restricted cosecant fun. cotx 0<x<m

L

0.57 %
£
H—n—n—n—%

8 6 -4 -2 2 4 6 8

Note: The (—1) in the expression for the inverse means “inverse “, it

does not mean reciprocal. for example, the reciprocal of sinx is

) 1 o
(sinx) = — = cscx, sin Iy + —

25




To get rid any trigonometric function we will take the inverse function to
the original function, and to get rid any inverse trigonometric function we
will take the inverse function to the original function. The inverse of

inverse function is the function the same.

Properties of Inverse Trigonometric Function

1)  sinl4cos!= 6) secl(x)= COS_I(i)

N[y NI

2) tan™1 + cot™! = 7)  sec”l(—x) =m—sec 1(x)
3) sin"l(—x)=-sin"(x) 8) cot'l(x)= tan‘l(i)
4) tan 1(—x) = —tan"1(x) 9) cscl(x) = sin‘l(i)

5) cos 1(x) = g —sin"1(x) 10) cot™l(x) = g — tan1(x)

Note:

> cos(sin~1x) =1 — x2
> sin(cos™1x) = V1 — x2

X

tan(sin 1x) =

1-x2
. -1 X
sin(tan™"x) = T
Derivative of The Inverse Trigonometric
Function
4 sin~ly=—1_%
1) . sin"u = — 5
a 1, —_—1 du
2) —-C0s™ U = i dx
4 tanly = L%
3) dx tan “u 1+u? dx
4 ot~y =L
4) d cot "u = 1+u? dx
26




1 1 du

d _
5) 5, 5€C U= ma (1 < |ul)
d 1, _ -1 du
6) .CsCT U= o dx ,(1 < |ul)
Examples:
1) Lety = sin 'u. Prove 4 sinly =%
dx 1—u2 dx
Solution:
= gi du _ @y
Letu =siny, = . = COsy.—~
From sin’?y + cos?y = 1
= cos?y =1 —sin®y
= cosy =4/1—sin2y =1 —u?
dy _ 1 du
dx cosy dx
LAy _ 1 du_ 1 au
Tdx  [1-sinZydx  Ji-uZdx
= tan-1(2 dy
2)  y=tan '), find 2
Solution:
.e d t -1,, — 1 du
" dx an u_1+u2dx
Where u = 22 = 32 = (252
x—1 x—1
du (x-DM)-(x+DA) x-D-(x+1) -2
dx (x —1)2 B (x —1)2 C (x—1)2
d - 1 —2
S—Ttan u = . — 5
dx 1+ (_it 1)2 (x 1)

Note:




o d o
3) Find2,if

a)y = sin 1(x?)

Solution:

1 3x% = 3x7

dx  J1-(x32 T J1—x6

b)y =sec™! (e¥)

Solution:

L secly=—>L 2
dx [u| Juz2-1 dx

Ldy _ 1

X

Al = —e
dx ex /(ex)z_l

28




SIXTH LECTURE
The Logarithm and Exponential
Functions

The Logarithm Function

Definition: The natural logarithm of a positive number x, written as In

X, is defined as an integral.
X
1
Ln(x) = f?dt, x>0
1

Definition: The number e is the number in the domain of the natural

logarithm that satisfies

e
Ln(e) = f%dt =1
1
Properties of Logarithms
Theorem: For any numbers b > 0 and x > o, the natural logarithm
satisfies the following rules:

1) Product Rule: Inab=Ina+Inb

2) Quotient Rule: ln% =Ina—Inb

3) Reciprocal Rule: lni =—-lna

4) Power Rule: Ina” =rIlna, forr rational number.
5)In1=0

6)Lne =1, e=2178.. ¥
7) Graph of y = In(x) is: y=Inx

0 (1,0)
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Example:

Apply the result in above theorem

a)nd+Insinx =In4sinx Product Rule

b) In 1 —In (x+1)—In(2x—3) Quotient Rule

c) lng =—In8 Reciprocal Rule
=—In23 Power Rule
= —3In?2

The Derivative of y = In x

alnx—dxf dt—

In general form:

dl _1du
dx n(w) - xdx

Example:

Find the y for the following functions:

1)y=lnx=>3‘/=i
3x?

x3+1

2y=hx3+1)=y=

3)y=1+ln(x—1)=>3‘1=i1

4)y=nVx2—5=y=In(x%-5)3 :yzgln(xz—S)

2x

=Yy= 3(x2-5)

. . 1
5)y=lInsinx =7y = ——C0SX = CotXx

6) y = In?*3x = y = (In3x)?

21n3x

—y=2In3x.-3 =

X
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The Logarithm Differentiation
L sll) gy
Lo sale s ALl G5kl slaeall Al (3885 Lielind axe Al b oy el GEEY) aadiuy
(VS A8 phall (adliips S dgaa o (g 5ad 5 lpdary 45 puaall J)sall 8 48y Hhall 028 andius
okl Inaile daa) (1
ey e gl Gl sa aladiuly Al e (2
X J Al Lieca cpdylall 313 (3
y.eoishloxa (4
x il Ll Loy dad Gy (5

Examples:

Find % the following functions by using Logarithmic

Method
1) y=x*
solution

Iny=mnx*=xIlnx

ij—z = x§+Lnx(1) =14+Lnx
Z—i’ =y(1+Lnx) =x*(1+ Lnx)
2) _ V2xZ+1Zx+1
T (x2+1)4
solution
1 1
4 (2x%+1)3.(2x+1)2
Iny =In i)

Iny = In [(sz + 1)%. (2x + 1)%] —In(x? + 1)*
Iny = gln (2x% + 1) +%ln(2x +1) —4In(x?+1)

ldy _ 11 11 _ 1

ydx  3(Q2x2+1)° 4x + 2 (2x+1)" (x2+1) 2x
r_ [ 4x n i 8 ]

y =Y 3(2x2+41)  (2x+1)  (x2+1)

3 2x2+12x+1 4x 1 8x

I
= ( (x2+1)% )(3(2x2+1) (2x+1) (x2+1))
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3) y=xsinx
Solution

Iny = InxSinx
Iny = sinx Inx

1dy . !
= = sin(x) .- + lnx cos(x)

Zi’ — [Sm(x) + Inx cos(x)]
3_3; _ (xsinx) [5";& + Inx cos (X)]

4) y = * + xlnx

Solution:
y=y1+tY;
Y =y +;
y1 =x"

1dys

=X ! bt Inx.1
yldx

yvi=yi[1+Inx] = yi = (x")[1+Inx]
= y; = [x* +x¥Inx]

y, = xln(x)

lnyz — lnxlnx
Iny, =InxInx

1d 1 !
_ﬂ:[]nx—+lnx—]
y, dx x x
dy, _ Inx Inx

ax 7?1 «x x

, Inx) [2Inx

V2 _(lnx )[T]
I ! !

y =y, +ty;

y' = [x* + ¥ Inx] + (Inx" ) [ 25 |

X
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The Logarithm with base a
oh A Ramy IS ) (e @ Anbid 301 2 e Sl 5 alall o e Sl
log.x=ILnx
lllia 5 g anlad (531 S5l sl g s pdiall wiy e sl S @ Gl sl 5201 galsie V) 25y jle 1) Lol
(s el Qe Sl gl V) Sy le ol day i dage 4830

__logx Inx

log, x ,a+1

a loga " Ilna

Inx
For example: log,; x = —

The Derivative of log, x

d d Inx 1
alogaxz =

dxlna xlna

d 1
e log,x =

xlna
And in general form:

dl _du 1
dx 08a 1 = dxulna

Examples:

1) Find% toy =log,(3x+ 1)

Solution
ILn (3x+1 d 3
Ln2 dx (Bx+1)Ln 2
d 3
b) v _

dx  (3x+1)Ln2
2) Find% toy =LnLnx+log;(x* +5)

Solution

dy 1 2x

dx xLnx (x2+45)Ln3
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The Exponential Functions

Definition: The function y = e”*, is the exponential function, where e ~

2.178...

Note: the exponential function is the inverse of Log. Fun.

>y=Inx=1log,x = e’ =e"*=x
Ly =x
e’ =x
Inx =Ine>
=ylne=Inx=y
~y=lIlnx
Properties of Exponential Function
1) Ilne=1
2) e'=1

3) e?th — pa ob

4) et=—

ea
5) e — (ea)b
6) emna — gm
) elnx* — 52
8) Thegraph ofy = e* is:

A

e,\‘

v

A




The Derivative of y = e*

In general form:

d udu
dxe - ¢ “dx

Examples:

Find the y for the following functions
1) y=e** =y =2

2)y=e* =y = 3x2e*

— ,V1+5x3 — \/1+5x3
Jy=e =9 = (e
4) y =x%.e* =y =x%e*+e¥(2x)
L sin~1(x)
— ,sinTi(x) v € 4 -1 __1
5)y=e =V=E = S (==

6) y=e*.lnx =7y = xi-l—lnx e*.1

(l +1n X) x (1+xlnx)
X

X
7) e** = sin(x + 3y)
e?*.2 = cos(x + 3y).(1+ 3y)

1+3y=—22"_
tToy = cos(x+3y)
. 2e? 1
y -_—
3 cos(x+3y) 3
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The Exponential Function with Base Other
Than a

Definition: If a is any number which is positive, and x is any real

number, the function f defined by f(x) = a* = e*'"% a is any constant, is

called the exponential function to base a.

For example: 3%, 7% 10lnx

The Derivative of y = a*

d _ l du
dxa =a .na.dx

Examples: Find % to:

1) y=7*
y' = 7% (In7)(2x)
= (In7)(2x) 7%°
2) y=3tan®
y' = 38 (In3)(sec ?(x))
3) y=2%c®
y' = 25¢¢@(In2) (sec(x) tan (x))

= (In2) sec(x) tan(x) . 25¢¢®)
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EIGHTH LECTURE
Application of Derivative

Drawing of curves
ALY <l gladl) ais CSLAUEE aladind A8y play Aade Y alad) JSEN an
- il 13 Alall e gl (1
R e Jlae gl (a50a 302200 ) dalic) Ay (2
D alaall dad M adll laele R 98 Led Jlae g sl (e Lgwlia () 4 pusS Al (b
Mg o) saall adalidl] Lalds alagl (2
2 iy ALY Al by = 0 s @l g x bl [ 5ae ae (a
. iy ALV A by = 0 pazas sy cldball s e (b
e 0sSs (Symmetry) bl (3
o LS L Alal Alall d x e Yy —x (g Ladie s y Gilsball sl Jes (a
(Saball e Jgn 5 plaline Allalld Ladd dos ) X (sl aaen SIS A ) (5 )A0 3 Ly
f(=x) = f(x)
Jadd Lt LE1 s bl Allall 8 ) e Yy —x (g Ledie iVl ddati s (b
(Ja¥) Adass J ga 5 plalie A1Nalld Jadd 400 8 ¢ ) aea IS (5 AT 5 jlny
f(=x) = —f(x)
Bl an oY Ald A i g dua o) (e IS 1) sAdaAMA
1Sy (i A sl JIsall pady ) Gl (4
AU A4S ¢ s x=c 4dblae (g3 5eal) 3 (a
Al A ¢ G y=c 4ililas JE8Y) oMl (b
Al Aalaall @l Jay J sganall af 2a o jduall Allall @lli aliall (5 sbus (g3laa (g) Aalaa DY
saall Aalas Jiaid
A8 (slaal) Utlaa sla) ¢Sy AN

Ll 8 Jalxa ‘M\‘;xZJALu
y_emngx@mj Al 3 x2 Jelea
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(04 SeY bl g plaall A (gl = Jasad) 8 x )
relld g el 5 o) i) 3halie 5 Lol 3 5 4 ad) Adaill (5
F(x) = 0 dus al 4y gle Y d8i3d) pm s

JULST
Gl e AT — — — ) e Ll s Al Ao g Ak (2
(Ol
G bl e JUERY) 4 4 4 I — — — e Ll s Adas (5 jra Al Al (b
(Oedl
.\-G—'“)m‘)giﬁ‘ig\i;);%gﬁ (c
LI

3l ey B8 f(x) >0 il 13 o
Al y (8 f(x) < 0 SIA o
Lo x > 2020} e S Cpadl e ola3Y) @
{o6:x < 220} e yral Jladl e olai) @
(Uweall daall | HaSl) aaall) da 5383 358 JSG0 )8 (pade G 3adakl) Ashiallg @
pAdall (Bl g 20 53 (Ghalla g cllgdl) slag) 43, ks
f) =02 (1
X. a2 5 Aadll) Alalaall ani (2
(Ll Hsna s 5 3 LE Jad e ) daeW) e x 4 aad (3
3L A e () (B lem iy (x Dllsa) X Oe sl s X 0e SIS (4
o8l 5 ) i) 3halie 22a5 (5
Oradll Dol (e JLERY) (it 7 3 LS iS5 s (5 prall ) (cedaall 2ans (6
x atl 3,50 Y ad o oty = (1) bV AL x a8 (20 (7
Aa a2 e gl omall g ddball Ll 2 (x, y) oS
My ik (6
8 yausall Jlsall 8 (Sl ol — (4 (e 5 L) gy = 0 Laaie s Alall i ddadi &
D) Adads & Aa ja 3 e ddats JS o) | puSall gl (5 a g (adae IS (g QY A 5SS
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Bomia Y b (Aaa se) y > 0 <l 1) AL
Apaay b (Gll) y < 0 il )
LA g Gaaal) glalia g GMAN) Jaldd sla) 44y 5k
y=0sy2(1
(yhas i) daeyi ha o Lerais x af 2ai s 4ailill Aaleall Jas (2
y 3LE1 A8 aal () b leasnis (X SI)sa) &6 (e ial s X (e S) S (3
() &l Bhlia s (<) aall Ghlie 2 (4
BOLEY) et ane Alla 8 M aa Y 5 Ll on B LAYy (e DAY AL (g (5
x ol 3 hlall Yo e Juasit y = £(x) dba¥) Al x ad 20 (6
oMy adads a (x, y) oS
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Examples:

Draw the following function by using differentiation

1) fo=x°
Solution:

1. Since f(x) is polynomial function the domain= R

2. The intersection points are:
Setx=0=>y=0=0 ..(1)
y=0=x>=0=>x=0 ..(2)
Then the intersection point is (0,0)

3. Symmetry: There is symmetry about the origin (0, 0) because the
exponents of x are odd.

4. Asymptotes: f(x) has no asymptotes. Because f(x) is not rational
function

5. Maximum and Minimum:

f(x)=5x4 f(x)=0=>5x4=0=>x=0

F++ A+ + 0
- }

—

{x:x < 0},{x:x > 0} increasing f (x)

-

The point (0,0) is critical point

6. f(x)=20x3=0=>x=0

—f ol
concave dOWﬂ concave up
{x:x <0} {x : x>0}
X -2 -1 o 1 2
The point (0,0) is inflection point. y |-32 | -1 o 1 32
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2)

(1, D

(-1,-1) (0. 0)

y=f(x)=x3—-3x*+4

Solution:
. Since f(x) is polynomials function the domain= R

. The intersection points are:

Setx=0=>y=03-3(0)2+4=14
y=0=x3-3x2+4=0=x%(x—3) = —4
x?=—-4=x=2 orx—3=—-4=x=-1

Then the intersection points are (0,4), (2,0), (—1,0)

. Symmetry: f(x) is not symmetry. Because the exponents of x

neither even nor odd.

. Asymptotes: f(x) has no asymptotes. Because f(x) is not rational

function.

. Maximum and Minimum:

f(x)=3x*—6x=0=x(3x—6) =0
= x=0 or3x—6=0=>x=2

If x = 0 then f(0) = 4
If x = 2 then f(2) = 0 Loy UL A2 @b g2
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t++t+t++ g ——————— 2+ttt

»

f(x) is increasing on {x: x < 0}, {x: x > 2}
f (%) is decreasing on (0,2)
6. F(X)=6x—6=0=x=1
f)=2

(1,2) is inflection point.

——————— 1 +++4+++ +

concave down concave up
{x:x<1} x:x>1}
x -1 o 1 2 3
y o 4 2 o 4
Yi
(0, 4)
o > X
42

>




3x—1
x+1

3) y=
Solution:

1. Denominator cannotbe0.x +1=0=x = —1

Domain = R/{-1}

2. Since 1 belongs to domain of f but (—1) doesn’t belong to domain of f.
then the curve is not symmetric to y axis and not symmetric to origin
point.

3. x=0=y=-1=(0,1) » y —intercept.
y=0=>x= % = (§,0) — x —Intercept.

4. x +1=0= x = —1 (Vertical asymptote)

i:i = % = 3 (Horizontal asymptote) LIS o Y] glaal) sa
o (x+1).3)-(Bx-1).(1) _ 3x+3-3x+1 _ 4 )= Ll B x Jalas
> (ac+1)2 T (x+D)? (x+1)? Aiall 8 x Jalae

Vx € R/{-1},f(x) >0

So f isincreasing on {x:x < —1},{x:x > —1}

increasing increasing
x:x>-1] (x:x<-1}

+4++++ 4+ - e - — =

- I >
- O >
TN
concave up concave down
(X 1 x> -1} {x:x<-1}

Function has no inflection point because (—1) doesn’t belong to domain of
f.
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X

x2

x241

4) y=
Solution:
1. Domain of f = R.
2. x=0=y=0 =~ (0,0) is x-y- intercepts.
3. There is symmetry about the y — axis because the exponents of x
are even.

4. x>+ 1 is always different from 0. Then there is no vertical

asymptote.

Ladux? dee 1 1
Y= o 17

. (x¥2+1).2x)-x2(2x) _ 2x . .
5 Y= T =or X = 0= f(0)=0= (0,0)

decreasing Increasing
{x:x <0} X 1 x> 0]

(0,0) is article point

(x?+1)2.2-2x(x?+1)2x _ 2-6x2
(x2+1)* T(x2+1)3

6. y=




1 1

_______ B+ +4++13

concave down concave up

7\

1
il

: 1
f(x) is concave down {x x < — \/—§} xix >

f(x) is concave up (— % , %)

Yi

concave down

N\
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NINTH LECTURE
Optimization (Maximum, Minimum)
Problems

By using differential calculus, we can solve many problems that call for
minimizing or maximizing a function to get maximum area,

minimum velocity, ... etc.

Ay ol ghadld) aid Jilewal) 022 Jia Jad
el Jalae agle i it g Allisal) allas 4gde Gon lsall a5 IS a3 (1

Gl o) Alal) g3 3181 (Sale yoal g (Sale ST ALK gy g Al Al S (2
O ge g (Pala yaaal g 2 & ¢ O~ (

Aal g i
S g ) il as 61 g Gl patall o e A8Dle aa YS) ) ety Adlal) il 1A
9 o 3 5 OB e S G 3

.L\}‘)..}.xlo

Jaalaall o a5 il A58 (5 i (4
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Examples:

1) Find two numbers whose product is as large as possible and
their sum==20.

solution

First number = x

second number = y

The product A = x.y

The sum x + y = 20

= y=20—x
~A=x.(20—-x)
A= 20x — x?
d—A=20—2x=0
dx
= x =10

=y =20-10=10

2) Find maximum rectangle that can be inscribed between the
curve y = 4 — x> and the x-axis and it's vertices lie on the
curve and it's base on the x-axis.

solution

y =4 — x?

When

y=0=>4—-x%2=0 y

= x’=4 = x =42

Area = 2xy
A=2x.(4—x%) = A =8x—2x3




3) What is the volume of the largest cone that can be inscribed

in a sphere with radius r.

Solution
T
v = §x2. h

v==2[r2—(h—7)?.h

3

v—zrzh—z(h—r)2 h
3 3 '

T T
v = §r2h —§h. (h? — 2hr +1%)

T T 2T T
v=—-1r°h——h3+=h%r—=1r%h
3 3 3 3

2T V4
WV =""h?—=h3
3 3

r? =x%+ (h—1r)?
x*=r*—(h-r)?

4) A square sheet 50 x 50 cm is used to make an open top box by

cutting small square area from its corner and bending up. Find

maximum volume that can be got from this sheet

Solution
v=(50—-2x)%x
= (2500 — 200x + 4x2).x
= 2500x — 200x2 + 4x3

dx
= 3x% —100x + 625

(x—25)(Bx—-25)=0

either x —25=0-> x =25

25
or 3x —25=0- xz?

dv
— = 2500 — 400x + 12x? } +4
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TENTH LECTURE
Related Rates
(Rate of Change)

Adayi yall Ci¥axal)

C¥axall (b Ll ) A A8a) Cua (el Jb can) 2a) 5 i e adiad G il (e de gana
(a3l Adasi Hall ¥ amally e dia )

:OB (i) £ usially Jadi 1 Legia JS cpaili x, y, 5, 0 Q) sidiad) S 1)

% = Rate of change of y w.r.t. time

% = Rate of change of x w.r.t. time

% = Rate of change of distance with time = velocity = V

2
% _ Rate of change of velocity with time = acceleration =%

dt
tt Lo i At 31 ¥ amally Jilusall Jad
Dl il adde (o 55l gl adde das oSl ) Allaall balada o i (1
A () g Aalual 5l anall Jle Jlsedl Ja (g8 Apessd )l A83Mal) 2083 (2
el 35S e alaill J) gl e glaa (0 483e 2238 puatia e S Ellia IS 13 (3
GBIV ey 8y S iall (o ) pudl Cililana im0 (4

LR EL SRV
— :

hﬁjwm\ﬁ\b&@ﬂu&j ’ddz.d\z
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Examples:

1) How fast does the radius of spherical soap bubble change
when a cylindrical tank is drained at a rate of ( 3 Liter/sec).

Solution

v =nrih

= v =mnx%h s.t. xis constant

dv 2 dh dv __ dv dh
dat dt dt ~ dh’dt
3 =mgx2 &

dt
dh _ 3
dat  mx?

2) Water runs into the conical tank at the rate (9 ft3/min) ,
How fast the water level rising when the water is (6 ft) deep
all dimensions of the tank as shown in figure.

Solution -

10 ft
h h=
= X =-
2 -

T h T dv  m3h? dh
v=3Q*h=5h =5 pm

1 at 12 dt
dv
dt mh?2 @w(6)? = dt dh’dt
50




3)A (13 ft) ladder is standing against a wall when it's base

starts to slide away. By the time, the base is 12-ft from the

wall, the base is moving at the rate of (5 ft/sec):
a) How fast the top of the ladder sliding down?

b) How fast the area of the triangle formed by the ladder, wall

and the ground are change?

13 ft

Solution
a) 13%2 = x2 + y?
X2=132_y2 % Y
= /169 — y2 )
12 = /169 — y2
144=169—y2 = y2=169—144=25 =y=5ft
0=2x X 40y Y
Yac T ae
0_2(12)(5)+2(5)— Z—f=%0=—12
b)a=% >
-1( V)
dt_2
1( 12 % (—=12) + 5% (5)) aA 59.5 ft?
_—= = k * > — = — .
dt 2 ) ( dt Jto/sec
51
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A guatigl) JLSEM p gaal g cilabusall (i

Lyl ) adlll) Eulial

22 =x2 +y? sl e

sin9=de—.w=z ,cose=”w\=— ,tan0=deu\—z
PR Sl z osladll X
A=2xy o)l oipd fusls = daluaa)
P=x+y+z DU Jsb§E sana=Lraall

A=ixh «
2

P=X+y+2z <

A=x.y
P=2(x+Yy) —

A=nmnr

P =2nr
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3
A:£x2 =
4 4

A = x? —

P =4x —

ke ) Culialf

EULY x baelill chai = dalwal)
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ENSY) s glesial) Euliall
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a4 dpigl) JISA 2 gaadl g clalusall Gl g8

==

V=x3 - 3( pdall Job ) = paal]

L.A = 4x* - 2( ddall Job ) x 4 = Ludlad) dalal)
T.A = 6X? - 2( plall Jsb ) x 6 = Lok dalwal

(ks 7 shd) (5 ] gia) ddibriwa iteld CDlubiuad] (o ) 3ia
V=xyz “ EULY x 5elill daluws = paal
LA=2(x+y)z « 51-5-@}’/)(549@/.&.»&4:@@/ FENA |
TA=2(x+y)z+2xy « bwelil dalus cird + Luilall dalawad) = Liabid) dalcal)

Aoy o diseli cOlbius (5 jl gl

V=x%z “— EULY x sclill dalus = paal

LA=4xz <« EULY x 5uelil) buaa = Luilad) dalal)

T.A=4x z+ 2x%2 « sl dalwe it + Luilal dalwa = Latriul) dalival

Laildl) 4y it 4l gl
h V=mr’h “ EULY x 5u0lilf dalus = paal)
r LA=2nrh —  FULY x bselif) bae = Luila) dalwa)

T A=2nrh+2nr? seld) daluw dird + @L‘\J/ dalwad = (4;&/) 4;:;2.«4!/ dalewall

adldl| o il b g Salf
J— 1 2 2or - ” e & —
V_gn'r h «— EULY x saeldl] Aalwa &lf = aaal)
h L.A=mnrL — Mgl fob x 50elil buna cdaal = duilal) dalwal
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4
V= ?r3 « sl
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